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P  R  E  F  A  C  E. 

v  7  •  '  ’  \ 

NC  E  all  manner  of  quantities  require  to 
be  compared  together ,  in  mathematical  com¬ 
putations ,  and  their  various  relations  fearched 
out  and  determined  and  as  mojl  of  our  knowledge 
in  mathematical  fubje&s  depends  on  the  proportions 
of  feveral  things  to  one  another  :  fo  it  is  requifite 
that  the  nature  of  proportion ,  and  the  methods  of 
reafoning  thereby \  be  difintily  laid  down  and  well 
underfood.  It  is  a  method  of  reafoning  fo  very 
Jhort ,  fubtle ,  folid,  and  certain ,  and  likewife  Jo 
ufeful  in  all  parts  of  the  mathematics ,  that  it  is 
impoffible  to  make  the  leaf  progrefs  without  it.  It 
is  the  marrow  of  the  mathematics ,  and  the  very 
foul  of  geometry  and  geometrical  reafoning .  ‘There¬ 
fore  it  is  abfolutely  neceffary >  that  every  one  who 
experts  to  fucceed  in  his  mathematical  fudies , 
Jhquld  make  himfelf  acquainted  with  the  nature 
of  reafoning  with  proportional  quantities ,  and  be¬ 
come  ready  and  quick  in  the  uj'e  thereof 

I  had  •  before ,  in  the  Treatife  of  Arithmetic , 
demonf  rated  jome  few  things  relating  to  propor¬ 
tions  ;  but  no  more  than  I  had  then  prefent  occafon 
for ,  in  treating  of  the  properties  of  numbers . 
But  in  this  finall  tra&>  J  have  demonf  rated  the 
doBrine  of  preportions  univer filly,  for  all  quanti¬ 
ties  whatfoever ,  as  well  as  numbers . 

A  z  The 


i 


I 


The  PREFACE. 

The  method  I  have  here  followed  is  this  :  SeB.  I 
treats  of  arithmetical  proportion  and  prcgrefiion. 
And  SeB.  II.  of  geometrical  proportion .  And 
herein  I  have  taken  the  liberty  to  deviate  from  Eu¬ 
clid,  by  giving  a  different  definition  of  proportional 
quantities  \  his  being  abfirnfe  and  unintelligible , 
efpecially  to  young  fiudents.  This  here  laid  down 
being  evidently  agreeable  to ,  and  deducible  jrom , 
the  firfi ,  Jimple ,  and  natural  idea  we  form  of 
proportion.  Neither  have  I  followed  his  order 
of  propofitiohs ,  or  method  of  demonfiration  :  but 
have  omitted  many  of  his  prcpofitions  as  of  little 
ufe ,  and  added  feveral  other  more  ufefid  onesy 
which  he  had  not .  And  tkefe  I  have  demonfir  at  ed 
from  that  mofi  fimple  idea  of  proportion  before 
mentioned ,  with  the  greatest  eafie  and  perfpicuity 
imaginable .  And  becaufe  the  method  of  arguing 
by  a  general  proportion  is  vafily  finer  ter  and  eafier 
than  the  common  way  with  four  terms  ;  therefore 
I  have  in  SeB.  Ill  de monfir  at  ed  the  fundamental 
propofitions  it  depends  on  ;  and  has  Jhewn  and 
explained  the  way  of  proceedings  according  to  that 
method.  And  therefore  I  hope  this  will  both  infir uB 
and  delight  the  diligent  reader . 


W.  Emerfon, 


AXIOMS. 

\*  » 

1.  The  whole  is  equal  to  all  the  parts  taken  to¬ 

gether. 

'■  ■  ’•  -r  ■  ‘ 

2.  If  equal  quantities  be  added  to  equal  quanti¬ 

ties  ;  the  fums  will  be  eq^al. 

i  '  0 

3.  If  equal  quantities  be  taken  from  equal  quan¬ 

tities  ;  the  remainders  will  be  equal. 

jf  ,•  ,  *  r  f  •  *  *  i 

Hi*  1  1  *  *  •»  *  -  ■  *  .  ... 

,  s -  ■ . . .  .  . 

4.  If  equal  quantities  be  equally  multiplied  •,  the 

products  will  be  equal. 

5. -  If  equal  quantities  be  divided  by  equal  num¬ 

bers  \  the  quotients  will  be  equal. 

6.  Equal  quantities  have  the  fame  proportion  to 

any  third  quantity  :  and  any  quantity  has  the 
fame  ratio  to  equal  quantities. 

7.  Thofe  quantities  are  equal,  that  have  the  fame 

ratio  to  any  third  ;  or  when  a  third  has  the 
fame  ratio  to  each  of  them. 

8.  Thofe  ratios  or  quantities,  that  are 

third,  are  equal  to  one  another. 

9.  A  greater  quantity  has  a  greater  ratio  to  a  third, 

than  a  leffer  quantity  has.  And  that  which 
has  the  greater  ratio,  is  the  greater  quan¬ 
tity. 


equal  to  a 


10.  If  there  be  two  equal  ratios,  and  one  be 
greater  than  a  third,  the  other  will  be 
greater  3,  if  kfs,  the  other  will  be  lefs. 
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rfhe  fignif cation  of  the  Signs  or  CharaSters 

here  ufed.  * 

4-  to  be  added. 

—  to  be  fubtra&ed. 

X  multiplied  by,  or  AB  is  A  multiplied  by  B. 

4-  divided  by,  or  ~  is  A  divided  by  B. 

\  Jj*  i  V 

=  equal  to. 

£  I  geometrical  proportion,  as  A  :  B  :  :  C  :  D, 
figriifies  A  is  to  B,  as  C  is  to  D. 

OC  is  as ;  a  mark  of  general  proportion. 

— -  continual  proportion,  or  geometrical  pro- 

grefiion.  As  A  :  B  :  C  :  D  fig- 
niHes  that  A  is  to  B,  as  B  to  C,  as  C 
to  D,  &c. 

V  arithmetical  proportion,  as  A  .  B  V  C  .  D; 

™  arithmetical  progreflion^ 

♦v.  harmonic  proportion.’ 

—  harmonic  progreflion. 
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SECT*  |. 


Arithmetical  Proportion* 

■•TV  1  . — 


— 


DEFINITIONS. 

i.  jf  R I TH MET  1C  proportion,  is  the  rela- 

Vi  tion  that  two  quantities,  of  the  fame  kind, 
have  to  one  another,  in  refpe£t  of  their 
difference.  The  former  quantity  is  called  the  an» 
tecedent  \  and  the  latter,  the  cenfequent.  And  thefe 
are  called  the  terms  of  the  proportion. 

2.  Ratio  is  the  difference  between  the  antecedent 
and  confequent.  Therefore  arithmetic  ratio  is  of 
the  fame  kind  as  the  quantities  themfel%s.  This  is 
commonly  called  the  common  difference . 

3*  Quantifies  arithmetically  proportional ,  are  thofe 
that  have  the  fame  arithmetic  ratio,  when  compared 
two  and  two  $  fo  that  the  antecedents,  may  be  every 
where  fubtra&ed  from  the  confequents  ;  or  elfe  the 
confequents  from  the  antecedents. 

4.  Continued  proportion  is  when  the  fir  ft  has  the 
fame  proportion  to  the  fecond,  as  the  fecond  to  the 
third. ; 

5.  Arithmetical  progreffion ,  is  when  a  feries  of 
quantities  are  in  the  fame  arithmetical  proportion. 
Or  when  they  increafe,  or  cjecreafe  by  equal  dif¬ 
ferences. 

6.  Mufical  proportion ,  and  progreffion ,  is  when 
there  is  a  feries  of  quantities,  where  the  numera¬ 
tors  are  the  fame,  and  the  denominators  in  arithme¬ 
tic  progreffion. 

A  4  PROP. 


ARITHMETICAL 


PROP.  I. 

If  four  quantities  are  arithmetically  proportional , 
A  .  B  V  C  .  D  ;  the  fum  of  the  extremes  is  equal  to 
the  fum  of  the  means ,  A  +  D  =  B  +  C. 

For  A  —  B  =  C  —  D  (Def.  3),  and  adding 
B  +  D,  A—  B  +  B+  D  =  C  +  R—  D  +  X> 
(Ax.  2)  ;  that  is,  A  +  D  =  C  +  B. 

Cor.  If  three  quantities  he  in  arithmetic  progreffion , 
the  fum  of  the  extremes  is  double  the  mean . 

*  V  *v '  ■,  • 

PRO  P.  IX. 

If  there  he  two  ranks  of  quantities  in  arithmetic 
proportion  ;  their  fums  and  differences  jhall  alfo  he  in 
arithmetic  proportion .  If  A  .  B  V  C  .  D,  and 

P  .  Q^V  R  .  s  ;  then  A  +  P  .  B  +  V  C  +  R  . 
D  +  S,  and  A  —  P  .  B  —  V  C  —  R  * 
D  —  S. 

For  let  A  —  B  =  C  —  D  =  m,  and  Q_ —  P  = 
S  —  R  —  n.  Then  B  —  A  —  D  -  C  —  m> 
Qj=  P  +  n,  S  5=  R  +  ».  And  B  +  A  —  m 
P  D  +  S  =  C  —  w  +  R  +  n: 

A  +  P  .  A  —  +  P  -f-  v  C  +  R.C  —  m 

R  +  n  (Def.  3).  •••  ;  *  - 

Again,  B  —  Qj=  A  —  m  —  P  —  n>  and  D  — 
S  G  —  m  —  R  —  n.  But  A  —  P  .  A  — -  fn  — • 
P  —  tfVC  —  R.C  —  m  —  R  —  n  (Def.  3}. 

PR  OP.  III. 

«  *  •  '  1  ■  ■ 

..  ...  -  >  »•  •  ■  -  0  *  -  * 

If  three  quantities ,are  in  arithmetic  progreffion  ;  the 
rectangle  of  the  extremes ,  together  with  the  fquare  of 
the  common  difference,  is  equal  to  the  fquare  of  the 

middle  term.  If  A  •  B  •  C  -4-,  then  AC  -f-  B  —  A* 
=  BB. 


For 


PROPORTION. 

For  let  D  =  B  —  A  =  C  —  B,  and  A  —  B  —  D, 

C  =  B  +  D ;  then  AC  =  B  — DxB  +  L)=BB 
+  BD  —  BD  —  DD  =  BB  —  DD.  And  AC +• 
DD  =  BB  (Ax.  2 ). 

*  •  ■■  *  /  L  •  V-*.*  v*A  i  u  »  • 

Cor.  A fet  of  arithmetical  proportionals^  whofe  corn* 
mon  difference  is  exceeding  fmally  is  nearly  a  fet  of  geo¬ 
metrical  'proportionals .  See  the  next  fedtion. 

v  J  .  ****.'  '  '  •  *'v\r •*  's  >  «  ‘  ,  •,  V  *  ' 

j  PROP.  IV... 

In  a  feries  of  quantities  in  arithmetical  progrejfon ; 
the  fum  of  the  extremes  is  equal  to  the  fum  of  any  two 
means ,  equally  diftant  from  the  extremes.  If  A  .  B  . 
C.D.E.F.G-^F;  then  A  +  G  =  B  +  F  = 
C-j-E,  f&.  .  .  ,,  „  ,  ...  , 

For  fince  A  .  B  V  F  .  G  (Def.  5),  therefore 
A  +  Gr=B  +  F  (Prop.  I).  And  fince  B .  C  . 
F,  therefore  C  -f*  E  —  B  +  F  ==  A  -j-  G,  '&ci 

•  *'•  ■  if  v  ■/  v  4  rf « .  J 

Cor.  Hence  the  fum  of  the  extremes  is  double,  the 
wean,  when  the  number  of  terms  is -odd, 

,  P  R  O  P.  V. 

If  out  of  a  feries  of  ..quantities  in  arithmetical  pr  o - 
greffiony  there  be  taken  any  feries  of  equi diftant  terms  \ 
this  feries  will  alfo  be  in  arithmetic  progreffion.  \  ,  .  . 

If  A,  B .  C  .  D'.  E .  F .  G  .  H .  I  .  K  .  L  .  M  4-, 
then  B  E  H  L  are 


For 

C- 

—  B  = 

D  — 

-  C  =  E  — 

D  R,  and 

adding  all 

together, 

E- 

-  B  ±=  3R. 

Alfo  1 

F  - 

-  E  =* 

G  - 

-  F  —  H  — 

G  ~  R,  and 

H—  E  == 

3R’ 

*  U  /  •  >  -  y  ■ 

»  l!  r  >  Tl1 

Again, 

I- 

-H~ 

K- 

-I  =  L  — 

K  =  R,  and 

L  — H  = 

3r 

,  &c. 

H  (Ax.  8). 

Therefore, 

E- 

-  B  = 

H- 

-E  =  L  — 

And 

B. 

E  .  H 

m  1-i 

(Def.  5). 

PROP. 


ARITHMETICAL 


PROP.  VI. 

In  a  feries  of  quantities  in  arithmetic  prcgreffiotti 
A  .  B  .  C  .  D  .  E,  whofe  number  is  n9  and  common 

difference  x ;  the  l aft  term  (E)  tz  A  +  »  —  i  X  * 
in  an  increafmg  prognffion ,  or  laft  term  (E)  zz  A~ 

n  ~  i  X  x  in  a  decreafmg  one. 

For  the  difference  between  A  and  B,  B  and  C, 
C  and  D,  D  and  E,  being  x  \  the  difference  between 
A  and  E  will  be  fo  many  times  x9  as  are  the  terms 

beyond  A ;  that  is,  n  —  i  X  x.  Whence  A  —  E, 
orE — A  zz  n  —  i  X  x.  And  E  =  A  +  i  X  x$ 
or  zz  A  —  n  —  i  X  x  (Ax.  2,  3). 

Cor.  The  common  difference  is  equal  to  the  difference 
cf  the  extremes 9  divided  by  the  number  of  terms  left 


one. 


For  x  zz 


A  —  E  or  E 


n 


(Ax.  5), 


prop,  m 

The  fum9  of  a  feries  of  quantities  in  arithmetic  fro- 
grefficn9  is  equal  to  half  the  produSf9  of  the  fum  of 
the  extremes ,  multiplied  by  the  number  of  terms. 


If  A .  B  .  C  .  D .  E  then  the  fum 


A  +  Ex  * 


n  being  the  number  of  terms , 

For  A  B  +C  4-P  4-  E  =  fqm 

And  E  -f-O  +  C  4-  B  *4*  A  rss  fum 

Adding^  A  -f  E  -}~  B  -f*  I)  4*  C  twice  the  fum. 

That  is,  A  +  E+A  +  E  +  A  +  E  +  A  +  E+  A  +  E  (Prop,  IV). 

Therefore  twice  the  fum  is  equal  to  as  many 
times  A  4-  E,  as  there  are  terms,  or  the  fum  = 
A  +  Ew  |  • 


PROP. 


PROPORTION. 
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PROP.  VIII. 

In  a  feries  of  quantities  in  arithmetical  progr  effort 
from  o ,  their  differences  are  equal ;  in  their  fquares ,  the 
differences  of  the  differences ,  or  the  fecond  differences , 
are  equal ;  their  cubes >  the  third  differences  are 
equal  •,  and  fo  on . 

Let  the  feries  be  o ,  <7,  2#,  30,  40,  50,  60,  &V. 
then  o,  aa  \aa  qaa  i6aa  l$aa&c.  fquares. 

aa  %aa  $aa  7  aa  qaa  1  differences. 
2  da  2  aa  2  aa  2aa  2  differences. 

Again,  0  a 3  8#*  270*  64*7*  cubes. 

£3  7^3  1903  57  a3  1  differences. 

fe3  i2<2?  18#3  2  differences. 

6^3  6<z3  &c.  3  differences. 

And  fo  for  higher  powers. 

Cor.  1.  In  the  »th  powers,  the  n  -4-  ith  differences 
are  0 . 

Cor.  2.  The  equal  differences  in  the  laterals , 
fquares ,  biquadrates ,  &c.  itf,  1  x  2##,  1X2 

X  1  X  2  x  3  X  4*%  &c.  refpeftively. 


■  V  '  • 

f  \  '  ’  „  — 

W' I  V  1  •*  f'*  ’  <  ,  .  •  ’  ‘  ,  -  '  ’  4.  « 
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S  E  C  T.  IE 

Geometrical  Proportion. 


DEFINITIONS. 


G 


GEOMETRICAL  proportion ,  is  the  relation 
or  refpect,  that  two  quantities,  of  the  fame 
kind,  have  to  one  another  in  regard  to 
their  bignefs.  The  former  quantity  is  .called  the 
antecedent  *,  and  the  fecond,  the  conjequent. 

Ratio  is  the  quotient  arifing  by  dividing  the 


2. 


antecedent  by  the  confequent :  Or  it  is  the  num¬ 
ber  which  expreftes  how  oft  the  antecedent  con¬ 
tains  the  confequent *,  which  number  may  be  either 
whole,  fraction al,  or  furd.  When  the  antecedent 


and -confequent  are  equal-,  .it  is  called  a  r^tio  of 
equality  \  if  not,'  of  inequality. . ; 

3.  Terms  of  the  ratio,  are  the  antecedent  and  its 

confequent.  ' 

4.  Proportional  quantities  are  thofe  that  have  the 
fame  ratio  or  proportion,  when  compared  two  and 
two  together ;  that  is,  when  the  firft  is  to  the 
fecond,  as  the  third  to  the  fourth  *  or  when  the 
firft  contains  the  fecond,  as  oft  as  the  third  con¬ 
tains  the  fourth  ;  an<d  the  contrary. 

5.  Homologous  or  alternate  terms ,  are  the  antece¬ 
dents  of  feveral  ratios,  or  elfe  the  confequents.  And 
any  antecedent  and  its  confequent,  are  called  ana¬ 
logous  terms . 

6.  Direft  proportion ,  is  when  the  fame  propor¬ 
tion  holds  from  the  firft  term  to  the  fecond,  and 

4  *  from 
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Geometrical  Proportion. 

from  the  third  to  the  fourth,  as  if  A,  B,  C,  D, 
be  four  quantities  ;  then  it  is  direftly  A  :  B  : : 
C  :  D. 

7.  Reciprocal  or  inverfe  proportion ,  is  when  one 
fort  of  quantity  increafes,  in  the  fame  proportion 
that  another  decreafes. 

8.  Difcreet  proportion ,  is  when  out  of  four  terms, 
the  fecond  has  not  the  fame  proportion  to  the 
third,  which  the  firfh  has  to  the  fecond,  or  the 
third  to  the  fourth. 

9.  Continual  proportion ,  is  when  the  firft  term 
has  the  lame  proportion  to  the  fecond,  as  the 
fecond  to  the  third. 

10.  Geometrical  progreffion ,  is  when  a  fet  of 
quantities  are  in  continual  proportion  ;  or  when 
the  firft  has  the  fame  ratio  to  the  fecond,  as 
the  fecond  to '  the  third,  and  as  the  third  to  the 
fourth,  and  the  fourth  to  the  fifth,  &c. 

11.  Extreme  and  mean  ratio ,  is  when  a  quantity 
is  fo  divided,  that  the  leffer  part,  the  greater  part, 
and  the  whole,  are  in  continual  proportion. 

12.  Complicate  ratio,  is  that  which  arifes  by  mul¬ 
tiplying  feveral  other  ratios  together. 

13.  Duplicate ,  triplicate ,  ratio,  & c.  is  the 

fquare,  cube,  &c.  of  fome  given  ratio. 

14.  Harmonical  ratio ,  is  when  a  quantity  is  di¬ 
vided  into  three  parts,  fo  that  the  whole  is  to  one 
part,  as  the  fecond  part  to  the  third.  And  when 
the  fecond  and  third  are  equal  j  it  is  called  harmonic 
proportion  continued . 


PROP, 


/. 
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GEOMETRICAL 
PROP.  I. 

If  fevered  pairs  of  quantities  are  in  the  fame  pro¬ 
portion,  A  :  B  :  :  C  :  D  : :  E  :  F  :  :  G  :  H  ; 
then  as  any  antecedent  to  its  confeqnent ,  fo  is  any  other 
antecedent  to  its  confequent ,  A  :  B  : G  :  H. 

For  fince  ~  n:  ^  =.  ^  =  g  (Def.  4),  there¬ 
fore  ~  (Ax.;  8)  ^  whence  A  :  B  G  :  H 

Jri 

(Def.  4). 

PROP.  II. 

If  four  quantities  are  proportional ,  A  :  B  :  :  C 
:  D ;  and  if  the  firft  A,  he  greater  than  the  fecond 
B ;  then  the  third  C,  fhall  be  greater  than  the  fourth 
D*  If  equal ,  they  fhall  he  equal  \  if  lefs ,  lefs. 

For  fince  g-  —  g  (Def.  4),  by  the  nature  of 

fraftional  quantities,  if  A  be  greater  than  B,  the 
quotient  or  ratio  will  be  more  than  1,  and  there¬ 
fore  C  greater  than  D.  But  if  A  be  equal  to  B, 

g  =  1,  and  C  =  D.  But  if  A  be  lefs  than  R, 

the  quotient  is  lefs  than  iy  and  therefore  C  lefs 
than  D. 

PROP.  III. 

If  four  quantities  are  proportional ,  A  :  R  : :  C  :  D ; 
they  fhall  alfo  he  proportional  by  reverfion  *,  that  is,  the 
fecond  B  is  to  the  firft  A  ♦,  as  the  fourth  D,  is  to  the 
third  C  ;  or  B  :  A  :  :  D  :  C. 

A  C 

For  letg-  r  g  r  t  the  ratio,  then  A  =  B r% 
and  C  =3  Dr  (Ax.  4) ;  and  B  z:  — ,  and  P  =  ~ 

r  r 

(Ax.  5) ;  alfo  2-  =  and  ~  =  ~  (ib.) ;  whence  - 

2^2  (Ax.  3 )  .  therefore  B  :  A  :  ;  D  :  C 
(Def  4}.  ‘  PROP. 


PROPORTION, 


n 


prop,  iv. 

If  four  quantities  of  the  fame  kind  are  proportional, 
A  :  B  :  :  C  :  D  ;  they  Jhall  he  proportional  alter w 
fiately  or  by  permutation  *,  that  is,  the  firft  A,  jhall  hr 
to  the  third  C  \  as  the  fecond  B,  is  to  the  fourth  D. 

For  let  g  ==  g  =  r,  then  A  =  Br,  and  C  = 

Dr  (Ax.  4) .5  the^  £  ~ =  5  (Ax.  5)  j  there¬ 
fore  A  :  G  :  B  :  D  (Def.  4). 

PROP.  V, 

Quantities  are  in  the  fame  ratio ,  as  their  equi¬ 
multiples  ;  A  :  B  :  :  nA  :  nB< 

A 

For  let  gi:r5  then  A  =l  Br  (Ax,  4)  5  and  nA 

r  A  A 

==  nBr  (il?,) ;  and  3=  r  (Ax.  5)  •,  therefore  g  = 


(Ax.  8) ;  therefore  A  :  B  : :  #A  :  #B. 


wA 

nB  ... 

Cor.  1.  Quantities  are  in  the  fame  ratio,  as  theit4 
like  parts . 

For  »A  :  »B  :  :  —  r  ~  :  A  :  B. 


n 


n 


Cor.  2.  *The  like  parts  of  two  quantities ,  taken  an 
equal  number  of  times ,  ^r*  di  the  quantities  themf elves y 

PROP.  VI. 

if  four  quantities  are  proportional,  A  :  B  : :  C 
:  D  5  and  two  homologous  or  analogous  terms  be  both 
of  them  equally  multiplied,  or  divided  •,  the  four  terms 
will  fill  be  proportional 

For  C  ;  D  :  :  *C  »D  (Pr.  V)  :  :  -  :  —  (PiV 

n  n 

V.  Cpr.  i)j  therefore  A  :  B  : :  *?C  :  wD  :: 
c  D  /r.  T. 

-  :  -  (rrop.  I).  « 

nn  r  Again,. 


GEOMETRICAL 
Again,  A  :  C  : :  B  :  D  (Prop.  IV)  : :  /zB  :  nD  : : 

2  :  —  (Prop.  VI).  Therefore  A  :  nB  :  :  C  :  nD, 

n  n 

And  A  :  -  : :  C  :  -  (Prop.  IV). 

n  # 

Cor.  i.  If  two  correfpondent  terms  be  multiplied 
by  one  number ,  and  the  other  two  terms  by  another 
number  *,  the  refulting  '  terms  will  be  proportional : 
If  A  :  B  ;  :  C  :  D,  then  mA  :  mB  :  :  nC  :  nD ; 
or  mA :  nB  :  :  mC  :  nD . 

Cor.  2.  And  if  two  correfpondent  terms  be  divided 
by  one  number ,  and  the.  other  two  by  another  number 
the  quotients  will  be  proportional , . 

Cor.  3.  Hence ,  inflead  of  any  two  correfpondent 
terms ;  two  others ,  proportional  to  them,  may  be  put 
in  their  room . 

„  ^  J,  *  a  .  . 

P  R.O  P.  VII, 

If  four  quantities  are  proportional ;  and  inflead  of 
two  faliors ,  in  two  analogous  terms ,  if  there  be  fub- 
Jlituted  two  other  quantities ,  z/z  ratio ; 

/<?«r  quantities  will  fill  be  proportional :  If  A  :  B 
:  :  PQ^:  RS ;  *zzzJ  Q^:  S  :  :  M  :  N.  Then  A  : 
B  :  :  PM  :  RN. 

for  fince  A  :  B  :  :  PQ^  :  RS  ;  by  dividing 
the  antecedents  by  P,  and  the  confequents  by  R, 

::Qj$::M  :  N  (Prop.  VI.  Cor.);  then 

multiplying  the  antecedents  by  P,  and  the  confer 
quents  by  R,  we  have  A  :  B  : :  PM  :  RN. 


PROPORTION. 


/ 


*3 


PROP.  VIII. 

If  the  parts  taken  away  from  two  whole  quantities y 
he  as  the  wholes  \  then  the  remainders ,  /hall  be  as  the 
wholes .  If  A  :  'C  :  :  A  *+  B  :  C  -p  D  *  then  B  : 
D  :  :  A  -f  B  :  C  +  D. 

For  A:A+B::C:C  +  D  (Prop.  IV) ;  and 
A  B  :  A  :  :  C  -f  D  :C  (Prop.  Ill) ;  and 

— =  — £ —  (Def.  4) ;  that  is,  1  +  ~  =  1  + 

2,  and  5-  =  2  (Ax.  3) ;  therefore  B  :  A  :  :  D 

:  C,  and  B  :  D  :  :  A  :  C  (Prop;  IV)  :  :  A  -L 
B  :  C  +  D. 

Cor.  The  fame  things  fuppofed \  the  remainders 
J hall  be  as  the  part  's  taken  away ,  A  :  B  :  :  C  :  D. 

P  R  O  P.  IX; 

The  fum  of  the  greateft  and  leaf,  of  four  pro¬ 
portional  quantities *  is  greater  than  the  fum  of  the 
other  two . 

Suppofe  A  :  B  :  :  C  :  D,  and  let  A  be  the 
greateft  term,  then  of  confequenee  D  is  the  leaft 

(Prop.  II)  :  then  g  zz  g  =  r.  Now  fince  A  is 

greater  than  B,  r  is  greater  than  i*  therefore  put 
r  =  1  +  s.  Whence  A  —  rB  —  B  +  jB,  and  C 
—  rD  ==.  D  +  sD  (Ax.  8).  Then  A  +  D  -  B  + 
jB  +  D,  and  B+Czz:B  +  D  +  JIX  But  B  is 
greater  than  D,  and  fB  greater  than  jD  ;  therefore 
B  +  D  +  jB  is  greater  than  B  +  D  +  jD  *  or  A 
+  D  greater  than  B  +  C. 


Cor.  The  fum  of  A  and  D  zz  fum  of  B  and  C  -f- 

* 

B  For 


1  X  B  —  D, 
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GEOMETRICAL 
For  one  of  thefe  fums  exceeds  the  other  by 
s  X  B— IS. 

PROP.  X. 

If  fever al  quantities  are  proportional ;  A  :  B  :  : 
C:D::'E:F::G:H;  as  one  of  the  ante¬ 
cedents,  to  its  confequent ;  fo  is  the  fum  of  all  the  an¬ 
tecedents,  to  the  fum  of  all  the  confequents  •,  A  :  B  : 

A  +  C  +  E  +  Cj  :  B  -j-D  +  f  +  H. 

For  let  zz  r,  or  A  zz  B r,  C  ==  Dr,  E  zz  Fr, 

G  zz  Hr,  and  A  +  C  +  E  +  G  =  Br  +  Dr  + 
Fr  +  Hr  zz  B-|-  D  4  f  +  H  X  r  (Ax.  8); 


therefore 


A4C+E+G_  B+D+F+Hxr 
B+D+F+H~B4D+F+H 

=  r;  therefore  ^  * therefore’  ^c' 


PROP.  XI. 

If  there  he  two  ranks  of  proportional  quantities , 
and  the  two  means  he  the  fame  in  both  ;  the  extremes 
will  he  reciprocally  proportional.  If  A  :  B  :  :  C  :  D, 
and  E  :  B  :  :  C  :  F  ;  then  A  :  E  :  :  F  :  D. 

For  let  ~  zz  ~  zz  r,  and  fince  B  :  E  :  :  F  :  C 
(Pr.  Ill)  *,  therefore  let  ~  zz  ^  =  s.  Then  rs  = 

(Ax.  4);  that  is,  g-  zz  ^  ;  or 


A  B  __  C 
B  X  E  D  X  C 
A  :  E  :  :  F  :  D. 


Cor.  In  two  ranks  of  proportional  quantities,  if 
the  extremes  he  the  fame  in  both  the  means  will  be 
reciprocally  proportional . 

*  ,  For 


PROPORTION. 

For  if  B  :  A  :  :  D  :  C,  anc}  R  :  E  :  :  F  :  C ; 
then  by  reverfion  A  :  B  :  :  C  :  D,  and  E  :  B 
:  :  C  :  F.  Whence  A  :  E  :  :  F  :  D  (Prop.  XI). 


PROP.  XII. 


If  four  quantities  are  proportional,  A  :  B  :  :  C  :  D; 
the  product  of  the  extremes  is  equal  to  the  produbl  of 
the  means ,  AD  zz  BC. 


r>  i  A  C 

For  let  g  =  =  r9 


then  A  =  Br,  and  C 


Dr  (Ax.  4) ;  whence  AD  =  BrD,  and  BC  zz  BrD 
(Ax.  4) ;  therefore  AD  =  BC  (Ax.  8). 


Cor.  1.  If  two  products  are  equal ,  AD  zz  BC ; 
the  fides  or  factors  are  reciprocally  proportional , 

A  :  B  :  :  C  :  D. 

t 

For  let  A  :  Br.'C  :  Q,  then  AQj=  BC  (Prop. 
XII)  zz  AD  (hyp.)*,  therefore  Q^zz  D  (Ax. '5)5 
and  A  :  B  :  :  C  :  D  (Ax.  7). 


Cor.  2.  If  three  quantities  are  continually  propor¬ 
tional  ;  the  redl  angle  of  the  extremes  is  equal  to  the 
fquare  of  the  mean .  And  the  contrary. 


Cor.  3.  In  four  proportional  quantities ,  if  one 
extreme  he  multiplied  by  any  number ,  and  the  other 
extreme ,  divided  by  it ;  the  quantities  will  fill  be  pro¬ 
portional.  The  fame  holds  of  the  means.  Confequently 
any  two  factors  in  the  two  extremes  may  change  places ; 
or  in  the  two  means . 

For  if  A  :  B  :  :  C  :  D,  then  AD  —  BC,  and 
n AD  zz  nBC  (Ax.  4);  then  nA  :  B  :  :  nC  :  D 

(Cor.  1)  :  :  C  :  5  (Cor.  1.  Prop.  5). 


B  2 


ScHOU 


i6  GEOMETRICAL 

Scholium. 

It  is  fuppofed  here  that  two  analogous  terms^irc 
numbers,  or  at  leaft,  that  they  are  reprelented  by 
numbers. 

PROP.  XIII. 

If  four  quantities  are  proportional,  A  :  B  :  :  C 
:  D  ;  and  if  the  analogous  terms  he  compounded  any 
way  by  addition  or  fubtr allien  ;  fo  that  both  pairs  be 
ordered-  alike  ♦,  then  they  will  Jlill  be  proportional . 

If  A  :  B  :  :  C  :  D. 

Then  A  :  A  +  B  :  :  C  :  C  +  D. 

A  :.A  ■ —  B  :  :  C  :  C  —  D. 

A  :  B  —  A  :  :  C  :  D  —  C. 

A  +  B:B::C  +  D:D, 

A  —  B  :  B  :  :  C  —  D  :  D. 

B  —  A  :  B  :  :  D  —  C  :  D. 

A  +  B  :  A  —  B  :  :  C  +  D  :  C  —  D.. 

A  +  B  :  B  —  A  :  :  C  +  D  :  D  —  C.: 

A:B::A  +  C:B  +D. 

A  :  B  :  :  A  —  C  :  B  —  D,  &V.  and  the 
reverfe  thereof. 

For  in  any  cafe,  the  product  of  the  means 'is 
equal  to  the  produd  of  the  extremes. 

Cor.  When  the  quantities  are  compounded  after  any 
of  the  foregoing  ways ,  then  it  will  be ,  A  :  B  : :  C  :  D. 


PROP.  XIV. 


If  one  quantity  has  the  fame  proportion  to  feveral 
quantities  feparately  ;  as  a  fecond  quantity  has  to 
as  many  others  :  then  the  firft  has  the  fame  proportion 
to  the  fum  of  the  firft  fet ,  as  the  fee  On  d  has  to  the 
fum  of  the  laft  fet . 


then  A  :  B  +  C  +  D  :  : 
F  *  G  +  FI  +  I. 


i 


For 


PROPORTION. 

B  1  G  1 

For  C  [  :  A  :  :  H  (  :  F  (Prop.  Ill),  then 

DJ  ij 

5  _  G  C  _H  D_  l  , 

A  “  F’  A  ~  F’  A  —  F  (  4j' 

G  H 

nr  _ ! - ! -  — 

A 

I  G  +  H  +  I 


fore  B  T  C  I  °  or  B  C  °  ~  I 

iorc  ^  *t  a  *  a  ur - x - —  T5  i 


or 


A  ~  F  1  P  1 
’  (Ax.  2) ;  therefore  B  ~f~  C  -j-  D 


JP  h 

:  A  :  :  G  *4*  H  -f-  I  :  F  (Def.  4) ;  arid  A  :  B  -j- 
C  D  ::F  :  G-j-H-j-I  (Prop.  III). 


*7 


Cor.  1.  If  one  quantity  be  feparately  to  two  quan¬ 
tities  %  as  a  fecond  is  to  two  others  ;  'the  firft  will  be 
to  the  difference  of  the  firft  two  ;  as  the  fecond ,  is  to 
the  difference  of  the  laft  two . 

If  A  :  ^  B  :  :  F  :  |  ®  •  then  A  :  B  —  C  : : 
F  :  G— H. 


tr  1  B  C  G 

For  then  - - —  —  -w 

A  A  F 

G  —  H 


H 


p-  (Ax.  3)  s  and 


B  —  C 
A 


Cor.  2.  The  fame  things  fuppofed  as  in  Cor .  1,  then 

B  :  C  :  :  G  :  H. 


( 


For  ~  =  2,  and  2  =  whence  B  :  C  :  : 
A  F’  A  F 

B  G  i  C  H 


or 


A  F  *  A~  F 


or  t;  ;  :  )  G7H  (Pr.  V.  and  Cor.  1), 


y 


V*  — 


B  3 


PROP.  ' 


1 


geometrical 


PROP.  XV. 

If  there  he  two  ranks  of  quantities ;  and  it  he ,  in 
tbefe  two  ranks ,  as  the  firft  to  the  fecond,  Jo  u  the 
jirft  to  the  fecond  •,  and  as  the  fecond  to  the  tmrd , 
fo  the  fecond  to  the  third ;  and  fo  on  :  then  will  the 
J fir  ft 'be  to  the  laft ,  as  the  jirft  to  the  laft ,  in  the  two 

ranks.  If  A,  B,  C,  D  ;  and  F,  G  H,  I,  are  two 

ranks  ■,  and  it  he,  A  :  B  :  :  F  :  G,  and  B  :  C 

;  ;  G  :  H,  and  C  :  D  :  :  H  :  I  ;  then  A  :  D 

-  •  F  ♦  I 

*  '  A  '  F  .  B  G  ,  C  H'  ,  , 
For  -g  ■=  g,  and  ^  — pp  an<^  •  j  (Dcf.  4) » 

ABC  FGH  s  fhat 

- -  =  Qjgj  C^x.  4;5  or  D  -  1  »  tiiar 

F  :  L 


therefore 
is,  A  : 


BCD 
D  :  : 


PROP.  XVI. 

If  two  or  more  rows  of  quantities  are  refpetftively 
proportional  *,  the  like  terms  are  proportional,  in  any 

two  rows.  _ 

If  A  :  B  :  C  :  D  :  :  P  :  Qj  R  :  S.  Then  B  i 

D  :  :  Q.  :  S,  &?r.  .  ‘  #  | 

Quantities  are  r effectively  proportional ,  when  in 
the  feveral  rows,  the  firft  term  is  to  the  firft,  the 
fecond  to  the  fecond,  the  third  to  the  third,  &c. 
in  the  fame  proportion.  And  like  terms  are  thofe 
that  are  alike  fituated  in  all  the  rows  •,  as  the  third 
term  and  the  third,  the  fourth  and  the  fourth,  &c. 

For  fince  B  :  C  :  :  Qj  R,  and  C  :  D  :  :  R  :  S, 
therefore  B  :  D  : :  Qj  S  (Prop.  XV) ;  and  fo  of 
others.. 

Or  thus . 

If  thefe  are  re-  A  :  B  :  C  :  D  :  E  :  : 

lpeclivelv  propor-  F  :  G  :  H  :  I  :  K  :  : 

tional,  L:M:N:0:P:: 

Qj  R  :  S  :  T  :  V  :  : 

then  A  :  D  : :  Q  :  T  i  and  fo  of 

For 


others. 


PROPORTION. 

For  A  :  B  :  :  Q  :  R,  and  B  :  C  :  :  R  :  S, 

and  C  :  D  :  :  S  :  T„  Therefore  A  :  D  :  : 

j  :  T.  In  like  manner  G  :  K  :  :  R  :  V,  and 

A  :  E  :  :  L  :  P,  and  B  :  E  R  :  V,  &c.  ail 

the  ways  they  can  be  thus  compared. 


PROP.  XVII. 

If  there  he  two  fets  of  quantities  ;  and  if  it  he  as 
the  fir  ft  to  the  fecond  (in  the  fir  ft  fet),  fo  the  lajt  hut 
cne  to  the  laft  (in  the  fecond  fet)  ;  and  as  the  fecond 
to  the  third ,  fo  the  laft  hut  two ,  to  the  laft  hut  one  ; 
and  fo  on.  Then  the  fir  ft  will  he  to  the  laft  (in  the  firft 
fet),  as  the  firft  to  the  laft  (in  the  fecond  fet). 

Firft  fet  A,  B,  C. 

Second  fet  F,  G,  H. 

If  A  :  B  :  :  G  :  H,  and  B  :  C  :  F  :  G,  &c, 
then  A  :  C  :  :  F  :  H. 


fore 


For  ~  and  ^  =  g  (Def.  4,  2);  there- 

AB  GF  f  A  w  ^  A  F 

BC  ~  HG  <'AX'  ^  0r  C  —  H’ 

F  :  H. 


and  A  :  C 


prop.  xvur. 

If  there  he  four  proportional  quantities  in  one  rank , 
and.  four  more  in  another  ;  and  feveral  fuch  ranks  •, 
then  the  products  of  the  like  terms  will  be  propor¬ 
tional.  '  . 

If  A  :  B  :  :  C  :  D, 
and  F  :  G  :  :  H  ;  I, 


and  P  :  Q_  : :  R  :  S, 
then  AFP  :  BGQ_  ;  •  CHR  s  fIS. 
A  C  ,  F  H  ,  P 


D,  and  q  — .  j> 
AFP  CHR 


F°r  g-  = 

4),  therefore  BGQ_  _ 

£GQ_  CHR  :  DIS. 

B  4. 


and  'Dcf- 


(Ax.  4),  or  AFP 


Cor,. 
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GEOMETRICAL 

'r*  I 

Cor.  i.  If  A  :  B  :  :  C  :  D, 

and  B  :  P  >  :  H  :  I, 

and  P  :  Q  :  :  R  :  S,  &c. 

then  A  :  Q_:  :  CHR  :  DIS. 


For  ABP  :  BPQ^:  :  A  :  Q^: :  CHR  :  DIS. 


~  ♦ 


Cor.  2.  The  fame  things  fuppofed  with  two  ranks  of 
proportionals ,  the  quotients  of  the  like  terms  will  be  pro - 
.  ,  A  B  C  D 

port  ion  at.  '  p*  :  G  *  ’  H  **  T* 

For  AD  =  BC,  and  FI  zz  GH  (Prop.  XII)  j 
therefore  (Ax.  5);  therefore  p  :  g  :  : 

g  :  j  (Cor.  1.  Prop.  XII), 


H 


Cor.  3.  The  like  power or  the  like  roots  of  propor¬ 
tional  quantities ,  will  be  proportional .  If  A  :  B  :  : 


n 


C  :  D,  then  A” :  Bw  : :  C” :  D”,  and  fA  :  yB  :  :  fC  1 

17 

y  D  :  n  being  any  number.  *  -  v  ' 

,  «  * 

This  is  plain,  by  fuppofmg  A,  F,  P  all  equal  ; 

as  alfo  B,  G,  Qj  and  C,  H,  K  j  and  alfo  D,  I,  S. 


\  \ 


*  m* 


. 

N  *  - 


PROP. 


I 


PROP.  XIX. 

If  between  any  two  quantities  propofed ,  there  be 
jnterpofed  any  number  of  terms  ;  the  proportion  of  the 
firft  to  the  laft ,  is  compounded  of  the  fir  ft  to  the  fecond , 
the  fecond  to  the  third ,  and  fo  on  to  the  laft .  Suppofe 
A,  B,  C,  D,  E.  F. 

The  proportion  of  A  to  F,  is  compounded  of  A  to  B, 
B  to  C,  C  to  D,  D  to  E,  and  E  to  F. 


ABC  D  E 
For  B  X  C  X  D  X  E  X 


ABODE 
F  °r  BCDEF 


=iS,  all 


the  intermediate  terms  deftroying  one  aaother,  in  the 
dividend  and  divifor. 


PROP.  XX.  - 

•  /  ~  ■■ •/ 

In  a  feries  of  quantities  in  geometrical  progreffiony 
A  :»B  :  C  :  D  :  E  2  F  :  G  — ;  the  produff  of  the 
extremes  is  equal  to  the  produff  of  any  two  means , 
equally  diftant  from  the  extremes  :  AG  =  BF  —  CE, 
&c. 

For  fince  A  :  B  :  :  F  :  G  (Def.  io)  *,  therefore 
AG  =  BF  (Prop.  XII).  And  fince  B  :  C  :  :  E  : 
F  \  therefore  CE  ==  (BF  =)  AG,  and  fo  on. 

Cor.  Hence  the  produff  of  the  extremes ,  is  equal  to 
the  fquare  of  the  middle  term  >  when  the  number  of 
terms  is  odd. 


GEOMETRICAL 


tz 


PROP.  XXL 


If,  out  ef  a  feries  of  quantities  in  geometrical  pro - 
gr.effien,  there  he  taken  any  feries  of  equidiftant  terms  •, 
that  feries  will  alfo  he  in  geometrical  progreffion. 

JfA  :  B  :  C  :  D  :  E  :  F:  G  :H  :  I:  K:  L  :M ,in~, 
then  B:  E:  H:  L  are  alfo 


T7  B  C  O 

For  C=  D-  E 


(Ax.  4).  Alfo  S.  = 
E 


=  r, 

F 
G 


and 


CDE 
G 

~  H  —  r’ 


BCD  .  _  B 
'  E 

,  EFG 

and  or 


H 


^5 


FGH 

ir  H  I  K  ,  HIK  H 

alf0  1=  K  =  L  =  r’  andlKL°r  L 
B  E  H 


=  r3,  &c.  Therefore  i 


1KL 

=  3  =  ^  &c.  (Ax.  8); 


E  —  H  —  L 
and  B :  E  :  H  :  L  £iV.  are  -4-r  (Def.  io). 


PROP.  XXII. 

If  there  he  a  feries  of  quantities  in  geometrical  pro¬ 
greffion ,  A :  B  :  C  :  D :  E  :  F,  &c.  — - »  their  differences 
will  alfo  he  in  the  fame  geometrical  progreffion,  A  *  B  :  : 

A_B:B— C  :  C  — D,  £&. 

For  fince  A  :  B  :  :  B  :  C  :  :  C  :  D,  &c\  (Def.  io)  ; 
therefore  A:A  —  B::B:B  —  C::C:C  —  D 
&c.  (Prop.  XIII).  And  A:B:  :A  —  B:B  —  C , 
and  B  :  C  :  :  B  —  C  :  C  —  D  (Prop.  IV).  That 
is,  A  :  B  :  C,  £s?r.  ::  A  —  B:B  —  C:C  —  D, 
&c. 

;  ,  i  .  4  ,  ' 

Cor.  The  fecond,  third,  fourth  differences.  See.  Jhall 
alfo  he  in  the  fame  geometrical  progreffion. 


P  R  O  P. 


PROPORTION. 


2  3 


f 


PROP.  XXIII. 

If  there  he  a  feries  of  quantities  in  geometrical  fro- 
greftion  ;  the  ratio  of  the  fir  ft  ^  to  the  fecond ,  thirds 
fourth ,  &c.  is  in  the  fimple ,  duplicate ,  triplicate ,  &c. 
ratio  of  the  firft'to  the  fecond ,  r  effectively.  If  A  :  B  : 

A  A  A  AA  A  A3 


C  :  D  :  E,  &c.  /to 


B 


A  _  A4  * 

E  —  B4’  &c’ 

„  A  B 

For  B  =C 
A  _  A  B 

C  ~  B  X  C  : 
_A3  i r  A 
B3  5  a  E 


B’  C  —  BB’  D  —  B3’ 


D 


rr,  £sV.  (Def.  io). 


C 

:  D  ~~  E 

AA  -  x  A  A  B 

(Def.  13),  ^  = 


And 

C 


BB  v - ‘3/’  D  ~  B  X  C  X  D 

A  B  C  D  A*  c . 

BXCX  D  X  E  B+  ’  ^C' 


PROP.  XXIV.  ,  ' 

"  ’  V'  '  _  A 

If  A,  B,  C,  D,  E,  &V.  A?  a  fet  of  quantities  in 
geometrical  progreffion ,  whofe  differences  are  infinitely 
fmall  \  and  n  ahy  number  ;  /tez  z7  will  he^  An  : 

A”  —  Bn  ::  A  :  n  x  A  —  ft. 

Since  the  differences  are  infinitely  fmall,  they  will 
be  (nearly)  equal,  A  —  B  —  B  —  C  =  C  — -D,  &V. 
and  A  —  C  —  A —  B  +  B  —  C  =  2  x  A  —  B  ; 

A  —  D  r=  3  x  A  — B ;  A  —  E  =  4  X  A  —  B,  &c. 
But  A£  :  Bl  :  :  A  :  C,  and  A3  :  B*  :  :  A  ;  D,  &c. 

(Prop.  XXIII) ;  then  _ 

A£:A£  — B£ ::  A:  A-C=2xA  -B(Pr.Xlll7 
alfoAJ:A!  — B!  ::  A:A  — D  =  3xA  —  B. 
andA”:  A” — B?":  A  :»xA— B. 


PROP. 


*4 


GEOMETRICAL 


PROP.  XXV. 

In  a  rank  of  quantities  in  geometrical  progreffion , 
A  :  B  :  C  :  D  :  E,  whofe  number  is  n  \  and  the  ratio 

A 


A  _» 

r=  v  >  the  laft  term  (EJ) 

x> 


B  n“1 

- or—  A 

rn  —  l  A l  x  A. 


For  ^  —  r,  or  An  Br,  B  —  Cr,  C  —  Dr,  D  = 

JD 

Er. 

And  A  zz  Br  =  Crr  =  Dr3  in  Er4. 

A 

Therefore  B  zz  —  the  2d  term. 

r 

A 

C  .zz  —  the  id  term. 

rr  * 

A 

D  the  4th  term. 

rs 

E  =  ^  the  5th  term. 


And  in  general  the  »tU  term  zz 


r« 


1 ' 


PROP.  XXVI. 

In  a  rank  of  quantities  in  geometrical  progreffion , 
A :  B  :  C  :  D  :  E,  whofe  number  is  n,  and  common 

ratio  r  z:  ^  j  the  fum  of  all  the  terms  isy  — ^ ^  ~ 


BE 


B 
AA 


B— A 

For  A  :  B  : :  B  :  C  :  :  C  :  D  :  :  D  :  E  (Def.  10). 

And  A:B  :  :  (r:  1::)  A  +  B|C  +  D:B  +  C 

+  D  +  E,  (Prop.  X)  ♦,  that  is,  (putting  S  =  fum), 

A  :  B  : :  S  —  E  :  S  —  A.  Therefore  S  A  — -  A  A  = 

BS  —  BE  (Prop.  XII)  ;  and  SA  —  SB  zz  AA  — * 

BE,  or  SB  —  AS  =  BE  —  A  A  (Ax.  2,  3)  *,  there- 

r  c  AA— BE  BE— AA/a  n 
fore  S  =  -r — —  or  ■  B_A~  (Ax. 5). 

Cor. 


A  — B 


f 


B  —  A 


PROPORTION. 
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Cor.  i .  tfhe  fum  of  the  terms 
E  —  A, 


A  + 


A  — 

E 

A  — 

B 

B, 


or  A  + 


B  —  A 


B. 


A _ E 

For  A  +  t 


AA  AB  -f-  AB  —  BE 


AA  — BE 
A  -^TT 


A  —  B 
,  &c. 


A  — B 

,  Y  - 


Cor.  2.  In  a  decreafing  geometrical  progreffion ,  the 
fum  of  all  the  terms  zz  — — — . 


Forfincer:  i  :  :  S  —  E  :  S  —  A.  Therefore  S  — 
E  zzrS  —  rA  (Prop.  XII)  and  rS  —  S  zz  r A  —  E 

y  A  E 

(Ax.  2,  3) ;  whence  S  =  -----  (Ax.  5)' 

•  *  1 

Cor.  3.  In  an  increafing  geometrical  progreffion ;  put 

B  E — _ 1 

R  zz  — ,  7?/^  0/  the  terms  =  ^ - -A. 


For  B  =  RA,  C  zz  RB  =  RZA,  D  =  RC  =  R3A5 
E  z  rD  -  r4 A,  or  E  zz  r”  —  I  A.  But  1  :  R  : : 
S  —  E :  S  — A ,  and  S  —  A  zz  R  S  -  RE  (Prop.  XII), 
and  RS  —  S  zz  RE  —  A  =  rn A  —  A  (Ax.  2,  3)  j 

whence  S  =  ------  (Ax.  5). 


* 


PROP. 


* 

5 
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Geometrical  Proportion. 


PROP.  XXVII. 

In  an  infinite  decreafing  geometrical  frogrejfion^  A  : 

B  :  C  :  D  :  E  -fr  &c.  Pa/  ratio  ~  zz  —  ; 

’  ^  A  A.  zn  A 

the  fum  ofi  all  the  terms  ad  infinitum  zz  tfr 


m — •  « 


For  the  fum 


AA  —  BE 


(Prop.  XXVI);  but 


A  —  B 

when  the  progrefllon  is  infinitely  continued,  the  laft 


AA 


Alfo 


term  E  is  o ,  and  then  the  fum  becomes  . 

5  A  —  B 

(by  Cor.  2.  Prop.  XXVI),  the  fum  =  be- 


comes 


rA 


A 


n 


mA 


m 

71 


m  —  72 


—  I 


SECT. 


t 


SECT.  III. 

General  Proportions. 


Definition  and  Notation . 

i.  .  /  *> 

F  A,  B,  C,  D,  &V.  be  any  variable  quantities, 
and  a ,  r,  d,  &c.  other  values  thereof ;  and  if 

they  be  fo  dependent  on  one  another,  that  when  A  is 
increafed  or  diminifhed  to  a  ;  B,  C,  D,  &c.  become 

r,  d ,  &c.  '  _ 

Then  A  OC  B;  fignifies  that  A  is  diredtly  as  B,  or 
that  A  :  a  ^ : :  B  :  b+ 

Likewife  A  .OC  denotes  that  A  is  reciprocally 
as  C,  or  that  A  :  a  ~  . 

V.  £ 

Alfo  A  OC  — fignifies  that  A  is  dire&ly  as  B 


BC 


and  C,  and  reciprocally  as  D,  or  that  A  :  a  :  :  ^ 
be 

'i'  :  : 

And  if  AB  OC  g,  the  product  of  A,  B  is  dircftly 

C  c 

as  C,  and  reciprocally  as  D ;  or  AB  :  ab  :  :  g  : 

And  on  the  contrary,  if  A  :  a  : :  B  :  b>  then 
AOCB,  &5V. 


i 


PROP. 


2S 


GENERAL 


PROP.  I. 

% 

If  one  quantity  A  is  as  a  fecond  R  ;  then^  on  the  con¬ 
trary^  the  fecond  B is  as  the  firjl  A.  If  A  OC  B,  then 

BCX  A, 

For  A  :  a  :  :  B  :  h  (Def.). 

Therefore  B  :  h  :  :  A  :  a  \  that  is,  B  OC  A  (Def.)<- 


PROP,  II. 

If  one  quantity  A  is  as  a  fecond  B,  and  the  fecond  B 
as  the  third  C,  and  the  third  .C  as  a  fourth  D, 
then  the  firjl  A  is  as  the  iafi  D.  If  A  OC  B  OC 
C  OC  D,  then  A  OC  D. 


For  A  :  a  : :  B  :  hi 
and  ,  B  :  h  :  :  C  :  cy 
and  C  :  c  :  :  D  :  d  (Def.) 

therefore  A  :  a  :  :  D  :  d  (Prop.  I.  Se6L  II). 
therefore  A  OC  D  (Def.). 

Cor.  If  one  quantity  A  is  as  a  fecond  B,  and  the 
fecond  B  reciprocally  as  a  third  C.  Then  the  firjl  A  is 

reciprocally  as  the  third  C.  If,  A  OC  B  OC  — then 

i  <  * 


A  OC 


C‘ 


For  A  :  a 

(Def.). 


B  :  h  : 


C  * 


and  A  OC  g 


Mb 


PROP. 
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PROP.  III. 

I  « 

If  one  quantity  &  be  as  a  fecond  B,  and  alfo  as  a 
third  C ;  then  the  firft  A  will  be  as  the  Jum  or 
difference  of  the  fecond  and  third ,  C  and  D.  If 

A  OC  B  a  C,  then  A  OC  B  +  C,  or  A  CC  B 

—  C. 

For  A  :  a  :  :B  :  b  :  :  C  :  c.  Therefore  A  :  a  :  : 

B-j-C  :  b  4-  c,  or  A  :  a  :  :  B  —  C  :  b  —  c 

(Prop;  X.  Se<5t,  II).  And  A  OC  B  +  C, 

PROP.  IV. 

Either  fide  of  a  general  proportion ,  may  be  mul¬ 
tiplied  or  divided  by  any  given  quantity .  If  A  CC  B, 

jB 

then  A  OC  #B,  or  A  OC 

n 

For  A  :  a  :  :  B  :  b  :  :  nB  :  nb  (Prop.  V.  Se<5t.  II) 
:-s  — :  —  (Cor.  i.  ibid.). 

n  n  v  . 

P  R  O  P.  V. 

If  both  fides  of  a  general  proportion  be  multiplied  or 
divided  by  any  variable  quantity ,  they  will  fill  be  pro¬ 
portional.  ]/  A  OC  B,  and  C  a  variable  quantity , 
then  AC  OC  BC. 

For  A  :  a  :  :  B  :  b  (Def.).  And  CA  \  caw  dB  : 
cb  (Prop.  VI.  Cor.  i)  *  that  is,  CA  OC  CB. 

Alfo  A :  a  :  :  B  :  b  ;  and  ~  ~ ::  ~  ~  (Cor.  z. 

£  v  £ 

Prop.  VI) ;  that  is,  ~  OC 

Cor.  i.  If  BC,  then  2-  a  C,  aai  ^ 

is  a  given  quantity ,  or  always  the  fame . 

C  For 


i 


\ 


/ 


3° 


GENERAL 


a* 


For  is  as  i,  an  invariable  quantity. 


Cor.  2.  If  A  QC  4>  Men  B  OC 

15  A  • 

AT?  * 

For  AB  OC  i  (Prop.  V),  —  or  B  OC  -g 
(ibid.)* 


PROP.  VI. 

Inftead  of  any  quantity  in  one  fide  of  a  general  pro - 
portion ,  one  may  fubftitute  any  other  quantity  propor* 
tional  thereto .  If  A  QC  BC,  and  C  OC  D  \  then 
A  OC  BD. 

For  fince  C  OC  D,  BC  OC  BD  (Prop.  V)  \ 
whence  A  OC  BD  (Prop.  II). 


i 


PROP.  VII. 

If  the  two  fides  of  one  general  proportion^  he  multiplied 
cr  divided  by  the  two  fides  of  another  general  propor¬ 
tion  *  they  will  fill  be  proportional.  If  A  OC  B,  and 

C  OC  .D;  then  AC  CC  BD,  and  g  OC 

For  A :  a  :  :  B  t  and  C  :  c  : :  D  :  d9  therefore 
AC  :  ac  :  :  BD  :  bd  (Prop.  XVIII.  Se&.  II)  *  that 
is,  AC  OC  BD. 

Andg  :  7::g  -  7  (ibid.  Cor.  i)  ;  that  is,  g  OC 

B 

D‘ 


Cor.  i .  The  equal  powers  or  roots  of  both  fides  of 
any  general  proportion ,  will  fill  be  proportional .  If 

A  OC  B,  then  A1  OC  B%  A3  OC  fA  OC  VB, 


3 


This 


PROPORTIONS.  3* 

This  is  plain  by  putting  C  =  A,  and  D  =  B,  (Sc* 

Cor.  2.  If  A  oc  B  oc  C,  then  AA  oc  BC. 

PROP.  VIII. 

If  any  quantity  Q he  as  the  product  of  fever  al  others 
A,  B,  &c.  then  z/B,  (Sc.  he  given ,  Q^oc  A  ;  and  if 
A,  &c.  he  given ,  oc  B. 

^  *  ■. /  i ,  ■ .  • 

i  ■  ,t  *  i  • 

For  by  Prop.  IV.  fince  oc  AB,  and  B  given* 

oc  A.  And  if  A  be  given,  Q^oc  B  (ibid.). 

/  .  / 

Cor.  If  any  variable  quantity  Qjdepends  on  feveral 
others  A,  B  ;  and  if  oc  A,  when  B  is  invariable  •, 
and  Q^oc  B,  when  A  w  invariable  *  /to  oc  AB, 
mto  <3//  variable . 


P  R  O  P.  IX. 

Any  general  proportion  may  be  turned  into  an  equa* 
tion ,  multiplying  one  fide  by  a  proper  homologous 

quantity . 

jjf  A  oc  BC,  /to*  A  =2  n  x  BC.  zz  toz£ 
quantity .  ' 

For  fince  A  oc  BC,  therefore  A  :  a  ::  BC  :  be 
(Def.)i  and  Ax^  =  ^xBC  (Prop.  XII.  Se&.  II).;, 

and  A  ==  •£  x  BC,  therefore  nz=  ~  the  quantity 

aflumed  for  a  multiplier. 

Or  if  mA  =2  BC,  it  will  be  found  that  —  x  A  =2 

a 

BC,  or  that  m  zz~. 


PROP. 


J 
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General  Proportions, 

/ 

PROP.  X.  Problem . 


R*C 


Any  general  proportion  being  given,  A  cc  -  to 
find  the  proportion  any  one  has  to  the  refi . 

This  is  done  by  help  of  the  foregoing  propofi^ 

tions.  ,h 

B'"C 

Since  A  ce  -jy-  *, 

Multiply  by  D,  then  AD  C£  BZC  (Prop.  V). 
Divide  by  A,  then  D  cc  ~  (Prop.  V). 


AD 

B* 

AD 


Divide  (  AD  cc  BZC)  by  B\  and  then  C  cc 
(Prop.  V). 

Divide  (AD  cc  B'C)  by  C,  and  then  Ba  oc 
(Prop.  V). 

AD 

Extract  the  fquare  root,  B  cc 

And  the  fame  may  be  done  by  afiuming  a  given 

quantity  m,  and  making  mA  =r  -jj-  ;  and  the 

foregoing  procefs  is  the  fame  as  in  the  reduction  of 
algebraic  equations* 


FINIS. 


/ 


THE 


ELEMENTS 


O  F. 


GEOMETRY. 


ft. 


IN  WHICH, 


1  _ 

The  principal  Propofitions  of  Euclid, 
Archimedes,  and  others,  are  demon- 
ftrated  after  the  moft  eafy  manner. 


To  which  is  added* 


A  Collection  of  ufeful  Geometrical  Problems. 


Perveniri  ad  fummum ,  nifi  ex  principles,  non  pot  eft. 

Quint. 
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P  R  ■  E  F  A  C  E. 


TJA  V I NG  in  the firjl  volume  treated  of 
S  S  arithmetic ,  which  is  one  of  the  main 
pillars  of  the  mathematics  j  I  come  now 
to  geometry ,  which  is  the  other  pillar ,  on  which 
thefe  fciences  are  fupported .  On  thefe  two  founda¬ 
tions,  all  the  other  branches  are  built ;  and  from 
them  they  derive  their  whole  ftrength  and  evidence . 

,  And  thefe  two  fciences  are  ejfentially  different ; 
the  former  confiders  numbers ,  without  any  regard 
to  extenfion ;  the  latter  confders  extenfion ,  with¬ 
out  any  regard  to  numbers .  And  both  of  them 
treat  their  particular  fubjeffis  in  the  mofl  abfiradl 
manner . 

Geometry  is  of  fo  excellent  a  nature  and  of  fuch 
extenfive  ufe ,  that  it  lays  the  foundation  of  all  the 
rides  to  work  by ,  in  the  common  affairs  of  life y 
without  which  we  could  do  nothing.  For  inflance, 
the  difances  of  places ,  or  remote  objects ,  and  their 
filiation  in  refpeffi  of  one  another ;  cannot  be  had 
without  meafuring,  and  the  rules  of  geometry . 
Fhe  drawing  of  maps  or  charts  can  only  be  dene  by 
geometry .  The  meafuring  and  dividing  of  lands , 
to  give  every  man  his  due  Jhare ,  cannot  be  per¬ 
formed \  without  meafuring  certain  figures ,  and 
finding  their  contents .  Houfes  and  towns  cannot 
be  built  without  knowing  the  figures  and  dimenfions 

A  2  thereof 
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thereof.  Without  this  art ,  no  place  can  be  fortified , 
to  refifi  the  attach  of  an  enemy .  Trade fmen  muft 
be  acquainted  with  the  meafures  of  length  and 
capacity .  Joiners ,  mafons ,  &c.  underfiand 

how  to  form  their  materials  into  proper  figures , 
will  be  frequent  occafion  for  parallel  and 
perpendicular  lines.  And  the  figures  they  have  per¬ 
petually  to  deal  with ,  are  triangles,  fquares,  paral¬ 
lelograms ,  circles ,  &c.  fuch  folids  as  pyramds , 

prifins ,  fpheres ,  &c.  the  nature  of 
which  can  only  be  known  from  geometry.  "The 
dimenfions  and  areas  of  plane  figures,  the  contents 
of  folid  bodies ,  cannot  be  had  without  it.  So  that 
geometry  gives  life  and  fpirit  to  all  arts. 

Geometry  examines  the  nature  of  all  figures, 
compares  them  together ,  and  finds  out  their  proper¬ 
ties.  It  is  a  key  to  all  the  other  branches .  The 
elements  of  plane  geometry ,  are  likewife  the  foun¬ 
dation  of  the  higher  geometry ,  relating  to  all  fort £ 
of  curve  lines ,  their  nature  and  properties ;  and 
is  a  neceffary  introduction  to  the  knowledge  of  them. 

Geometry  is  a  fcience  inexhaufiible ,  and  which 
knows  no  bounds .  In  it  there  is  always  room  left 
for  the  difcovery  of  new  theorems.  It  is  alfo  a 
mofi  excellent  logic ,  teaches  men  how  to  reafon 
truly ,  and  accufioms  the  mind  to  a  habit  of  clofe 
andfiriSt  reafoning . 

The  fcience  of  geometry  is  certainly  very  old-, 
for  look  as  far  back  as  we  will ,  we  f sail  always 
find  men  who  have  been  profeJjGrs  and  encouragers 
of  geometry ,  and  the  value  the  ancients  fet  upon 
it,  may  be  known  from  this  famous  motto  of  Plato 
fet  over  the  door  of  his  academy,  £<h)q  dyzufizTgf]®* 

tier  it  w. 
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EiV/r^.  Some  of  the  principal  among  them  who 
fludied  it  were ,  Thales,  Pythagoras,  Plato, 
Arifiotle,  Euclid,  Archimedes,  Appollonius, 
Ptolomy,  and  many  more .  But  we  are  not  to 
fuppofe  that  in  thefe  ancient  times ,  this  fcience  was 
any  thing  near  the  perfection  it  is  now  in :  but 
in  fucceeding  ages ,  men  of  great  genius ,  by  their 
fiudy  and  induflry ,  by  degrees  added  new  improve¬ 
ments  •  till  at  lafl  it  arrived  at  the  pitch  we  now 
fee  it.  So  that  we  need  not  wonder  that  Euclid,  or 
even  Archimedes,  have  taken  round ‘about  methods 
in  demonftrating  many  of  their  propofitions ,  which 
are  now  done  vaflly  for  ter  and  clearer .  For  it 
cannot  be  denied,  that  Euclid^  elements  abound 
with  a  great  many  trifling  propofltions ,  which  are 
of  no  other  ufe  but  to  demonflrate ,  in  his  way ,  the 
propofltions  that  follow  after.  But  they  are 
dijpofed  in  no  proper  order  or  method.  For  he 
frequently  treats  of  different  fuhjjeCis ,  promifcu- 
oufly  together ,  in  the  fa?ne  place  ;  without  any  re¬ 
gard  to  the  nature  of  things ,  or  their  connect  ion 
with  one  another.  And  as  often ,  has  the  fame 
fubjebl  to  conflder  in  different  places -,  which  can 
breed  nothing  but  corf  upon.  But  there  are  like- 
wife  a  great  many  propof  tions  in  the  prefent  fyflem 
of  geometry,  which  thefe  ancient  mathematicians 
knew  nothing  of ;  and  which  are  equally  ufefid 
with  thofe  of  Euclid. 

One  method  of  demonftration ,  which  Euclid 
and  the  anciarts  frequently  make  ufe  of  is  reduftio 
ad  abfurdum,  which  is  generally  floorter  than  the 
direCl  method ,  and  equally  certain .  For  it  is  an 
axiom  in  logic,  that  that  fuppofition  muft  needs 
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he  true,  which  deftroys  the  contrary  fnppofi- 
tion.  But  though  it  be  equally  true,  yet  it  gives 
not  that  fatisf  action  to  the  mind ,  which  a  pofitive 
proof  gives . 

It  Is  a  common  practice  among  geometer s,  after 
a  propofkion  is  p  oved,  for  them  to  prove  the  re - 
verfe  of  it .  But  this  in  many  cafes  is  needlefs 
and  impertinent .  For  where  the  effential  property 
of  a  fubjedl  is  found ;  there ,  mofl  certainly,  you  will 
find  that  fubjedl ,  without  farther  inquiry .  For 
example ,  when  it  is  proved  to  be  the  property  of 
parallel  lines ,  when  cut  by  a  third  line,  to  make 
the  alternate  angles  equal ;  or  the  fum  oj  the  in¬ 
ternal  angles  equal  to  two  right  angles  :  it  is 
fuperfiuous  to  prove ,  that  when  the  alternate 
angles  are  equal,  or  the  fum  of  the  internal 
angles  equal  to  two  right  ones ,  that  thefe  lines 
are  parallel ;  becaufe  it  was  proved  before  to  be 
the  abfolute  right  and  property  of  parallel  lines . 
Likewife  when  it  is  proved  to  be  the  diftingui fining 
property  of  a  right-angled  triangle ,  that  the  fquare 
of  the  hypothenufe  is  equal  to  the  fum  of  the  fquare s 
of  the  two  fides .  It  need  not  be  proved,  that  when 
thefe  fquares  are  equal,  the  angle  is  right.  In 
fuch  cafes,  there  needs,  at  mofl ,  nothing  but  an 
illufiration,  and  then  this  method  (redu&io  ad 
abfurdum)  is  very  properly  applied. 

There  are  alfo  many  propofiticns  in  geometry , 
which  are  convertible ;  that  is,  where  the  property 
or  predicate  may  become  the  fubjedt  -,  and  the  fub- 
jedl,  the  predicate ,  being  of  equal  extent .  And 
here  a  deal  of  labour  might  be  faved  in  demonft rat¬ 
ing  the  propofition  both  ways .  For  infiance,  when 
4  the > 
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the  two  fides  of  a  triangle  are  equal,  it  may  be 
proved ,  that  the  two  oppojite  angles  are  equal .  Or 
when  the  two  angles  of  a  triangle  are  equal ,  it 
may  be  proved that  the  oppofte  fdes  are  equal. 
But  it  need  not  be  proved  both  back  and forward [ 
And  here  can  want  nothing  but  the  application  of 
the  former  rule  (redu&io  ad  abfurdum),  toil- 
hifirate  the  reverfe.  But  mathematicians  had  ra¬ 
ther  prove  t 'oo  much  than  too  little  ;  they  had  rather 
have  fomething  ex  abundanti,  than  be  defective. 
Though  for  my  own  part,  I  have  often  faved  my felf 
that  fuperfluous  labour .  ’  \.„ 

To  give  fome  account  of  the  method  wherein  I 
have  handled  this  JubjeCt ;  it  is  in  fort  this. 
The  firft  book  treats  of  right  lines .  The  fecond  of 
triangles .  The  third  of  polygons.  The  fourth  of 
the  circle.  The  fifth  of  planes.  The fixth  of  folids. 
The  feventh  of  the  fphere.  The  eighth  is  geome^ 
trical problems.  This  is  the  method  I  have  ckcfen 
to  digefl  thefe  things  in,  as  being  agreeable  to  the 
nature  of  the  fubjeCt,  and  the  mutual  dependance 
of  the  reveral  parts  upon  one  another.  The  lajl 
book  contains  a  collection  of  the  mofi  ufeful  geome¬ 
trical  problems.  1  have  fpent  but  little  time  in 
demondrating  them,  as  mofi  of  them  do  not  need 
it,  bemg  perjuaded  that  they  who -  underfiand  the 
elements,  will  eafily  perceive  their  evidence,  with¬ 
out  any  more  words.  They  that  would  fee  more 
problems  of  this  kind \  may  confult  the  writers  of 
practical  geometry . 
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DEFINITION  Si 


i,  ^^yEO  METRE  is  a  fcience  which  teaches  Fid. 

(  and  demonftrates  the  properties,  affe&i- 
ons,  and  meafures  of  all  forts  of  mag¬ 
nitude. 

2.  Magnitude  is  continued  quantity*  of  any  thing 
that  is  extended  5  as  a  line,  iurface,  or  folid. 

3.  A  point  is  that  which  has  no  parts. 

4;  A  line  is  a  length  without  breadth  or  thick- 
nefs. 

Cor.  The  extremes  of  a  line  are  points ; 

5.  A  ngitf  //#*  is  that  which  lies  evenly,  or  iri 

the  fame  direction*  between  two  points  A*  B.  A  I# 
curve  line ( continually  changes  its  dire&ion. 

Cor.-  ,  Hence  there  can  only  he  one  fpe'cies  of 
right  lines ,  hut  there  is  infinite  variety  in  the  fpecies 
of  curve's.  ...  ,  . 

6.  Parallel  lines  are  thofe  which  are  always  at  the 
fame  diflance  from  one  another*  as  AB,  CD. 

_  7.  An  angle  is  the  inclination  of  two  lines,  to 
one  another,  meeting  in  a  point,  called  the  angular 
point v  When  it -is  formed  by  two  right  lines,  it  is 
&  plain  angle,  as  A  ;  ..if  by  curve  lines,  it  is  a  cur -  3, 

vilineal  angle  * 

KK3P  B  s.  A 


2 

F  I  G. 


DEFINITIONS. 

8.  A  right  angle  is  that  which  is  made  by 
one  right  line  AB  falling  upon  another  CD,  and 
making  the  angles  on  each  fide  equal,  ABC  = 
ABD  ,  fo  that  AB  does  not  incline  more  to  one 
fide  than  another  :  AB  is  called  a  perpendicular . 
All  other  angles  are  called  oblique  angles. 

9.  An  obtufie  angle  is  greater  than  a  right  angle, 

5.  as  R. 

10.  Aji  acute  angle  is  lefs  than  a  right  angle, 
as  S.. 

11.  Contiguous  angles ,  are  thofe  made  by  one  line 
falling  upon  another,  and  joining  to  one  another, 
as  R,  S. 

12.  Oppofite  angles,  are  thofe  made  on  contrary 
fides  of  tv/o  lines  interfering  one  another,  as 

6.  A,  B. 

13.  A  furface  is  that  magnitude  which  hath  only 
length  and  breadth. 

Cor.  The  extremes  or  limits  of  a  furface  are  lines. 

14.  A  plane  is  that  furface  which  lies  perfedlly 
even  between  its  extremes-,  or  in  which,  right  lines 
any  way  drawn,  do  coincide. 

15.  A  plain  figure,  is  a  plain  furface,  bounded 
on  all  hdes  by  one  or  more  lines. 

16.  A  right-lined  figure,  is  a  plain  figure,  bound¬ 
ed  with  right  lines  only. 

Cor.  Every  right-lined  figure  has  as  many  angles 
as  fides. 

17.  A  folid  is  a  magnitude  extended  every  way, 
or  which  has  length,  breadth,  and  depth. 

Cor.  The  terms  or  extremes  of  a  folid,  arc 

1  furfaces. 

18.  The  fquare  of  a  right  line  is  the  fpace  in¬ 
cluded  by  four  right  lines  equal  to  it,  fet  per¬ 
pendicular  to  one  another. 

19.  The  re B angle  of  two  lines  is  the  fpace  in¬ 

cluded  by  four  lines  equal  to  them,  fit  perpendicu¬ 
lar  to  one  another,  the  oppofite  ones i being  equal. 
*■’>/*  20.  Com- 


20.  Ccmmenfurable  magnitudes ,  are  fuch  as  may 
be  meafured  by  one  and  the  fame  meafure. 

2  x .  Inc  ommen fur  able  magnitudes ,  are  fuch  a:,  have 
no  common  meafure. 

22.  Rational  magnitudes ,  are  thole  that  are  ex- 
preffed  by  a  rational  number,  or  by  one  that  in¬ 
cludes  not  a  furd. 

23.  Irrational  magnitudes ,  arc  fuch  as  are  denoted 

by  a  furd,  as  v2>  V5* 


AXIOMS  or  MAXIM  S. 

1.  Things  equal  to  the  fame  thing,  are  equal 
to  one  another. 

2.  The  whole  is  equal  to  all  its  parts  taken  to¬ 
gether. 

3.  If  equal  things  be  added  to  equal  thing-,  the 
wholes  will  be  equal. 

4.  If  equal  things  be  taken  av/ay  from  'equal 
things,  the  remainde  s  will  be  equal. 

5.  If  equal  things  be  equally  multiplied,  the 
products  will  be  equal. 

6.  If  equal  things  be  equally  divided,  the  quo¬ 
tients  will  be  equal. 

'7.  All  right  angles  are  equal  to  one  another. 

8.  Thofe  magnitudes  are  equal,  which  being 
applied,  exactly  agree  or  coincide  with  one  another. 

Bty  .*».'•  J  . -  1  f  '  a  .  y,  rv  , 

1  POSTULATES. 


1.  Between  any  two  points  a  right  line  may  be 

'  J  i.  c*  ^  > 

drawn. 

'  2.  That  a  right  line  or  plane  may  be  produced 
as  far  as  we  pleafe. 

3.  That  a  circle  may  be  deferihed  from  ar.y  cen¬ 
ter  at  any  diitance.  See  Book  IV.  Def.  x. 

magnitude  bcin^r  (riven,  an  ecuai 
be  made 


CHARACTERS. 

5.  That  any  magnitude  may  be  fo  often  multi¬ 
plied,  as  to  exceed  any  magnitude  of  the  lame  kind. 

6.  That  any  magnitude  may  be  divided  into  as 
many  equal  parts  as  we  pleafe. 

Explanation  of  Characters. 

4-  added  to,  being  the  fign  of  addition. 

fubtraded  from,  the  fign  of  fubtradion- 
X  multiplied  by. 

-f-*  divided  by. 

=  equal  to. 

I  *  the  mark  of  proportion. 

•fr  geometrical  progreffion. 

GO  difference. 

□  fquare. 

□  redangle. 

V-*  fquare  root. 

3 _ 

V  cube  .root. 

A*  A  fquared  ;  alfo  AB*  is  AB  fquared^ 

A*  A  cubed  $  and  AB*  is  AB  cubed. 

JL  ,  an  angle. 

II  parallel. 

perdendicular. 

Sometimes  one  letter  denotes  a  line  ;  but  if  a  line 
is  expreffed  by  two  letters,  as  AB,  then  the  letters 
A,  B  denote  the  extreme  points  of  that  line. 

When  one  letter  denotes  an  angle,  it  is  fuppofed 
to  (land  at  the  angular  point  but  if  three  letters, 
exprefs  the  angle,  the  middle  one  is  at  the  angular 
point  *,  the  other  two  in  the  fides. 

When  three  letters  (land  for  a  redangle,  as  ABC> 
it  fignifies  AB  x  BC  •,  where  AB,  BC  are  the  fides. 
Or  when  four  letters  ftand  for  a  redangle,  as 
AB  x  CD  5  AB  and  CD  are  the  fides. 

The  citations  are  thus  to  be  underftood  *,  the  firft 
number  denotes  the  Prop,  the  fecond  the  Book. 
When  proportion  is  referred  to,  it  fignifies  geo¬ 
metrical  proportion.  BOOK. 
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BOOK  I. 

Of  Angles,  and  Right  Lines,  and  their 

Rectangles. 


PROP.  I. 

If  to  any  point  C  in  a  right  line  AB,  fever  al  other  FIG, 
right  lines  DC,  EC  are  drawn  on  the  fame  fide  \  all  7. 
the  angles  formed  at  the  point  C,  taken  together ,  are 
equal  to  two  right  angles ,  ACD  4  DCE  +  ECB 
=  two  right  angles . 

■  /  ... 

FO  R  fuppofe  PC  to  be  perpendicular  to  AB, 
then  fince  ACP  and  PCB  —  two  right  angles, 

(Def.  8);  and  thefe  angles  ACD,  DCE,  ECB 
occupy  the  fame  angular  fpace  ;  therefore  they  are 
all  equal  to  two  right  angles  (Ax.  2). 

Cor.  1.  All  the  angles  made  about  one  point  in  a 
plane ,  being  taken  together ,  are  equal  to  four  right 
angles . 

Cor.  2.  If  all  the  angles  at  C,  on  one  fide  of  the 
line  AB,  happen  to  be  equal  to  two  right  angles  \  then 
ACB  is  a  ftraight  line. 

PROP.  II. 

If  two  right  lines ,  AB,  CD,  cut  one  another  5  the  g. 
oppofiie  angles  E  and  G  will  be  equal 

For  AEC  +  E  =  two  right  angles  (Prop.  I), 
and  AEC  +  G  =  two  right  angles  (ibid.) ;  there¬ 
fore  AEC  4-  E  —  AEC  -f-  G  (Ax.  i),  and  E  =  G 
(Ax.  4).  After  the  fame  manner  AGC  =  BGD. 

*  '  B  3  Cor. 

*’.A  '  '  \  ,  v 
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FIG.  Cor.  If  AB  is  a  right  line ,  CEB  happen  to  he 

-8.  equal  to  AGD,  E  to  G  5,  /to  CD  is  a  right 
line. 

PROP.  III. 

p,  A  right  line  AB,  which  is  'perpendicular  to  one  of 
two  parallels  FH,  is  perpendicular  to  the  other  DC. 

For  fuppofe  the  end  HC  of  the  figure  CBAH,  be 
raifed  up,  and  turned  over  the  line  AB,  fo  that 
HC  may  fall  towards  FD,  the  line  AB  remaining 
fixed.  Then  fince  the  Z_ BAH  —  BAF  (Ax.  7), 
therefore  the  line  AH  will  fall  upon  AF,  and  let 
the  line  BC  fall  on  the  line  B d.  Draw  the  line  dD F 
perpendicular  to  HF.  Now  fince  FH,  DC  are. 
parallels  therefore  the  diftahees  BA,  DF,  and 
(or  CFI)  are  all  equal  (Def.  6) ;  therefore  the  points 
D,  d  mil  ft  coincide  and  therefore  the  line  Bd  coin¬ 
cides  with  BD.  Therefore  cL  ABC  =  ABD  =  a 

right  angle  (D$f.  8).  -  \  •  p. 

% 

Cor.  1.  Hence  two  lines  FH,  DC,  perpendicular  to 
the  fame  line  A  B,  are  parallel.  - '  • 

Cor. '2..  Hence  the  fegments  of  two  parallels^  in¬ 
tercepted  between  two  perpendiculars  AB,  HC,  are 
equal  API  A  BC. 

For  fince  the  angles  at  A,  H,  B,  C  are  right, 
therefore  the  two  lines  AB,  HC,  interfering  AH, 
and  being  both  perpendicular  thereto,  are  parallel 
(Cor.  1)  ^  and  therefore  AH  ~  BC  (Def.  6). 

P  R  O  P.  IV. 

I  of  If  a  right*  line  CG,  inter  [ell  two  parallels  AD,. 
FH  *,  the  alternate  angles ,  ABE,  and  BEH,  will  he 
equal.  .  •  ,  ;  .  ,  /  -  ;  r  >.  .  .. 

r  *'•'*■**.  «  ■  • 

Let  AE,  BH  be  perpendicular  to  AD,  and  FH. 
Then  fince  AE  =  BH  (Def.  6),  and  AB  =  EH 
-  (Prop.  311.  Cor.  2),  and  the  angles  at  A  and  M 

right  5 
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right  *,  therefore  if  the  figure  EH3  laid  upon  F  I  G. 
BAE,  the  z_H  upon  A,  and  HE  upon  AB,  and  10. 
confequently  HB  will  fall  upon  AE  *,  and  the  whole 
figure  EHB  coincides  with  the  figure  BAE,  and  the 
angle  HEB  with  EBA,  and  confequently  thefe 
angles  are  equal.  Likewife  the  angles  DBE  and 
FEB  will  be  equal,  being  the  remainders  to  two 
right  angles  CAx.  4). 

Cor.  1.  The  external  angle  CBD,  is  equal  to  the 
internal  angle  on  the  fame  fide  BEH. 

For  CBD  =■  ABE  =  BEH  (Prop.  2). 

Cor.  2.  The  two  internal  angles  on  the  fame  fide  are 
equal  to  two  right  angles  ;  DBE  -j-  BEH  =  two  right 
angles . 

For  EBA  =  BEH  (Prop.  IV),  and  DBE  + 

EBA  =  two  right  angles,  =  DBE  -f-  BEH. 

Cor.  3.  Jf  the  angles  CBD  and  BEH  are  equal ; 
or  ABE  and  BEH  equal  \  or  DBF.  +  BEH  he 
equal  to  two  right  angles ;  the  lines  AD,  FH  are 
‘parallel. 

For  if  any  angle  is  greater  than  is  here  men¬ 
tioned,  it  defiroys  the  parallelifm  of  the  lines  AD, 

FH. 

PRO  P.  V. 

'  Two  lines  drawn  between  two  parallels  AB,  CD,  j  1. 
making  equal  angles  with  either  of  them ,  will  be  equal , 

AC  ==  BD.  „  , 

Draw  CF,  DH  perpendicular  to  FB,  then  fince 
/L  ACD  —  BDI  *,  alfo  FCD  and  FIDI  right  angles 
(Prop.  Ill),  the  remainders  FCA  and  HDB  are 
equal  •,  and  the  angles  at  F  and  FI  being  right,  and 
FC  =  HD  (Def.  6)  •,  therefore  if  HD  be  laid  on 
FC,  the  line  DB  will  fall  on  CA,  and  HB  on  FA, 

*and  B  on  A  j  -therefore  DB  =  CA. 

B  4 


Cor. 
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FIG.  Cor.  i.  If  the  lines  AC  and  BD  are  equals  then  the 
angles  ACD  and  BDI  are  equal, 

1 1.  For  if  one  angle  was  greater,  it  would  make  the 
lines  AC,  BD  unequal. 

Cor.  2.  I'he  “parts  intercepted  are  equal ,  AB 

=  cd.; 

For  FA  =  FIB,  and  adding  AH,  AH  +  HB» 

,  '  or  AB  —  FA  +  AH,  or  FH  =  CD  (Cor.  2. 
Prop.  III). 

Cor.  q.  If  two  equal  and  parallel  lines  AB,  CD, 
he  j  oined  hy  two  others  AC,  BD  $  they  Jhall  alfo  he 
qqual  and  parallel , 

9  J 

N  |  (  * 

PROP.  VI. 

if  2.  Right  lines  AB,  CD,  parallel  to  the  fame  right  line 
EF,  are  parallel  to  one  another. 

Let  GI  cut  the  three  lines,  then  fince  AB,  EF  are 
parallel,  AGI  =  EHI  (Cor.  1.  Prop.  IV)  \  and 
becaufe  EF  and  CD  are  parallel,  Z.EFH  —  DIGr 
(Prop.  IV).  Therefore  AGI  =  DIG  (Ax.  1), 

whence  AB,  CD,  are  parallel  (Cor.  3.  Prop.  IV). 

■  1 

ft 

PROP.  VII. 

£3.  If  two  lines  AB,  BD,  which  cut  one  another ,  he 
-  parallel  to  two  other  lines  EC,  CH,  which  alfo 
cut  cue  another  \  they  ftoall  contain  equal  angles 
ABD  ==  EC  PI. 

For  produce  EC  to  interfedt  BD  in  F  ;  then  by 
realon  of  the  parallels  AB,  EF,  aABD^EFD 
/  (Cor.  1.  Prop.  IV)  ♦,  and  fince  BD  and  CH 
are  parallel,  EFD  =  ECH  (ibid.)  j  therefore 
ABD  =  ECH.  ‘  v 

■  c  ‘  •  V 
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PROP.  VIII. 

Hwo  right  lines  AF,  AB  being  given ;  and  one  of 
them  AB  be  divided  into  fever al  parts  •,  the  rectangle 
under  the  two  whole  lines ,  will  be  equal  to  all  the 
rectangles  contained  under  the  whole  line ,  and  the 
fever  al  fegments  of  the  other  %  ABGF  =  ADHF 
-f  DEiH  +  EBGI. 

For  let  AF  be  perpendicular  to  AB,  and  DH, 
El,  BG  equal  to  AF,  and  alio  perpendicular  to  AB. 
Then  AD  X  AF.  =  rectangle  ADHF,  and  HD 
X  DE,  or  FA  X  DE  redangle  DEIH,  and 
IE  x  EB,  or  AF  x  E8=:  redangle  EBGI  (Def.  19) ; 
but  the  fum  of  thefe  redangles  fill  the  fame  fpace  as 
ABGF,  and  therefore  they  ^re  equal  (Ax.  8). 

Cor.  1.  If  both  lines  be  divided  into  parts ,  the 
fum  of  the  rectangles  of  all  the  parts ,  is  equal  to  the 
rectangle  of  the  wholes . 

Cor.  2.  If  the  two  given  lines  be  equal \  the  fum 
of  the  rectangles  under  the  whole  and  the  parts ,  is  equal 
to  the  f quart  of  the  whole . 

PROP.  IX. 

If  a  line  AC  be  divided  into  two  parts  at  B  *,  the 
rectangle  under  the  whole ,  and  one  of  the  feg¬ 
ments,  AC  X  BC,  is  equal  n  to  the  redangle  of 
the  fegments  and  the  fquare  of  the  faid  fegmenty 

AB  x  BC  +  BC*. 


Suppofe  AF,  BE,  CD  all  equal  to  BC,  and 
perpendicular  to  AC  ;  then  the  redangle  ACDF 
==ACx  CD  =  AC  x  BC  (Def.  19);  alfo  AB  x  BC 
—  AB  x  BE  =  redangle  ABEF,  and  BC  x  CD 
or  BC4  -  BCDF  (Def.  18).  But  ABEF  x  BCDE 
fill  the  redangle  ACDF,  and  therefore  they  are 
equal  (Ax.  8). 

PROP. 
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PROP.  X. 

If  a  right  line,  AC  he  divided  into  two  parts  AB, 
BC  *,  the  fquare  of  the  whole  line  is  equal  to  the  fquares 
cf  both  the  parts,  and  twice  the  reft  angle  of  the  parts, 
AC*  =  AB*  -f  BC*  +  2  AB  x  BC. 

Let  AG,  BH,  Cl  be  equal  to  AC,  and  perpendi¬ 
cular  thereto,  and  AD,  BE,  CF  equal  to  AB  •,  then 
FI  =  BC,  &c,  then  ABED  is  the  fquare  of  AB 
(Del.  1 8),  and  EFIH  is  the  fquare  of  BC  ;  and 
the  figures  BF  and  EG,  are  the  redtangles  of  BC 
and  B E,  and  DG  and  DE  *,  or  of  AB  and  BC  twice 
taken  (Def.  19).  But  all  thele  fill  the  fquare  AI, 
and  therefore  are  equal  to  it  (Ax.  8). 

PRO  P.  XI. 

The  fquare  of  the  differ ence-of  two  lines  AC,  BC,  is 
equal  to  the  fum  of  their  fquares ,  wanting  twice  their 
reft  angle,  AB*  =  AC*  +  BC*  —  2  AC  x  BC. 

For  the  fquare  A I  contains  the  fquare  AE, 
the  rectangle  CH,  and  rectangle  DH  ;  that  is, 
ACZ  =  AB*  Jr  CH  +  OH  ;  and  adding  FH, 
AC*  +  FH  =  AB*  +  CH  +  DI ;  that  is, 
AC*  -f  BC*  =  AB*  +  2ACB,  and  AB*  or 

AC  — .  BC"  =  AC*  +  BC*  —  2ACB. 

*  .  '•  ••  ...  .’V  A  »'  •  _  • 

PROP.  XII. 

I  /  " 

The  reft  angle  of  the  fum  and  difference  cf  two  lines 
AC,  AB,  is  equal  to  the  difference  of  their  fquares, 
AC  AB  x  BC  =.  AC*  —  AB2. 

•For  the  difference  of  the  fquares  AI  and  AE  is 
the  redangles  CH  +  HD  =  riG  x  BC  = 

AC  ~F  AB  X  BC. 
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PROP.  XIII. 

The fquare  of  the  fum ,  together  with  the  fquare  of  the 
difference  of  two  lines ,  is  equal  to  twice  the  fum  of  their 
fqtiares . 

x  Let  the  lines  be  A,  E.  Then 
the  fquare  of  A  -}-  E  =  A2  -f-  E*  4*  2  AE  (Prop.  X).’ 
the  fquare  of  A — ■  E  =  A2,  +  E*  —  2  AE(Prop.XI). 

thenA-fE'+A  — E“  =  2 A*+2EZ  (Ax.  3). 

PROP.  XIV. 

The  difference  of  the  fquares ,  made  of  the  fum  and 
difference  of  two  right  lines ,  is  equal  to  four  times  their 
reft  angle. 

For  if  A,  E  be  the  lines,  then 
A+~EZ  -  A*  +  E*  +  2  AE. 

A  — TT  =AJ+El-  2 AE. 
difference  =  4  AE. 

*  •  *  ,  ’  A 

Cor.  The  fquare  of  the  fum  is  equal  to  the  fquare  of 
the  difference ,  together  with  four  times  their  reftangle. 
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BOOK  II. 

Of  Triangles. 


DEFINITIONS. 

A  A  '  4b  • 

i*  A  'Triangle  is  a  plain  figure  bounded  by 

£  three  right  lines,  called  the  fides  of  the 
triangle., 

2.  An  equilateral  triangle  is  that  which  has  three 
equal  fides. 

3.  An  equiangular  triangle  is  that  which  has  three 
equal  angles. 

4.  An  ifofceles  triangle  is  that  having  two  fides 
equal. 

5.  A  right-angled  triangle  is  that  which  has  a  right 
angle.  The  fide  oppofite  to  the  right  angle  is  called 
the  hypothenufe . 

6.  An  oblique  triangle  is  that  having  oblique 
angles. 

7.  An  obtufe  angled  triangle  has  one  obtufe 
angle. 

8.  An  acute  angled  triangle  has  three  acute 
angles. 

9.  A  fcalenous  triangle  has  three  unequal  fides. 

10.  Similar  triangles  are  thofe  whole  angles  are 
refpedtively  equal,  each  to  each.  And  homologous 
fides  are  thofe  lying  between  equal  angles. 

11.  Bafe  of  a  triangle,  is  the  fide  on  which  a,  per¬ 
pendicular  is  drawn  from  the  oppofite  angle  called 
the  vertex  \  the  two  fides,  proceeding  from  the  vertex, 
are  called  the  legs, 

-  V  I  ,  « 
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P  R  o  p.  I.  v  ;fig. 

In  any  triangle  ABC,  if  one  fide  BC  be  drawn  out  \  j  ^ 
the  external  angle  ACD  will  be  equal  to  the  two  inter - 
rial  oppofte  angles  A,  B.  f 

Draw  CE  parallel  to  AB,  then  the  z.  A  =  ACE 
(4.  1);  alfo  the  z_Bcz=  ECD  (Cor.  1.  ibid.)  ;  there-* 
fore  A  4-  B  nz  ACE  +  ECD  =  ACD  (Ax.  3). 

PROP.  II. 

In  any  triangle  ABC,  the fttm  of  the  three  angles  is  equal  1  ym 
to  two  right  angles ,  A-j-B-j-C  — two  right  angles. 

For  A  +  B  =  ACD  (Prop.  I),  and  A  -f-  B  4-  C 
r=  ACD-j- ACB  (Ax.  3)  =  two  right  angles  (1. 1). 

Cor.  1 .  If  two  angles  in  one  triangle ,  be  equal  to  two 
angles ,  in  another  \  the  third  will^alfo  be  equal  to  the  third . 

Cor.  2.  If  one  angle  of  a  triangle  be  a  right  angle , 

fum  of  the  other  two  will  be  equal  to  a  right  angle. 

Cor.  3.  There  can  only  be  one  perpendicular  dr  awn , 
to  any  line ,  from  a  given  point . 

PROP.  III. 

The  angles  at  the  bafe  of  an  ifofceles  triangle ,  i!L 

equal  jl  C  =  B. 

For  let  AD  bifedt  the  angle  BAC ;  then  if  the 
triangle  DAC  belaid  upon  the  triangle  DAB  ;  then 
by  reafon  of  the  equal  angles  at  A,  and  AC  =  AB, 

AC  will  coincide  with  AB,  and  C  with  B,  and 
CD  with  BD  ;  and  therefore  z_  ACD  =  ABD. 

‘  <  el  vKi r if  a  ^  .•!  ' 

Cor.  1 .  If  the  angles  B,  C  at  the  bafe  be  equaf  the 
Jides  AB,  AC  are  equal . 

Cor.  2.  fn  equilateral  triangle  is  alfo  equiangular  5 
and  the  contrary. 

Cor, 
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Cor.  3.  The  line  which  is  perpendicular  to  the  hafe 
of  an  tfofceles  triangle ,  bifeffs  it  and  the  vertical 
angle . 

Cor.  4.  Only  two  equal  lines  can  he  drawn  from 
a  given  point  to  a  right  line. 

For  if  AB  rrAD  =  AC  ;  then  z_B  as  well  as 
aD  =  z_C,  which  is  abfurd  (Prop.  I). 

PROP.  tV. 

In  any  triangle ,  the  greateft  fide  is  cppofite  to  the 
great  eft  angle ,  and  the  leaf;  to  the  leaft. 

Let  AC  be  the  greateft  fide,  and  fuppofe  AD  = 

AB,  then  the  z_ADB  =  ABD  (Prop.  Ill),  but 
ADB  =  DBC  +  DCB  (Prop.  I) ;  therefore  ADB 
is  greater  than  C  ^  whence  ABD  is  greater  than  C, 
therefore  much  more  is  ABC  greater  than  C. 
After  the  fame  manner  it  is  proved,  that  ABC  is 
greater  than  A. 

And  if  AB  be  the  leaft  fide,  C  is  lefs  than 
ABC  *,  and  may  be  proved  in  like  manner  to  be 
lefs  than  A.  *  ■  .  v 

PROP.  V. 

In  any  triangle  ABC,  the  fum  of  any  two  fides  BA, 

AC,  is  greater  than  the  third  BC. 

Produce  the  fide  BA,  and  let  AD  =  AC,  and 
draw  DC  ;  then  fince'  z_  ACD  =  D  (Prop.  Ill)  * 
therefore  BCD  is  greater  than  D  •,  and  therefore 
the  cppofite  fide  BD  is  greater  than  BC,  that  is, 
BA  -L  AC  is  greater  than  BC. 

Cor.  1 .  A  right  line  is  the  fhorteft  diftance  between 

any  two  points. 

Cor.  2.  The  firm  cf  two  lines  BD,  DC,  drawn  from 
two  angles  to  any  point  within  the  triangle ,  is  lefs 
than  the  two  fides  of  the  triangle  \  BD  -f-  DC  is- lefs 
than  BA  +  AC,  but  contain  a  greater  angle . 

2  For 
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For  drawing  BDE,  then,  in  the  triangle  BAE,  FIG, 
BE  is  lefs  than  BA  +  AE  (Prop.  V),  add  EC, 
then  BE  +  EC  is  lefs  than  BA  +  AC.  And  in 
the  triangle  DEC,  DC  is  lefs  than  DE  -J-  EC  ; 
add  BD,  and  BD  +  DC  is  lefs  than  BE  -{-  EC, 
and  much  lefs  than  BA  +  AC.  ' 

Alfo  Z.BDC  is  greater  than  DEC,  which  is 
greater  than  A  (Prop.  I). 

PROP.  VI. 

If  two  triangles  ABC,  abcy  have  two  files  and  22., 
the  included  angle  equal  in  each  ;  thefe  triangles ,  and 
their  correfpondent  parts ,  Jhall  be  equal 

For  fince  the  z_A  =  0,  and  AB  ~ab,  alfo  AC 
=  ac^  therefore  if  A  be  laid  upon  a ,  fo  that  AB  , 
fall  upon  ab ,  then  AC  will  fall  upon  ac ,  the  point 
B  will  coincide  with  £,  and  C  with  c  ;  therefore 
the  whole  triangles  coincide.  Whence  the  bafe 
CB  =  cbj  z.  B  —  b,  and  C  =,  c.  And  the  whole 
triangles. are  equal. 

Cor.  If  two  triangles  ABC,  abc,  have  two 
files  refpellively  equal  \  that  which  has  the  greater 
bafe ,  has  the  greater  oppqfite  angle  ;  and  the  contrary . 

For  if  the  fides  CA,  BA  intercept  a  greater  bafe 
BC,  the  angle  at  A  will  be  fo  much  the  wider  or 
greater;  and  as  the  angle  increafes,  the  mor#  of 
the  bafe  it  intercepts,  as  is  evident. 

PROP.  VII. 

If  two  triangles  ABC  and  ahc ,  have  two  angles  22. 
and  a  fide  equal ,  each  to  each  ;  the  remaining  parts 
floadl  be  equal ,  and  the  whole  triangles  equal. 

For  fince  two  angles  are  equal,  the  third  will  be 
equal  (Cor.  1.  Prop.  II) ;  therefore  if  the  equal 
fides  BC  and  be  be  laid  one  upon  another,  then, 
by  reafon  of  the  equal  angles  B  and  b ,  C  and  r, 

the 
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FIG.  the  fides  BA  and  ba  will  coincide,  as  alfo  CA  and! 
ca,  and  A  will  fall  on  a  $  whence  all  the  parts  will 
be  equal  (Ax.  8). 

PROh  VIII. 

If  two  triangles  have  all  their  fides  refpetlively 
equal  •,  all  the  angles  will  be  equal ,  and  the  wholes 

equal 

■  v 

£3.  For  if  the  bafe  of  one  be  laid  upon  the  bafe  of 
the  other,  the  other  two  fides  will  coincide,  pro¬ 
vided  the  correfpondent  ones  lie  the  fame  way. 
For  if  you  fay  they  don’t  coincide,  let  one  trian¬ 
gle  be  ABC,  the  other  ABD  :  then  hnce  AB,  AC 
are  equal  to  AB,  AD  (hyp.),  and  the  angle  BAD 
greater  than  BAC,  therefore  BD  is  greater  than 
BC  (Cor.  Prop.VI) ;  contrary  to  the  hypothefis. 

Cor.  1.  From  two  points  in  u  right  line ,  as  A  and 
B,  two  lines  equal  to  AC,  BC  cannot  be  drawn  to 
any  other  point  D. 

Cor.  2.  Triangles  mutually  equilateral,  are  mutually 
equiangular . 

PROP.  IK. 

24.  If  in  two  triangles  ABC,  abc\  two  fides  AC,  CB, 
of  the  one,  be  equal  to  ac ,  cb  of  the  other  ;  and  an 
oppofite  angle  A  equal  to  the  correfpondent  oppofite 
angle  a ;  and  the  other  oppofite  angles  B,  b,  either 
both  acute  or  both  obtufe  \  the  remaining  parts  of  the 
triangles  will  be  equal . 

For  if  cab  be  laid  upon  CAB,  fo  that;  ca  fall  up¬ 
on  CA  ;  then  fince  the  L.a  =  A,  ah  will  fall  Up¬ 
on  ABD.  And  as  c  falls  upon  C  •,  cb  will  fall  upon 
either  CB  or  CD  (Cor.  4.  Prop.  Ill) ;  which  here 
will  be  CB,  as  the  angle  at  b  is  obtufe.  Therefore 
the  triangles  coincide,  and  all  the  parts  are  equal. 

PROP. 
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PRO  P.  X. 

•  triangles  BCA,  BCF,  ftanding  upon  the  fame  bafe , 
and  between  the  fame  parallels ,  are  equal. 

Let  CD  be  parallel  to  BA,  and  BE  to  CF» 
Then  the  triangle  CBA  =2  ADC  (Prqp.  VI)  •,  for 
BA  =  CD  (5.  1)  \  and  CB  ~  AD  (Cor.  2.  ibid.), 
and  L. B  —  D  (4.  if  Therefore  the  triangle  BCA 
:22  half  of  BCDA,  For  the  fame  reafon  BCF  = 
BEF  -  half  of  CBEF. 

Again,  the  triangles  BAE,  CDF  are  equal,  having 
two  fides  and  the  contained  angle  equal  j  .add.  the 
figure  BCDE,  and  then  BCDA-=  BCFE,  and  their 
halves  BCA  =  BCF. 

Cor.  1.  Triangles  of  equal  bafes  and  hights  are 

equal .  , 

For  if  their  bafes  be  laid  upon  one  another,  the 
angular  points  of  both  (by  reafon  of  their  equal 
hight)  will  fall  in  the  fame  parallel ;  and  are  there¬ 
fore  equal  (Prop.  X). 

Cor.  2.  Every  triangle  is  equal  to  half  the  r elf angle 
ef  its  bafe  and  bight * 

For  fuppofe  CBA  to  be  a  right  angle,  then  it 
Was  proved  that  the  triangle  CBA  is  half  of  the 
redangle  CBAD  ;  and  CBlf  (equal  to  it),  is  there¬ 
fore  equal  to  half  that  redangle. 

PROP.  XL 

Triangles  ABC,  ABD,  of  the  fame  hight ,  are  in 
proportion  to  one  another  as  their  bafes  BC,  and  BD. 

Divide  BG  into  any  number  of  equal  parts  BF, 
FG,  GH,  HC  •,  and  BD  into  fome  number  of  the 
fame  equal  parts,  BI,  IK,  KD.  The  triangles 
ABF,  AFG,  & fc.  and  ABI,  AIK,  &V.  are  all  equal 
(Cor.  1.  Prop.  X)  j  and  the  triangle  ABC  contains 

C  '  ABF 
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F  I  g.  ABF  as  oft  as  BC  contains  BF  *  alfo  ABD  coritaind 

26.  ABI  or  ABF  as  oft  as  BD  contains  BI  or  BF •* 
whence  ABF  :  BF  : :  ABC  :  BC  :  :  ABD  :  BD 
(Def.  4.  Proportion  and  Cor.  2.  Prop.  XIV.  ibid.). 

Cor.  1.  Hence  triangles  are  to  one  another  as  their 
hafes  and  altitudes. 

It  follows  from  this  Proportion*  and  Cor.  2. 
Prop.  X.  therefore* 

Cor.  2.  Triangles  of  equal  hafes ,  are  as  their 
bights. 

PROP.  XII. 

27.  If  a  line  DE  be  drawn  parallel  to  one  fide  BC,  of 
a  triangle  *,  the  fegments  of  the  other  fides  will  he  pro - 
portional  *  AD  :  DB  :  :  AE  :  EC. 

For  draw  BE,  DC  •*  then  the  triangle  DEB  = 
triangle  DEC  (Prop.  X)  •,  and  triangle  ADE  :  BDE 
: :  AD  :  BD  (Prop.  XI)*,  and  triangle  ADE  :  CDE 
:  :  AE  :  CE  (ibid.)  *,  therefore  AD  :  DB  :  :  AE 
:  EC  (Prop.  I.  Proportion). 

Cor.  1.  If  the  fegments  be  proportional,  AD  :  DB 
: :  AE  :  EC  ;  then  the  line  DE  is  parallel  to  the  fide 

■  BC.  -  ■  > 

For  if  thefe  lines  were  not  parallel,  the  triangles 
DEB  and  DEC  would  not  be  equal  (Cor.  2.  Prop.X) ; 
and  the  fegments  would  not  be  proportional. 

Cor.  2.  If  fever al  lines  he  drawn  parallel  to  one  fide 
of  a  triangle *  all  the  fegments  will  he  proportional. 

Cor.  3.  A  line ,  drawn  parallel  to  any  fide  of  a 
triangle ;  cuts  off  a  triangle  fmilar  to  the  whole . 

For  z.De=B,  and  z_E  =  C  (Cor.  1.  Prop.  IV. 
I)  5  therefore  they  are  fimilar  (Def.  10). 

Cor.  4.  The  whole  fides  are  as  the  fegments  j 
AB  :  DB  : :  AC  :  EC, 

For 


Book  II.  of  GEOMETRY.  j9 

For  it  is  AD  :  DB  : :  AE  :  EG  (Prop.  XII)*  F I  g. 
whence  AD  +  DB  (AB)  :  DB  :  :  AE  +  EC  (AC)  27* 

:  EC  (Prop.  XIII.  Proportion)* 

PROP.  xtli. 

In  fimilar  triangles,  the  homologous  fide s  are  pro*  28. 
-portioned  •,  AB  :  AC  i :  DE  :  DF. 

In  the  longer  fide  AC  make  A/=  DF,  the  longer 
fide.  And  in  the  fhorter  fide  AB,  make  the  fhorter 
fide  DE  =  Ae\  and  draw  ef  \  then  the  z.  A  being 
fuppofed  =  to  D,  and  the  comprehending  fides 
equal,  z_A ef  =  E,  and  Afe  =  F  (Prop.  VI). 
Therefore  A  ef  =  B,  and  Afe  C  confequently 
ef  is  parallel  to  BC  (Cor.  1.  Prop.  4.  I)  ;  there¬ 
fore  AB  :  eB  : :  AC  :/C  (Cor.  4.  Prop.  XII)  *,  and 
AB  :  AB  —  eB  ( Ae )  :  :  AC  :  AC  — fC  (A f),  Prop. 

XIII.  Proportion).  That  is,  AB  :  DE  :  :  AC  :  DF, 
or  AB  :  AC  :  :  DE  :  DF  (Prop.  IV.  Proportion). 

And  if  a  triangle  was  made  at  the  jl  C  equal  to 
DFE  *,  it  will  appear  the  fame  way,  that  AC  :  CB 
::  DF  :  .FE.  Whence  AB  :  CB  : :  DE  :  EF 
(Prop.  XV.  Proportion). 

Cor.  A  line  AE  dr  awn  from  the  oppofite  angle  A,  cuts  29* 
two  parallel  lines  proportionally  *,  BE  :  EC  :  :  D1  :  IF. 

For  BE  :  DI :  :%E  :  AI :  :  EC  :  IF. 

PROP.  XIV. 

If  two  triangles  have  one  angle  equal  to  one,  and  the  18. 
fides  about  the  equal  angles  proportional  \  thefe  tri - 
angles  are  fimilar . 

For  let  z_D  ~  A,  and  let  the  triangle  I)EF  be  laid 
upon  ABC  •,  then,  by  reafbn  of  the  equal  angles,  the 
fides  DE,  DF  will  fall  upon  AB,  AC,  the  points  E, 

F  upon  e  and  /.  Then  fince  DE  (A*)  :  DF  (A/)  :: 

AB  :  AC,  or  Ae  :  AB  : :  A f  :  AC,  therefore  Ae  : 


V 
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FIG.  eB  :  :  A/:/C  (Prop.  XIII.  Proportion)  ;  whence  ef 

2 8.  is  parallel  to  BC,  (Cor.  i.  Prop.  XII)  ;  and  Le 
or  E  =  B,  as  alfo / orF  =  C  (Cor.  i.  Prop.  IV.  1)* 
Whence  the  triangles  DEF,  ABC  are  fimilar 
(Def.  io). 

PROP.  XV. 

30.  Jf  two  triangles  have  all  their  fides  reflectively  pro¬ 
portional ,  thefe  triangles  are  fimilar ;  AB  :  DE  :  :  BC 
:  EF  :  :  AC  :  DF. 

Let  the  Z.FEG  zz  B,  and  EFG  r=  C,  then 
G  —  A  (Cor.  1.  Prop.  II)  ;  whence  GE  :  EF 
::  AB  :  BC  (Prop.  XIII)  ::  DE  :  EF  (hyp.); 
therefore  GE  =  DE,  (Ax.  7.  Proportion^.  Like- 
wife  GF  :  EF  :  :  AC  :  BC  :  :  DF  :  EF ;  there¬ 
fore  GF  =  DF  (Ax.  7.  Proportion).  Whence 
the  triangles  DEF,  GEF  have  all  their  fides  re- 
fpeftively  equal ;  and  are  therefore  equiangular  *, 
therefore  G  zz  D  zz  A,  DEF  zz  GEF  zz  B,  and 
GFE  zz  DFE  zz  C. 

PROP.  XVI. 

« 

If  two  triangles  have  one  angle  in  each ,  equal ;  and 
the  fides  about  the.  fecond,  angles  proportional ;  and  the 
third  angles  both  of  one  kind ,  acute  or  obtufe  ;  thefe  tri¬ 
angles  are  fimilar . 

qi.  Let  Z.A  z=  D,  and  AB  :  BC  :  :  DE  :  EF. 
Make  z_  AEG  =  DEF,  then  z_  G  zz  F  (Cor.  1.  Prop. 
II.);  whence  AB  :  BG  :  :  DE  :  EF  (Prop.  XIII.) 
:  :  AB  :  BC,  therefore  BG  zz  BC,  and  BCG  is  an 
ifofceles  triangle,  and  AGB  is  obtufe,  of  the  fame 
kind  with  DFE  ;  and  ACB  is  acute,  the  fame  as 
DIE  ;  whence  the  angles  F  and  G,  or  I  and  C,  mult 

be  of  the  fame  kind,  to  have  the  triangles  fimilar. 

*  •  * 

Scholium. 

This  does  not  always  hold  good,  if  the  angles  B 
and  E  arc  required  to  be  of  the  fame  kind,  initead 

of 
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of  G  and  F.  For  if  ABC  be  acute,  ABG  will  alfo  FIG. 
be  acute  5  but  ABG  is  not  fimilar  to  DEI,  nor  ABC  31. 
to  DEF ;  though  ABC  be  fimilar  to  DEI,  and  ABG 
to  DEF. 

PROP.  XVII. 

Equal  triangles ,  that  have  one  angle  equals  have  the 
fides  about  the  equal  angles  reciprocally  proportional. 

Let  the  oppofite  angles  at  B  be  the  equal  angles,  32. 
and  ABC,  DBE,  the  two  equal  triangles  ;  then 
AB  :  BE  :  :  DB  :  BC  (hyp.).  * 

Draw  CE,  then  AB  :  BE  :  :  triangle  ABC  or 
DBE  :  triangle  CBE  (Prop.  XI)  :  :  DB  :  BC. 

Cor.  1.  i hofe  triangles  are  equals  that  have  the 
fides  about  the  equal  angles ,  reciprocally  proportional. 

For  triangle  ABC  :  CBE  :  :  AB  :  BE  (Prop.  XI) 

:  :  DB  :  BC  (hyp.)  :  :  triangle  DBE  :  CBE ;  there¬ 
fore  triangle  ABC  =  DBE  (Ax.  7,  Proportion). 

s 

Cor.  2.  Equal  triangles  have  their  bafes  and  hights 
reciprocally  proportional. 

For  each  triangle  is  equal  to  a  right-angled  triangle 
of  the  fame  bafe  and  hight  (Prop.  X) ;  and  then 
the  fides  about  the  right  angles,  are  reciprocally  pro¬ 
portional  (Prop.  XVll). 

i 

PROP.  XVIII. 


Like  triangles  ABC  and  DEF  are  in  the  .duplicate  33. 
ratio %  or  as  the  fquares  of  their  homologous  fides >  BC, 

EF. 

Let  there  be  “taken  BG,  fo  that  BC  :  EF  :  : 

EF  :  BG,  and  draw  AG.  Then  fmce  AB  :  DE 
:  :  BC  :  EF  (Prop.  XIII)  :  :  EF  :  BG  (ConftrucT)  ; 
therefore  the  triangle  ABG  535  DEF.  But  ABC 
:  ABG  or  DEF  :  :  BC  :  BG  (Prop.  XI)  :  :  BC* 

:  EF*  (Prop.  XXIII.  Proportion). 

aj-'  c3  .prop. 
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FIG,  PROP,  XIX.  I 

34,,  Triangles  that  have  one  angle  equal  to  one ,  are  to  on?  • 
another  in  the  complicate  ratio  of  tfe  fides  about ,  th e 
equal  angles \  ABC  :  EBD  :  :  AB  x  BC  :  EB  x  BD. 

Draw  CE,  then  CD,  AE  being  ftraight  lines,  the 
angles  at  B  are  equal  (Prop.  II.  1).  Then  triangle 
ABC  :  CBE  :  :  AB  5  BE  (Prop.  XI),  and  CBE  :  ; 
EBD  :  :  CB  :  BD  (ibid. )  *,  therefore  ABC  :  EBD  :  ; 
AB  x  OB  :  BE  x  BD  (Cor.  1.  Prop.  XVIII.  Pro-  , 
portion),  1  ■ 

PROP.  XX.  '  jj 

35*  dn  $  right-angled  triangle  BAC,  if  a  perpendicular  j 
be  let  fall  from  the  right  angle  upon  the  hypothenufe ,  it 
will  divide  it  into  two  triangles  fimilar  to  one  another 
and  to  the  whole,  ABD,  ADC, 

.  1 

For  in  the  triangles  ABD,  ABC,  the  angle  B  is 
common  to  both,  and  angles  D  and  BAC  are  right 
ones ;  therefore  the  remaining  angles  BAD  and  BCA  j 
are  equal  •,  therefore  the  triangles  ABD  and  ABC  A 
are  fimiiar. 

Again,  in  the  triangles  ACD  and  ACB,  Z.C  is 
common,  z_D  =  CAB,  and  therefore  z_DAC  =  B, 
therefore  ACD  and  ABC  are  Bmilar-,  and  confe- 
quently  ABD  and  ADC.  I 

Cor.  1 .  The  re  ft  angle  of  the  hypothenufe  and  either 
fegment  is  equal  to  the  fquare  of  the  adjoining  fide. 

For  BD  :  BA  :  :  BA  :  BC  (Prop.  XIII),  and  CD 
;  CA  :  :  C A  :  CB  (ibid.)  *,  whence  BD  X  BC  =r.  BA% 
and  CD  X  CB  ==  CA4  (Prop.  XII,  Proportion).  !- 

Cor,  2.  The  reftangle  of  the  hyp.othenufe  and  per  pen-  j 
dicular ,  is  equal  to  the  reftangle  of  the  legs . 

For  BC  :  AB  :  :  AC  :  AD  (Prop.  XIII),  and  , 
AB  x  AC  =  BC  X  AD  (Prop.  XII.  Proportion). 

Cor; 
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Cor.  3.  The  perpendicular  is  a  mean  proportional  he-  FIG. 
tween  the  figments  of  the  hypothenufi .  35. 

For  BD  :  DA  :  DC,  and  BD  x  DC  =  DA2.  * 

Cor.  4.  The  figments  of  the  hypothenufi  are  as  the 
fquares  of  the  adjoining  Jides . 

For  by  this  Prop.  BD  :  DA  :  :  BA  :  AC 
(Prop.  XIII),  and  BD2  :  DA2  :  :  BA1  :  AC4 
(Cor.  3.  Prop.  XVIII.  Proportion).  And  by 
Cor.  3.  (and  Prop.  XXIII.  Proportion)  BD  : 

DC  :  :  BD1  :  DA2  :  :  BA*  :  AC2. 

Cor.  5.  As  the  perpendicular ,  to  the  hypothenufi  ; 
fo  the  re  ft  angle  of  the  figments,  to  the  reftangle  of  the 
*  legs . 

For  AD  :  AB  :  :  CD  :  CA,  by  the  fim.  triangles 
..  BAD,  DAC. 

And  BA  :  BC  :  :  BD  :  B  A  by  the  fijn.  triangles 
BAC,  BAD. 

Therefore  AD  :  BC  : :  BDC  1  BAC  (Cor.  1* 

Prop.  XVIII,  Proportion). 

Cor.  6.  The  difiance  of  the  right  angle ,  front  the 
middle  of  the  hypothenufi ,  is  equal  to  half  the  hypo* 
tbenufi. 

.  For  let  B 0  =  oC ,  arid  draw  on,  or  parallel  to 
AC,  AB ;  and  draw  A 0.  Then  Bn  =  nAf,  and 
j'Cr  =  rA  (Prop.  XII)  j  and  the  angles  at  n  and  r 
are  right  (Cor.  1.  Prop.  IV.  I).  Then  the  triangles 
Bon ,  A  on,  as  alfo  the  triangles  C  or,  A  or,  have  two 
Tides,  and  the  included  angle,  equal ,  therefore 
Bo  =  Ao  =.  Co  (Prop.  VI), 

PROP.  XXI, 

In  a  right-angled  triangle  BAC,  the  fquare  of  the  36. 
hypothenufe  BC,  is  equal  to  the  fum  of  the  fquares  of 
the  two  fides ,  BA,  AC. 

C  4 


For 
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FIG,  For-Jet  BG  be  the  fquare  defcribed  on  BC,  and 
36,  draw  ADF  perpendicular  to  BC,  or  parallel  to  CG  or 
BE.  Then  BA2  ■==  redangle  of  BD  and  BC  or  BE 
(Cor.  1,  Prop.  XXJ,  =  redangle  BF.  Alfo  the 
fquare  of  AC  =  re&angle  of  CD  and  CB  ^  rec¬ 
tangle  CF  (ibid.)  :  but  redangle  BF  -j-  CF  =  fquare 
BG  (Ax.  8)  ,  therefore  BG  or  the  fquare  of 
BC  »  BA2  -j~  AC2. 

Cor.  1.  The  fquare  of  either  fide  is  equal  to  the 
difference  between  the  fquare s  of  the  hypolhenufe  and 
the  other  fide  $  BA2  “  BC2  —  AC%  and  CA2- 
BC2  — ~  BA2. 

Cor.  2.  The  rediangle  of  the  fum  and  difference  of 
the  hypothenufe  and  one  of  the  fides ,  is  equal  to  the 
fquare  of  the  other  fide . 

For  BA2  =s  BC2  —  AC2  (Cor.  1)  =  BC  +  AC 
X  BC  —  AC  (Prop.  XII.  I). 

Cor,.  3,  If  the  fquare  of  one  fide  of  a  triangle  be 
equal  to  the  fum  of  the  fquares  of  the  other  two  fides ; 
then  the  angle  comprehended  by  them  is  a  right  angle. 

For  if  it  was  greater  or  lefs  than  a  right  angle,  the 
oppofite  fide  would  be  greater  or  lefs  than  the  hypo¬ 
thenufe  of  a  right-angled  triangle  (Cor.  Prop.  VI)  \ 
and  its  fquare  greater  or  lefs  than  the  fquares  of  the- 
other  fides. 

Cor.  4.  A  perpendicular  CA  is  the  near  eft  diftance  of 
a  point  C.  from  a  right  line  BA. 

Cor.  5.  In  any  triangle  ACB,  if  a  perpendicular 
be  let  fall  from  the  oppofite  angle  A,  on  the  bafe 
CB.  The  difference  ef  the  fquares  of  the  fides ,  is 
equal  to  the  difference  ef  the  fquares  of  the  fegmentsy 
AB2  —  AC2  =  BD4  —  CD2. 

For  AB  2  —  BD2  =  AD2  .==  AC2  —  CD2  (Cor.  u 
Prep.  XXI).  And  AB2  —  AC2  BD2  - —  CD2 
(Ax.  3,  4).  ,  •• 
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PROP.  XXII.  fig 

■  4  > 

In  an  obtufe  angled  triangle  ABC,  if  a  perpendicu -  37* 

Jar  be  let  fall  upon  the  bafe  \  or  one  fide  adjoining  to  the 
obtufe  angle  B  ;  then  the  fquare  of  the  fide  oppofite  to 
that ,  obtufe  angle  is  equal  to  the  fum  of  the  fquares  of 
the  two  leffer  fides ,  together  with  twice  the  reft  angle  of 
the  bafe  and  the  difiance  of  the  perpendicular  from  the 
obtufe  angle ;  AC4  =  AB2  4  CB2  4  2CBD. 

For  AC2  =  AD2  -f  CD2  (Prop.  XXI)  =  AD* 

4  CB2  4  BD2  4  2CBD  (10. 1)  =  AB24-  CB* 

4  2CBD  (Prop.  XXI). 


Cor.  The  difiance  of  the  perpendicular  from  the 
7  r  7  ^  AC2  —  AB2— CB2 

obtufe  angle ,  BD  = - 2CB - * 


v  PRO  P.  XXIII. 

If  a  perpendicular  be  let  fall  upon  the  bafe ,  or  fide 
adjoining  to  an  acute  angle  B,  of  any  triangle .  Then , 
ft he  fquare  of  the  fide  oppofite  to  that  acute  angle ,  to¬ 
gether  with  twice  the  re  ft  angle ,  of  the  bafe ,  and  the 
difiance  of  the  perpendicular  from  the  acute  angle  *,  is 
equal  to  the  fum  of  the  fquares  of  the  two  other  fides  : 
ACZ  4  2CBD  =  AB2  4  BC2. 

For  AC2  =  AD2  4.  DC2  (Prop.  XXI)  =  AD* 
4  BC24  BD2  —  2BD  x  BC  (Prop.  XI:  I)  =  AB2 
4  BC2  —  2CBD  (Prop.  XXI).  And  AC2  4  2CBD 
— .  AB2  4-  BC2  (Ax.  3). 


Cor.  The  difiance  of  the  perpendicular  from  the  acute 


AB2  4  BC2  —  AG* 
2CB 


38. 

39*. 


PROP.  XXIV. 

In  any  triangle  ABC,  let  fall  a  perpendicular  AD 
on  the  bafe  BG*  and  make  DF  =  DR.  Then 
As  the  bafe ,  CB  : 

to  fum  of  the  fides ,  AC  4  AB  :  ; 

So 


40. 

41. 
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FIG.  So  difference  of  the  fides ,  AC  —  AB  : 

40.  *4  to  difference  of  the  fegments  of  the  hafe ,  7  pp 

41:  M  or  the  alternate  bafe  £ 

For  CA4  —  AB4  zz;  CD4  —  DB4  (Cor.  5. 
Prop.  XXI)  ;  that  is, 

CA  4.  AB  x  CA —  AB  =  CF  x  CB  (Prop.  XII.  I). 
whence  CB  :  CA  +  AB  : :  CA  —  AH':  CF  (Cor.  r. 
Prop.  XII.  Proportion). 

Cor.  The  difference  of  the  fqiiares  of  the  fides ,  is 
equal  to  twice  the  rectangle  of  the  bafey  and  the  difiance 
of  the  perpendicular  from  the  middle  of  the  bafe* 
CA4  — AB1  =  2CBx*D. 

For  if  Co  =  0B,  then  CA4  —  AB4  =  CF 
X  CB  =  iCF  X  2CB ;  but  iCF  =  Do ;  for  (Fig.  40) 
CF  =  2  Bo  —  FB,  and  iCF  =  Bo  —  BD  =  Do. 
And  (Fig.  41)  CF  =  2B0  -f-  FB,  and-*CF  =  Bo 
4"  BD  z^=:  Do. 

■  "  I  /  ,  ' 

prop.  xxv. 

42.  Tfftftn  angle  A  of  a  triangle  BAC  be  life  tied  by  a 
right  line  AD,  which  cuts  the  bafe  *  the  fegments  of 
the  bafe  will  be  proportional  to  the  adjoining  fides  of  the 
tridngle  ♦,  BD  :  DC  :  :  AB  ;  AC. 

Produce  BA,  and  make  AE  ==  AC,  and  draw  the 
line  CE  ;  becaufe  AE  =  AC,  the  4.ACE  z=  E 
(Prop.  Ilf)  =:  4BAC  (Prop.  I)  =  BAD  (hyp.). 
Therefore  DA,  CE  are  parallels  (Cor.  3.  Prop.  IV). 
Therefore  BA  :  AEor  AC  : :  BD  :  DC  (Prop.  XII). 

4  m 

,  Cor.  1.  If  the  fides  be  as  the  fegments  of  the  bafe  \ 
the  line  AD,  bifeffs  the  angle  A. 

For  fince  BA  :  AC  or  AE  :  :  BD  :  DC,  DA 
and  CE  are  parallels  (Con  1.  Prop.  XII)  ;  and 
BAD  =  4.E,  and  DAC  =r  ACE  =  E  (Prop.  III). 
Whence  BAD  =  DAC,  and  A  is  bife&ed  by  AD. 

Cor.  2.  If  a  line  bif effing  the  vertical  angle  of  a 
triangle  cuts  the  bafe>  it  will  be 

%  As 

♦  * 


43- 
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As  the  fum  of  tfie  fides ,  BA  -f-  AC  : 

to  their  difference ,  BA  —  AC  : : 

So  the  bafe ,  BC  :  * 

to  difference  of  the  fegments  BD  —  DC. 

For  BA  :  AC  : :  BD  :  DC  (Prop.  XXV),  and 
BA  -f  AC  :  BA  —  AC  :  :  BD  +  DC  (BC) 

:  BD — DC  or  2DO  (Prop.  XIIL  Proportion)  j 
where  O  is  the  middle  point  of  the  bafe  BC. 

PRO  P.  XXVI. 

If  an  angle  A  of  a  triangle  ABC,  be  bifetted  by  a  43. 
right  line  AD,  which  cuts  tlqe  bafe ;  the  fquare  of 
the  bifelling  line ,  together  with  the  reftangle  of 
the  fegments ,  is  equal  to  the  rectangle  of  the  fides  j 

AD*  +  BDC  =  BAC. 

Produce  AD  and  make  the  z_DBP  =  DAQ. 

Then  the  threg  triangles  CDA,  PDB,  and  PBA  are 
fimilar.  Fo£AD  =  PBD  =  P AB,  CDA  —  PDB 
(2.  I),  whence  C  =  P,  and  ADC  =  ABP  (Cor.  1. 

Prop.  II).  Therefore  CD  :  DA  : :  PD  :  BD 
(Prop,  XIII),  whence  DA  x  PD  =  CD  X  BD 
(12.  Proportion).  Again,  CA  :  DA  :  :  AP  or 
AD  +  DP  :  AB  (Prop.  XIII),  therefore  CA  x 
AB  =  ADX  +  DA  x  DP  (12.  Proportion)  =  AD* 
rj-  CD  x  BD  (Ax.  3). 

PROP.  XXVII. 

In  an  ifofceles  triangle  ABC,  if  a  line  be  drawn  44; 
from  the  vertex  tq  cut  the  bafe  \  the  fquare  of  that  line , 
together  with  the  re 51  angle  of  the  fegments  of  the  bafey 
is  equal  to  the  fquare  of  the  fide  ;  BE4  +  AEC  =  BA*. 

'  •  1 

Let  BD  be  perpendicular  to  the  bale,  then 
BA*  =  BD*  4.  AD*  (Prop.  XXI)  =  BD*  -f 

AE  4.  ED*  =  BD*  4-  AE*  +  ED*  +  2AED 
(Prop.  X.  I.)  -BE*  4-  AE*  +  2AED  (Prop.XXIJ) 

=  BE* 


27 

FIG. 

43- 
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FIG.  =  BE1  -f  AE  x  AE  -f  2ED  (Prop.  IX.  I) 

44.  —  BE1  +  AE  x  EC,  becaufe  AE  -j-  2ED  =  EC. 
For  2  AE  +  2CD  =  AC,  therefore  taking  away 
AE,  AE  -j-  2 ED  =  L£. 

PROP.  XXVIII.  • 

45.  In  any  triangle  BAG,  if  a  line  AD  be  drawn  from 
the  vertex  to  the  middle  Gf  the  bafe .  'Ihe  funi  of  the 
fquares  of  the  ftdes ,  is  equal  to  twice  the  fquare  of  half 
the  bafe ,  together  with  twice  the  fquare  of  the  line  that 
bifehts  the  bafe  *,  AB2  +  AC2  =:  2  AD2  +  2DC2. 

For  AC2+  2CDR-  AD2-f  DC2  (Prop.  XXIII), 
and  DC  =  DB  (hyp.), 

therefore  AC2  zz  AD2  +  DC2  —  2CDP  (Ax.  4)  ; 

and  AB2  zr  AD2  -p  DB2  -{-  2CDP  (Prop.  22 )% 
therefore  AB2  -p  AC2  zz  2AD2  -j-  2DC2  (Ax.  3). 

Cor.  AB*  —  AC2  =  (4CDP  =)  2^C  x  DP. 
PROP.  XXIX. 

46.  If  through  any  point  E,  within  a  triangle  ABC, 
three  lines  TQ,  VR,  PS,  be  drawn  parallel  to  the 
three  fides  of  the  triangle  *,  the  produM  or  folid  made  by  • 
the  alternate  fegments  of  thefe  lines ,  will  be  equal, 

TE  x  PE  x  RJE  =  QE  x  SE  x  VE. 

The  triangles  TEV,  PEQ,  SER,  and  ABC  arc 
all  fimilar  (7.  1),  whence 

TE  :  VE  :  :  AC  :  BC  (Prop.  XIII). 

PE  :  QE  :  :  AB  :  AC.  • 

RE  :  SE  :  :  BC  :  AB. 

whence  TE  x  PE  x  RE  :  VE  x  QE  x  SE  :  :  AC 
X  AB  x  BC:  BC  x  AC  x  AB  (Prop.  XVIII.  Pro- 
porcion).  But  the  two  laft  terms  are  equal,  therefore 
'  TE  x  PE  x  RE  =  VE  x  QE  x  SE  (Prop.  II. 
Proportion).  ,  *  \  || 


PROP. 
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PROP.  XXX. 

If  three  lines  AF,  BG,  CD,  be  drawn  through 
any  point  E,  within  a  triangle  ABC,  to  the  oppofite 
fides  \  the  products  of  the  alternate  fegments  of  the  fides 
are  equal  j  that  is,  AG  x  CF  X  BD  =:  CG  x  BF  x 

AD. 

•  •  w  % 

For  drawing  TQ,  VR,  PS  parallel  to  the  fides 
of  the  triangle,  then 

AG  !  GC  :  :  TE  :  QE  (Cor.  Prop.  XIII). 

CF  :  BF  :  :  RE  :  VE, 

BD  :  AD  :  :  PE  :  SE. 

whence  AG  x  CF  x  BD  :  GC  x  BF  x  AD  :  :  TE  x 

,  RE  x  PE  :  QE  x  VE  x  SE  (Prop.  XVIII.  Propor¬ 
tion),  but  the  two  laft  are  equal  (Prop.  XXIX)  * 
therefore  AG  x  CF  x  BD  ~  GC  x  BF  X  AD 
(Prop.  II.  Proportion). 

PROP.  XXXI. 

Three  lines  drawn  from  the  three  angles  of  a  triangle 
to  the  middle  of  the  oppofite  fides ,  all  meet  in  one  point. 

Let  BD,  AE  bifedt  the  oppofite  fides  AC,  BC ; 
and  through  the  point  of  interfedtion  G,  draw  CGK, 
and  EL,  DI  parallel  to  it. 

Now  fince  BE  ==  EC,  and  AD  =  DC,  we  have 
BL  =  LK,  and  AI  =  IK  (Prop.  XII).  Alfo  fince 
BE  =  iBC,  and  AD  =  f  AC,  it  will  be  EH  = 
ICG  =  DF  (Prop.  XIII).  Therefore  the  triangles 
DGF,  HGE,  having  all  the  angles  equal  (4.  I), 
are  fimilar  and  equal  (Prop.  VII)  $  whence  FG  ~ 
GE,  and  confequently  IK  =  KL  (Cor.  2.  Prop. 
XII),  therefore  AI  =  IK  —  KL  -  LB  c=  -JAB. 
And  AK  —  KB.  And  therefore  if  the  line  CK  be 
drawn  through  the  middle  point  K,  it  will  pafs 
through  G  •,  otherwife  the  line  palling  through  G, 
would  make  AK  greater  or  Idler  than  KB.  This 
may  alfo  be  demonflrated  from  Prop.  XXX. 

~  '  •  .  Cor. 


«  • 
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fig. 

46. 


47- 
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FIG.  Cor.  Hence  the  diftance  of  the  point  of  interfiedUon 
47*  G,  from  any  angle*  is  twice  the  diftance  from  the  oppa- 
Jitefide, ,  BG—2GD,  &c. 

For  fince  BK  =  2KI,  and  AK  =  2KL,  there¬ 
fore  BG  =  2GD,  and  AG  =  2GE.  Alfo  fince 
DI  =  DF  -4-  FI  =  3HL  or  3 FI,  therefore  2FI  = 
DF  =  GK  =  EH  =  iCG. 

v  PROP.  XXXII. 

Three  perpendicular  lines  ere  tied  on  the  middle  of  the 
three  fides  of  any  triangle ,  all  meet  in  one  point . 

48.  Let  E,  F  be  the  middle  points  of  AB,  CB  *, 
FO,  EO  two  perpendiculars.  From  O  draw  OD 
perpendicular  to  AC.  The  right-angled  triangles 
COF,  BOF  are  fimilar  and  equal,  and  CO  =  OB 
t  (Prop.  VI) ;  alfo  the  right-angled  triangles  EOE, 
APE,  are  fimilar  and  equal, whence  BO=OA  (ibid.  ) ; 
therefore  CO  =  AO-,  therefore  in  the  ifofceles  tri¬ 
angle  AOC,  the  perpendicular  OD  bifedts  the  bafe 
AC  (Cor.  3.  Prop.  Ill) :  and  if  it  bifedts  the  bafe, 
it  pafies  through  O. 

Cor.  The  point  of  inter fettion  O,  of  the  three  per - 
pendiculars ,  will  he  equally  diftant  from  the  three  an - 
gles. 

For  the  triangles  COF,  BOF,  are  fimilar  and 
equal  (Prop.  VI),  and  OB  OC.  Alfo  the  tri¬ 
angles  COD,  AOD,  are  fimilar  and  equal  (ibid.), 
and  CO  =  AO  =  BO. 


PROP.  XXXIII. 

49.  If  two  right-angled  triangles  BID,  BED,  he  de¬ 
ferred  upon  one  hypothenufe  BD,  lying  on  different 
files  thereof  and  the  line  El  drawn  to  the  eppefite  an¬ 
gles  ;  I  fay ,  the  angles  DBI  and  DEI  are  equal ,  which 
ftand  upon  the  fame  fide  DI. 

Make 


Make 
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Make  BC  =  CD draw  ECF  and  Cl.  Then  fig. 
CD,  Cl,  CB,  and  CE  are  all  equal  (Cor.  6.  Prop.  49. 
XX).  The  external  angle  ICD  =  CIB  +  CBI 
(Prop.  I)  =  2CBI  (Prop.  III).  Alfo  the  external 
angle  ICF  ==.  EIC  +  1EC  -  2IEC  (ibid.).  Alfo 
f  CD  ==  CDE  +  CED  =  2CED  (ibid.).'  Therefore 
by  addition  ICF  +  FCD,  that  is,  ICD  -=  2AED  = 

2CBI,  and  AED  =  CBI,  or  IED  IBD. 

PROP.  XXXIV. 

Three  perpendiculars  drawn  from  the  three  angles  of 
a  triangle ,  upon  the  oppofite  fides ,  all  meet  in  one 
point , 

Let  AI,  CE  be  perpendicular  to  CB,  AB  ;  and  50. 
through  the  point  of  interfe&ioft  D  draw  BDF  ; 
draw  CK  perpendicular  to  C A,  -  alfo  draw  Ei. 

The  oppofite  angles  1DC  and  EDA  are  equal 
(2.  I),  and  the  angles  at  E  and  I  are  right,  there¬ 
fore  the  triangles  ADE  and  CDI  are  fimilar,  whence 
AD  :  ED  :  :  CD  :  DI  (Prop.  XIII) ;  therefore  the 
triangles  ADC,  and  EDI  are  fimilar  (Prop.  XIV),- 
and  angle  DEI  m  DAC  =  ICK  (Prop.  XX).  But 
the  triangles  DBE,  DBI  are  right-angled  at  E  and 
I,  whence  z.  DEI  =  DBI  (Prop.  XXXIII) ;  there- 
fore  DBI  or  FBC  =  ICK,  and  therefore  BF  is  pa¬ 
rallel  to  CK  (Cor.  3.  Prop.  IV),  or  perpendicular 
to  AC.  And  if  BF  be  perpendicular  to  AC,  it 
will  pafs  through  D.  1  • 

PROP.  XXXV. 

Three  lines  hifeEiing  the  three  angles  of  a  triangle , 
all  meet  in  one  point . 

For  let  CDF  and  ADE  bifefb  the  angles  C,  A ;  51. 

and  through  D,  the  point  of  interfe&ion,  draw 
BDG.  Then  BC  :  CG  : :  BD  : DG : :  BA  :  AG 
(Prop.  XXV) ;  and  BC  ;  BA  :  :  CG  :  AG  (Prop. 

IV.  Proportion)  *,  whence  BDG  bife&s  the  angle  B 

(Cor. 
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FIG.  (Cor.  i.  Prop.  XXV),  therefore  the  line  bifedting 
51*  the  z_B,  pafies  through  D. 

Cor.  i .  If  two  lines  bifeft  two  angles  of  a  triangle , 
the  point  of  interfeltion  D,  is  equally  dijlant  from 
the  three  Jides . 

Let  Dtz,  D0,  D p  be  perpendicular  on  the  three- 
Tides.  Then  the  triangles  Bp 0,  BD0  have  one  fide 
and  all  the  angles  equal,  therefore  D n  ~  Do 
(Prop.  VII)  *,  alfo  the  triangles  AD 0,  AD />,  have 
one  fide  and  all  the  angles  equal ;  therefore  Do  = 
Dp  (ibid.)  =  D n. 


Cor.  2.  Segment  Ap  +  the  oppofite  fide  BC  =r  half 
the  fum  of  the  fides. 

For  half  the  fum  of  the  Tides  =  Ap  4-J  Cn  4-  £B n. 


P  R  O  P.  XXXVI. 

« 

52.  If  the  three  angles  of  a  triangle  he  hi  felled  hy  the 
lines  AC,  BC,  DC,  and  any  one  BC  continued  to  the 
oppofite  fide ,  and  CP  he  drawn  perpendicular  to  that 
fide ,  AD  \  I  fay ,  the  angle  ACE  =  DCP,  or  ACP  =s 
DCE. 

For  fince  jlA  -f*  B  +  D  ~**two  right  angles 
(Prop.  II),  therefore  CAB  4  CBA  4  CDP  —  a 
right  angle  =  DCP  4  CDP  (Cor.  2.  Prop.  II) ; 
therefore  CAB  4  CBA  or  ACE  (Prop.  1)  = 
DCP. 


PROP.  XXXVII. 

The  area  of  a  right-angled  triangle  ABC,  is  equal 
to  the  relit  angle  under  half  the  perimeter ,  and  its  ex~ 
cefs  above  the  hypothenufe. 

The  perimeter  or  .circumference  is  the  fum  of 

the  three  Tides.  Now  fince  the  triangle  ABC  is 

AP  v  PR 

right-angled  at  C,  the  area  = - - - (Cor.  2. 

Prop.  X) ;  and  AB1  =  AC1  4  CBZ  (Prop.  XXI), 
or  ACZ  4  CBZ  —  ABa  =  o.  Hence  four  times 

the 
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the  area  =  2  AC  x  CB  =  AC2,  CB1  F I G. 

(io.  I)  53* 


2ACB  —  AB2  =  AC  +  CB 


AB2 


=  AC  +  CB  +  AB  x  AC  -u  CB  > —  AB  (12.  I). 


And  the  area  = 


AC  +  CB-fAB  AC  -f-  CB  —  AB 


x 


But 


AC  +  CB  — AB  _  AC  +  CB-f-  AB 
2  2 


AB. 


Cor.  The  area  of  a  right-angled  triangle ,  is  equal 
to  the  retd  angle  under  the  two  exce£es ,  of  half  the 

.  7  \  1  ri  AC  -j-  CB  AB  „  ^ 

perimeter  above  each  Jide ;  - ' — - BC , 

.  AC  +  CB+  AB 

and  — —L - I - AC. 

2  ' 

„  AC 4-  CB  4-  AB  ^  AB+.AC  — BC 

For  - - ‘ - - - CB  —  - - - , 


and 

and 


AC 


-f  CB  +  AB  __  AB  +  CB 


AC 


AB  +  AC 


BC  AB  +  BC  —  AC 
-  X  - — - 


AB  4- AC-CB  AB 
- X - 


AC-CB  AB2 —  AC-CB 


2  ' '  2 

AB2  —  AC2  —  CB2  +  2ACB 


(Prop.  XXI)  = 


ACB 


==  area  (Cor.  2.  Prop.  X). 


% 


PROP.  XXXVIII. 

In  any  triangle  ABC  ;  add  the  three  ftdes  together  54, 
into  one  fum  ;  and  likewife  from  the  fum  cf  every  two 
fides ,  fub trail  the  third ;  and  you  will  have  three  re¬ 
mainders.  Then  Jake  the  product  of  the  faid  fum, 
and  one  of  the  remainders  ;  and  likewife  the  product 
of  the  other  two  remainders1. 

Then  I  fay ,  four  times  the  area  of  the  triangle ,  is 
a  mean  proportional ,  between  thefe  two  products. 

Take  AE,  and  AF,  equal  to  AC,  and  draw  CF, 

CE  j  alfo  draw  CD  perpendicular  to  AB.  Then 

D  AB 
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FIG. 

54- 

f 


55' 


the  ELEMENTS  - 

AB  x  CD  =  twice  the  area  (Cor.  2.  Prop.  X). 
And  the  angle  FCfc.  is  a  right  angle  for  AFC  = 
ACF  (Prop.  Ill),  and  AEC  =  ACE  (ibid.)  •,  there¬ 
fore  AFC+AEC  ACF  +  ACE  -FCE  (Ax.  3) 
s=  a  right  angle  (Cor.  2.  Prop.  II).  And  AD  =s 

AB2 -|-  AC2-— CB2  ..  ^  vvtttn 

- (v-or.  Prop.  XXIH). 


2AB 

Now  DE  =  AE 
AC  x  2AB  — 


-  AD 
AB2  — 


:  AC  —  AD 

AC2  +  CB2 


2AB 


CB  +  AB  —  AC  X  CB  +  AC  —  AB 

2AB 


AlfoFD=FE — DE=2AC — DE  = 


(ii.  I). 

2ACX2AB 


2AB 


— DE  = 

AB4  + 


2ACX2AB  —  ACX2AB  +  AB1-^-  AC*  —  CB* 


AC*  + 


2A8 

2AC  X  AB 


CB2 


2AB 


(12.  I) ;  but  DC 


AB  -j-  AC  +  BC  X  AB  -f  AC  —  BC 
'  2AB  ‘ 

is  a  mean  between  DE  and  DF  (Cor.  3.  Prop.  XX), 
therefore  DC  x  2  AB  is  a  mean  between  DE  X  2  AB 
and  DF  x  2AB  (Prop.  V.  Proportion);  that  is, 
four  times  the  area  of  the  triangle  ABC,  is  a 

mean  proportional,  between  CB  +  AB  —  AC 

X  CB  +  AC  —  AB,  and  AB  +  AC  +  BC  x 

AB"+ AC~”BC. 

Cor.  1.  From  half  the  fum  of  the  three  fides  of 
any  triangle  ABC,  fuhtraM  each  fide  feparately.  Fhen 
take  the  product  of  that  half  fum  and  one  remainder ; 
and  alfo  the  prGdnft  of  the  other  two  remainders . 

F'hen  I  fay ,  the  area  of,  the  triangle  is  a  mean  pro¬ 
portional  between  thefe  two  products. 

-  AC  CB-f-AC  — AB 


^  CB  +  AB 
For - ! - 


ABC 


AB  +  AC  +  BC  AB  +  AC 


area 

BC 


X  - 


(Cor, 


2 


2 


n 
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(Cor.  i  *  Prop.V.  Proportion)  are  in  continual  pro-  FIG 
portion  (Prop.  XXXVIII). 


But 

and 


CB  +  AB  —  AC  CB  4-  AB  4.  AC 


CB  -f  AC 


AB 


CB  +  AB  -f-  AC 


and 


AB  4.  AC  —  BC  CB  4-  AB  4-  AC 


AC. 

AB. 

BC. 


2  .  ,2 

therefore,  &,c. 

Cor.  2.  Let  S  =  AC  -f*  BC,  D  =  AC  —  BC, 
then  the  area  ABC  is  a  mean  proportional  between 

~  x  SS  —  AB%  and  ^  x  ABft  —  DD. 


For  -  x  SS  —  AB: 
4 


AC  +  BC  4-  AB 


X 


—  X  AB 
4 


DD 


S  4-  AB  S  —  AB 

=  — ~ —  X - - 

2  2 

AC  4.  BC  AB 
2 

AB  +  D  AB 

— 4~  x  — 


,  and 
D 


55* 


5^ 


AB  4-  AC  —  BC.  AB  +  BC  —  AC  ....  , 

■ - X - - - ,  which  is  the 

2  2 

fame,  as  Cor.  1.  fuppofing  two  terms  in  the  extremes 
to  change  places,  by  Cor.  3.  Prop.  XII.  Proportion. 

PROP.  XXXIX. 

The  fquare  of  the  fide  of  an  equilateral  triangle , 
is  to  the  area  \  as  4  to  ^3* 

Let  CD  be  perpendicular  to  AB,  then  AD 
DB  4AB.  Then  CD* 2 * 4  ~  CA*  —  AD2  (Cor.  1. 
Prop.  XXI)  =  AB* —  —  -JAB1.  And  CD  = 

A  A  R 

- - ~ - ^3.  But  the  area  of  the  triangle  is 

AB  x  -CD  rr  AB  anc^  4xarea  ==  AB2xv/3 

4 

(Cor.  2.  Prop.  X) ;  whence  AB2  :  area  : :  4  :  ^3* 

Cor.  The  fquare  of  the  perpendicular  is  equal  to 
4  the  fquare  of  the  fide ;  CD4r±4CA\ 

For  CD2  ~  CA4  —  AD4  (Cor.  XXI)  =  CA4  — 
iCA«  =  iCA\  D  2  BOOK 
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BOOK  III. 


Of  Quadrangles  and  Polygons. 


DEFINITIONS. 


i.  A  Quadrangle  or  quadrilateral,  is  ,a  plane  figure 
bounded  by  four  right  lines. 


2.  A  parallelogram  is  a  quadrangle  whofe  oppofite 
Tides  are  parallel,  as  AGBH.  The  line  AB  drawn 
to  the  oppofite  corners  is  called  the  diameter  or 
diagonal .  And  if  two  lines  be  drawn  parallel  to  the 
two  Tides,  through  any  point  of  the  diagonal  •,  they 
divide  it  into  feveral  others,  and  then  C,  D  are 
called  parallelograms  about  the  diameter :  and  E,  F 
the  complements :  and  the  figure  EDF  a  gnomon, 

3.  A  reft  angle  is  a  parallelogram  whole  fides  are 
perpendicular  to  one  another. 

4.  A  fquare  is  a  redangle  of  four  equal  Jfides. 

5.  A  rhombus  is  a  parallelogram,  whofe  Tides  are 
equal,  and  angles  oblique. 

6.  A  rhomb oides  is  a  parallelogram,  whofe  Tides 
are  unequal,  and  angles  oblique. 

7.  A  trapezoid  is  a  quadrangle,  having  only  two 
Tides  parallel. 

8.  A  trapezium  is  a  quadrangle,  that  has  no 
two  Tides  parallel. 

9.  A  polygon  is' a  plane  figure  enclofed  by  many- 
right  lines.  If  all  the  Tides  and  angles  are  equal, 
it  is  called  a  regular  polygon ,  and  denominated  ac¬ 
cording  to  the  number  of  Tides,  as  a  pentagon  5 
Tides,  a  hexagon  6,  a  heptagon  7,  &c. 

10.  The 
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10.  The  diagonal  of  a  quadrangle  or  polygon,  is  FIG. 
a  line  drawn  between  any  two  oppofite  corners  of  62. 
the  figure,  as  AB. 

11.  The  bight  of  a  figure  is  a  line  drawn  from 
the  top,  perpendicular  to  the  bafey  or  oppofite  fide, 
on  which  it  ltands. 

12.  Like  or  fimilar  figures ,  are  thofe  whofe  feveral 
angles  are  equal  to  one  another ;  and  the  fides 
about  the  equal  angles,  proportional. 

13.  Homologous  fides  of  two  figures,  are  thofe 
between,  two  angles,  refpedtively  equal. 

1 4.  The  'perimeter  or  circumference  of  a  figure,  is 
the  compafs  of  it,  or  fum  of  all  the  lines  that 
inclofe  it. 

15.  The  internal  angles  of  a  figure,  are  thofe  on  j6. 
the  infide,  made  by  thofe  lines  that  bound  the 
figure,  ADC. 

16.  The  external  angle  of  a  figure,  is  the  angle  yy9 
made  by  one  fide  of  a  figure,  and  the  adjoining 

fide  drawn  out,  BAF. 

P  R  O  P.  I.  * 

In  any  parallelogram  the  oppofite  fides ,  and  angles , 
are  equal  \  and  the  diagonal  divides  it  into  two  equal 
triangles:  AB  =  CD,  AC  —  BD,  and  triangle 
ABD  ,=  ADC,  &c. 

For  fince  AB,  and  CD  are  parallel  (Def.  2), 

/.BAD  —  ADC  (4.  I)  :  alfo,  becaufe  AC  and  BD 
are  parallel,  BDA  —  CAD  (ibid.).  Therefore  the 
triangles  ABD  and  DC  A,  are  equal  in  all  refpedts 

(7- II). 

PROP.  II. 

fihe  diagonals  of  a  parallelogram ,  inter  fell  each 
other  in  the  middle. 

\ 

In  the  triangles  APC,  BPD,  4.CAP .=  BDP,  and  64. 
ACP  -  DBP  (4. 1),  and  4. BPD  =  APC  2. 1),  and 
AC  =  BD  (Prop.  I) ;  therefore.  AP  =  PD,  and  CP 
=  PB  (7.  II).  1  D  3  '  PROP. 
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FIG.  PROP.  III. 

Any  line  BC  puffing  through  the  middle  of  the  dia¬ 
gonal  of  a  parallelogram  P,  divides  the  area  into  two 
equal  parts. 

t  * 

65.  For  in  the  triangles  ABP,  and  DCP,  AP  =  PD 
(•‘top.  II);  and  all  the  angles  are  equal  (4.  I). 
Therefore  the  triahgle  ABP  =  DCP  (7.  II);  and 
BP  -r  AC  (ibid.).  And  fince  triangle  AED  —  AFD 
(Prop.  I);  the  remainders  BPDE  and  CPAF  are 
equal  ;  therefore  BPDE  +  PDC  =  CPAF -4-  APB, 
that  is,  1:  BCD  rr  B AFC. 

Cor.  Any  right  line  BC  drawn  through  the  middle 
point  P  of  the  diagonal  of  a  parallelogram ,  is  bifetled 
in  that  point ;  BP  —  PC. 

X  »  V 

.  '  PROP.  IV. 

66.  In  any  paral'elogram  ABDC,  the  complements  Cl, 
and  IB,  are  equal. 

For  triangle  ADC  =  ABD  (Prop.  I),  and  AHI 
—  Ad,  and  IED  =  IFD  (ibid.) ;  therefore  paral¬ 
lelogram  FIE  =  parallelogram  GF  (Ax.  4). 

PROP.  V. 

66.  The  parallelograms  HG,  EF,  which  are  about  the 
diameter  AD,  of  any  parallelogram  CB,  are  fimilar  to 
the  whole  CB,  and  to  one  another. 

The  parallelograms  FIG,  EF  are  equiangular  to 

,  the  whole  CB  (4.  I),  and  to  one  another.  The 
triangles  ACD,  ABD,  as  alfo  AHI,  AGI,  and  IED, 
F'D,  are  fimi'ar  and  equal  (Prop.  I).  Therefore 
AH  :  HI  or  AG  :  :  AC  :  CD  or  AB  ;  ;  IE  :  ED  or 
IF,  therefore  the  parallelograms  are  like  (Def.  12). 


PROP, 
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P  R  O  P.  VI.  FI  G. 

Parallelograms  ABCD,  and  EBCF,  ftanding  upon  67. 
the  fame  bafe  and  between  the  fame  'parallels ,  are 
equal . 

For  AD  =■  BC  =  EF  (Prop.  I)  ;  add  DE, 
then  AE  =  DF,  and  AB  =  DC  (Prop.  I),  and 
aA  =  CDF  (Cor.  1.  4.  I).  Therefore  triangle 
ABE  9:  DCF  (6.  II)  ;  fubtraft  DGE ;  then 
the  figure  ABGD  =  EGCF  \  add  BGC,  then 
ABCD  =  BEFC. 

Cor.  1.  Parallelograms  of  equal  bafes  and  bights , 
are  equal . 

For  if  their  bafes  be  laid  upon  one  another,  the 
tops  of  both  will  fall  in  the  fame  parallel,  being  of 
equal  hight  *,  and  therefore  they  are  equal  (this 
prop.). 

Cor.  2.  Every  parallelogram  is  equal  to  the  reff angle 
of  its  bafe  and  bight . 

Corv  3.  Figures  of  the  fame  area ,  may  have  their 
compajs  vafily  different.  And  figures  of  equal  compafs 
may  contain  very  different  areas . 

PROP.  VII. 

A  parallelogram  is  double  to  a  triangle  of  the  fame  or 
an  equal  bafe  and  hight. 

For  the  triangle  ACD  =  ABD  (Prop.  I)>  that  is,  63. 
the  triangle  ACD,  on  the  bafe  CD,  is  hair  tne 
parallelogram  ACDB  on  the  lame  bafe  CD,  an 
between  the  fame  parallels.  And  fince  any  triangle 
of  an  equal  bafe  and  hight  is  =:  ACL,  and  any 
parallelogram  of  the  fame  or  an  equal  bale  *n 
hight  ~  ACDB.  Therefore  any  triangle  is  halt 
the  parallelogram  of  the  fame  or  equal  bales  an 

hiShts’  :  n  a  PROP. 
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FIG.  PROP.  VIII. 

68.  Parallelograms  of  the  fame  bight,  are  to  one  another 
as  their  bafes  \  DC  :  GF  :  :  BC  :  GH. 

*  .  V  •  * 

Draw  the  diameters  BA,  EH.  Then  the  triangles 
BCA,  GHE,  of  the  fame  hight,  are  as  their  bales 
BC,  GH  (11.  II).  Therefore  2BCA  :  2GHE 
;  :  BC  :  GH  (Prop.  V.  Proportion)  :  that  is,  paral¬ 
lelogram  BCAD  :  parallelogram  GHEE  :  :  bafe 
BC  :  bafe  GH.  ,  ,  ,  f  "m, 

1 

Cor.  1,  Parallelograms  of  equal  bafes ,  are  as  their 
hight  s. 

By  Cor.  2.  Prop.  VI,  as  likewife 

Cor.  2 .  Parallelograms  are  to  one  another ,  as  their 
bafes  and  bights. 


PROP.  IX. 

6g.  Equal  paralleJograms  having  one  angle  equal  to 
one  9  have  the  files  about  the  equal  angles  reci¬ 
procally  proportional.  If  ABCD  ===  EFG8,  then 
AB  :  BG  :  :  BE  :  BC. 

Let  the  oppofite  angles  at  B  be  equal ;  produce 
DC  and  fG  to  H.  Then  AB  :  BG  :  :  BD  :  BH 
(Prop.  VI i I).  :  :  BF  :  BH  (Ax.  6.  Proportion) 
:  :  BE  :  BC  (Prop.  VIII). 

Cqr.  1.  Thofe parallelograms  are  equal ;  which  have 
one  angle  equal  to  one  9  and  the  fides  about  the  equal 
angles ,  reciprocally  proportional. 

For  BD  :  BH  :  :  AB  :  BG  (Prop.  VIII)  :  :  BE 
:  BC  (hyp.)  :  :  BF  :  BH  (Prop.  VIII).  There¬ 
fore  parallelogram  BD  =  parallelogram  BF. 

Cor.  2.  Equal  par  all el 0 grams ,  have  their  bafes  and 
hight s9  reciprocally  proportional. 

Cor.  3.  If  four  lines  are  proportional  %  therehl angle 
of  the  means ,  is  equal  to  the  reHangle  of  the  extremes. 

PROP. 
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PROP.  X.  FIG. 

Equiangular  parallelograms  AC,  EG,  are  in  the  7°* 
complicate  ratio  of  their  homologous  fides ,  ABC,  E8G. 

Produce  DC,  FG  to  H.  Then  parallelogram 
AC  :  BH  :  :  AB  :  BG  (Prop.  VIII),  and  paral¬ 
lelogram  BH  :  BF : : CB  :  BE  (ibid.).  Therefore 
parallelogram  AC  :  parallelogram  BF  :  :  AB  x  CB 
;  BG  x  bE  (Cor.  i.  Prop.  XVIII.  Proportion). 

Cor.  i.  Parallelograms  are  to  one  another ,  in  the 
complicate  ratio  of  their  hafes  and  hights. 

Cor.  2.  The  re  ft  angle  of  two  lines ,  is  a  mean  pro¬ 
portional  between  their  fquares. 

For  fuppofing  AC,  EG,  to  be  fquares;  then 
AC  :  BH  :  :  (AB  :  BG  : :  BC  :  BE  :  :)  BH  :  BF. 

PROP.  XI. 

In  any  parallelogram  AD,  the  fum  of  the  fquares  of  71, 
the  diagonals ,  is  equal  to  the  fum  of  the  fquares  of  all  the 
fides  :  AD1  4.  CB*  =  CA2  +  AB1  +  BD1  +  DC\ 

1  ■  f  *  ‘  C  »  /  *  4.  > 

ForCE  =  EB,  and  AE  =  ED(Prop.  II).  Alfo 
CD1  -j-  DBS  —  2DE*  2CE*.  (28.  II).  And 
2CD*  -j-  2DB*  =  4DE*  -f  4CE*,  that  k,  CD* 

-f  AB’-  +  DB*  4.  CA1  =  DA*  4-  CB1. 

PROP.  XII. 

If  from  any  point  O,  in  the  redlangle  AD,  lines  be  72.' 
drawn  to  all  the  angles ;  the  fum  of  the  fquares  of 
the  lines  drawn  to  the  oppofite  corners ,  will  be  equal: 

AO*  OD*  =  BO*  -j-  OC*. 

Draw  AD,  BC,  to  interfedt  in  P,  then  AD  =  CB 
(6.  II),  and  their  half's,  AP  =  PC  =  PD.  Then 
CO*  +  OB*  =  2^-P1  +  2OP*  (28.  II)  =  2AP* 

+  3OP1  =  AO*  +  OD*  (a8.  II). 

PROP. 
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74- 


75' 


The  ELEMENTS 
PROP.  XIII. 

In  any  trapezium  ABDC,  let  E,  F  be  the  middle 
points  of  the  diagonals ,  AD,  BC.  Then  the  fum  of 
the  fquares  of  the  fides ,  is  equal  to  the  fum  of  the 
fquares  of  the  diagonals ,  together  with  four  times  the 
fquare  of  the  dijtance ,  between  the  middle  points  of  the 
diagonals :  ABa  4  BD2  4  CD2  4  C  A1  ~  AD1 
4CB244EF2. 

For  AE2  4  ED>~  2AF2  4  2EF2  (28.  II).  Alfo 
AB2  +  A C2  ~  2C£z  4  2AE2  (ibid.)  ^  alfo  BD2 
4  DC'  =  2CE2  4  2DE2.  And  adding  the  two 
laft  equations,  ABZ  4  BD2  ^*DC2  4  CAa  =  4C LA 
4  2  AE2  +  2ED2  =  CBa  4.  4AF2  +  4EF2  =  CB2 
-j-  AD1  4-  4EF2. 

PROP.  XIV. 

In  any  trapezium  ADBC,  let  E,  F,  be  the  middle 
points  of  two  oppojite  fides .  Then  the  fum  of  the 
fquares  of  the  other  two  fides ,  together  with  the  fquares 
of  the  diagonals ,  is  equal  to  the  fum  of  the  fquares  of  the 
bifeeied fides ,  together  with  four  times  the  fquare  of  the 
diftance  of  thefe  middle  points  :  AC1  +  DB1  4  AB2 
4  CD1  zz  AD2  4.  CB2  4  4EF2. 

Draw  AE,  ED.  Then  AE2  4  ED2  •=  2AF2 
+  2EF2  (28.  II),  and  AB2  4  AC2,  =  2CE2  4  2  AE2 
(ibid  ),  and  DB2  4  DC2  -  2CE2  4  2DE2  (ibid.). 
Add  the  two  laft  equations,  AB2  4-  AC2  -r  DB1 
4  DC2  =  4CE2  4  2  AE2  4-  2 ED2  ='  CB2  4  4AF2 
4-  4EF2  =  CB2  4  AD2  4  4EF2. 

PRO  P.  XV. 

In  any  trapezium  ADBC,  if  lines  be  drawn  to  the 
middle  of  the  oppofite  fides  *,  the  fum  of  the  fquares  of 
the  diagonals ,  is  equal  to  twice  the  fum  of  the  fquares  of 
the  bifelting  lines :  AB1  4  CD2  2EFZ  4  2 FQh 

For 
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For  AB*  +  DC4  +  BD4  +  CA*  =  AD4  +  CB*  +  4EF*  F 1  G. 

(Prop.  XIV).  75. 

And  AB4  +  DC*-fBe*-f  DA*  =  AC*'+ DB*+4PQj 

(ibid.). 

and  adding  thcfe  equations, 

2  AB4  +  2DC4  -  BD4  +  CA4  +  BC4  +  DA1 
=  AD4  -|~  L  B4  -4-  AC4  +  DBa  -j-  4FF4  -{-  4PCP;, 
and  fubtradiag  what  is  common,  2AB4  -J-.  2 DC* 

's=  4EF4  +  41 Q^,  and  AB4  +  DC2  —  2EF1 
+  2pQ^. 

\ 

PROP.  XVI. 

The  fum  cf  the  four  internal  angles  cf  any  quadrila¬ 
teral figure )  is  equal  to  four  right  angles. 

-  1  /  '  '  ^ 

Draw  the  diagonal  AC  ;  then  the  fum  of  all  the  7*# 

angles  in  the  triangle  ABC,  or  ADC,  is  two  right 
angles  (2  II)  j  therefore  the  fum  of  both  is  four 
right  angles. 

Cor  If  two  angles  of  a  quadrangle  he  right  angles ; 
the  fum  of  the  other  two  amounts  to  two  right  angles . 

PROP.  XVII. 

The  fum  of  all  the  internal  angles  of  a  polygon^  makes 
twice  as  many  right  angles ,  abating  four ,  as  the  polygon 
has  fides. 

For  drawing  lines  from  all  the  angles,  to  a  point  77* 

O  within  the  figure,  it  comes  to  be  divided  into  as 
many  triangles,  as  the  figure  has  fides  or  angles. 

And  each  triangle  contains  two  right  angles  (2.  II), 
fo  thefe  amount  to  twice  as  many  right  angles,  as  the 
figure  has  fides  ;  but  the  angles  at  O  are  to  be  abated, 
and  thefe  amount  to  four  right  angles  (Cor.  1. 

Prop.  1.  I). 

Cor.  Hence  all  right-lined  figures,  cf  the  fame  number 
of  fides ,  have  the  fum  of  all  the  internal  angles  equal. 

PROP. 
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FIG.  PROP.  XVIil. 

y  >1 

The  fum  of  the  external  angles  of  any  polygon ,  is 
equal  to  four  right  angles . 

77,  For  all  the  internal  angles,  together  with  the  ex¬ 
ternal  angles  at  the  points  A,  B,  C,  CCV.  make  twice 
as  many  right  angles,  as  the  figure  has  Tides  (1.  I)  5 
and  the  Turn  of  all  the  angles  of  the  triangles  ABO, 
J3CO,  &c.  amounts  to  the  fame  (2.  II).  Take  away 
all  the  angles,  EA8,  ABC,  &c.  and  there  remains 
all  the  external  angles  A,  B,  C,  &c,  equal  to  all 
the  angles  at  O,  that  is,  four  right  angles  (Cor.  1. 
(Prop.  1.  1). 

Cor.  All  right-lined  figures ,  have  the  fum  of  their 
external  angles  equal .  * 

Scholium. 

78.  If  any  of  the  angles  be  greater  than  two  right 
angles,  as  A  *,  the  external  angle  will  run  into  the 
figure,  and  muft  be  fubtra&ed  from  the  fum  of  the 
reft. 

PROP.  XIX. 

7 g  In  two  fimilar  figures  AC,  PR  ;  if  two  lines  BE, 
QT,  be  drawn  after  a  like  manner ,  as  fuppofe ,  to  make 
the  angle  CBE  =  RQT  ;  then  thefe  lines  have  the 
fame  proportion ,  as  any  two  homologous  fides  of  the 
figure ,  BC  to  QR,  &c. 

Since  z_CBE  =  RQT,  and  R  =  C  (hyp.); 
therefore  BE  :  QT  :  :  BC  :  QR  (13.  II)  :  :  BA 
:  QP  (Def.  12)  :  :  AD  :  PS  (ibid.)  :  :  DC  :  SR. 
Alfo  BC  :  CE  : :  QIC  :  RT  ;  andBC  :  BE  : :  QR 

:  qt,  &c.  :  '  ^  v * 

Cor.  1.  Hence  all  fimilar  figures  are  made  up  of  ' 
fimilar  triangles . 

Draw 
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Draw  BD,  QS  *,  and  AC,  PR ;  then  BE  :  QT  f 
::  BC  :  QR  (this  prop.)  ::  CD  :  RS  (Def.  12) 

:  :  CE  :  RT  (this  prop.)  :  :  DE  :  ST  (Prop. VIII. 
Proportion) ;  therefore  the  triangles  BCE  and  QRT 
are  fimilar  ;  and  BED  and  QTS  are  fimilar. 

Again,  the  z_  A  =  P,  and  AB  :  AD  :  :  PQj  PS 
(Def.  12)  •,  therefore  BAD,  QPS  are  fimilar  (14.  II). 
Alfo  Z.B  =  Q,  and  AB  :  BC  PQj  QR,  there¬ 
fore  ABC  and  PQR  are  fimilar  (14.  II).  Laftly, 
Z.D  =  S,  and  AD  :  DC  :  :  PS  :  SR  (Def.  12)5 
therefore  ADC,  PSR  are  fimilar  (14.  II). 

Cor.  2.  Hence  it  may  be  laid  down ,  as  a  difiinguifhing 
property  of  fimilar  figures ,  that  they  are  made  up  of 
fimilar  triangles ,  placed  in  the  fame  order . 

:  '  PROP.  XX. 

All  fimilar  figures  are  to  one  another  as  the  fquares  of 
their  homologous  Jides. ' 

Let  AD,  PS  be  fimilar  polygons  ;  draw  AC,  AD, 
PR,  PS,  which  will  divide  the  figures  into  triangles 
(Cor.  1.  Prop.  XIX). 

Becaufe  AB  :  PQj  :  AC  ;  PR  : :  AD  :  PS  (13.  II); 
therefore  <• 

AB2  :  PQf:  :  triangle  ABC  :  PQR  (18.  II). 
and  AB*  :  PQ^  :  :  AC2  :  PR*  :  :  triangle  ACD 
:  PRS  (ibid.). 

and  AB*  :  PQ^  •  •  AD*  :  PS2  :  :  triangle  ADE 
•  :  PST  (ibid.). 

therefore  AB2  :  PQ^  :  :  triangle  ABC  4*  ACD  + 
ADE  :  triangle  PQR  -|-  PRS  +  PST  (Prop.  X. 
Proportion)  :  :  figure  ABCDE  :  figure  PQR  ST. 

Cor.  If  three  lines  A,  B,  C  be  in  continual  propor¬ 
tion  ;  then  as  the  firft  to  the  third ,  fo  any  figure  de¬ 
fer  i  bed  on  the  firft,  to  a  fimilar  one  upon  the  fecond. 

For  A  :  C  :  :  A2  :  B2  (Prop.  XXIII.  Propor¬ 
tion)  : :  figure  upon  A  :  figure  upon  B  (this  prop.). 

p  k  o 
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PROP.  XXL 

If  four  lines  be  proportional ,  AB  :  DE  :  :  GH 
;  LM  ;  fimilar  figures ,  alike  defer ibed  upon , 

/tew,  Jhall  alfo  be  proportional :  ABC  :  DEF  : : 
GHIK  :  LMNO.  ; 

And  if  four  figures  be  proportional ,  and  two  and  two 
be  fimilar  ;  their  like  fides  Jhall  be  proportional* 

Forfmce  AB  :  DE  :  :  GH  :  LM  (hyp.),  I 
therefore  AB*  :  DE*  :  :  GFi* :  LM2  (Cor.  3., 
(Prop.  XVIII.  Proportion'), 
whence  ABC  :  DEF  :  GHI  :  LMN  (Prop.  XX). 

Again,  if  the  figures  be  fimilar, 
and  ABC  :  DEF  :  :  GHIK  :  LMNO  (hyp.), 
then  AB*  :  DE*  :  :  GH*  :  LM*  (Prop.  XX). 
whence  AB  :  DE  : :  GH  :  LM  (Cor.  3.  18. 
Proportion). 

PROP.  XXII.  I 

Any  figure  deferibed  on  the  hypothenufe  of  a  right- 
angled  triangle ,  is  equal  to  two  fimilar  figures  deferibed 
the  fame  way  upon  the  two  fides :  BFC  =  ALC 
-p  AGB. 

For  fig.  BCF  :  CAL  :  :  RC*  :  CA*  (Prop.  XX). 

BAG  AB* 

therefore,  BCF  :  CAL  -J-  BAG  :  :  BC*  :  CA* 
-|~AB*(i4.  Proportion). 

But  BC*  —  CA*  +  AB*  (21.  II) ;  therefore  BCF 
=  CAL  +  BAG  (Prop.  II.  Proportion). 

P  R'O  P.  XXIII.  ,  'jjM 

*The  area  of  a  trapezoid  ABCD,  is  equal  to  the  ree * 
tangle  of  half  the  fum  of  the  parallel  fides ,  and  the  per- ' 

pendicular  between  them :  ^  9P  x  BP. 


1 


Draw 
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Draw  AF  parallel  to  BD,  and  BP  perpendicular  F I G. 
to  CD.  Then  the  area  ABDF  ~  AB  x  BP  or  FD  83. 

X  B?  (Cor.  2.  Prop.  Y I)  —  AB  ±  FD  x  BP.  And 

the  area  of  the  triangle  ACF  =  4CF  x  BP  (Cor.  2. 

(Prop.  X.  11).  Therefore  CAF  +  AFDB  or  the 

trapezoid  CABD  =  DF  ~t  C F  x  BP  = 


x  bp. 


-  PROP.  XX!V. 

The  area  of  a  trapezium  ABDF,  is  equal  to  half 
the  reft  angle  under  the  diagonal  AD,  and  the  futn  of 

the  perpendiculars  falling  thereon  from  the  oppofite 

BCJ  4-  FF  • 

angles:  AD  x  — -  ■  ■ 


84. 


For  the  triangle  ABD  =  — -X  (Cor.  2.  10. 

2 

II) ;  and  the  triangle  AFD  =  AP  X— ^  (ibid.)  : 

therefore  ABD  4-  AFD  or  the  trapezium  ABDF  =r? 

AD  X  BC  -f  FK 
2 

PROP.  XXV. 

Any  regular  figure  ABCDE,  is  equal  to  a  triangle ,  8$, 

whofe  bafe  is  the  perimeter  ABCDE  A  •,  and  bight ,  the 
perpendicular  OP,  drawn  from  the  center ,  perpendicu¬ 
lar  to  one  fide . 

y  ■  .  .  .  g.  •  '*  \\ 

Two  perpendiculars,  as  PO,  Handing  on  the 
middle  of  two  Tides,  meet  in  the  center,  O  (9.  11). 

Or  two  angles  A,  B  bifedled  by  two  right  lines,  meet 
in  the  center,  O  (Cor.  1.  3.  II) :  whence  all  the 
lines  OA,  OB,  OC  are  equal  ;  and  all  perpendicu¬ 
lars  drawn  from  O,  upon  AB,  BC,  CD,  65V.  are 
equal.  And  all  the  triangles  AOB,  BCC,  65V.  are 
.  3  equal 
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F  I  G.  equal  and  fimilar.  The  fum  of  all  the  triangles 


make  up  the  figure,  that  is, 


AB  x  OP  BC  x  OP 


or 


AB  +  BC  +  CD  +  DE  T  EA 
- — - T—  - - X  OP  =  fig 


ure,  or 


a  triangle  whofe  bafe  is  ABCDEA,  and  hight  OP 
=  the  figure. 


Cor.  The  area  of  a  regular  polygon  is  equal  to  the 
re 51  angle  of  one  fide  into  the  perpendicular  from  the 
center  upon  that  fide ,  and  that  multiplied  by  half  the 
number  of  fides . 

> '  ■  /  ’  i 

.  •  Scholium. 

» 

Any  polygon,  regular  or  irregular,  may  be  divided 
in  as  many  triangles,  lefs  2,  as  the  figure  has  fides ; 
by  drawing  diagonal  lines. 


PROP.  XXVF. 

Only  three  forts  of  regular  figures  can  fill  up  a  plane 
furface  and  thefe  are  fix  triangles ,  four  fquares ,  and 
three  hexagons . 

It  is  required  to  place  fome  number  of  thefe  figures, 
with  their  angles  upon  one  point,  fo  that  being  joined 
dole  together,  they  may  fill  the  whole  fpace  around 
it,  and  leave  no  vacancy. 

it  is  plain  the  angles  about  one  point  are  four  right 
angles  (Cor.  i.  i.  I),  which  want  to  be  filled  up. 
Now  if  the  angles  of  the  feveral  figures  be  computed 
by  Prop.  XVII,  they  will  be  found  as  follows, 
gg  A  triangle  \  of  a  right  angle  —  A. 

A  fquare  i  right  angle  B. 

A  pentagon  iT  right  angle. 

A  hexagon  i-J  a  right  angle  =  C. 

&c. 

Now  \  of  a  right  angle  6  times  repeated,  makes 
4  right  angles,  and  therefore  fills  all  the  fpace  *,  that 
is,  6  angles  of  an  equilateral  triangle  fills  it. 

Alfo 


i 


Book  III.  of  GEOMETRY,  '  49 

Alfo  4  angles  of  a  fquare  (or  4  x  1),  makes  4  FIG. 
right  angles.  .  ,  86. 

But  3  angles  of  a  pentagon  (or  3  x  if)  falls  fhort  *, 
and  d  angles  (or  4  x  ii)  exceeds. 

Alfo  3  angles  of  a  hexagon  (or  3  X  if )  makes  4 
right  angles.  And  thefe  are  all ;  for 

The  angle  of  a  heptagon  (and  other  figures)  is 
bigger,  and  therefore  3  angles  .will  exceed  4  right 
ones.  And  to  have  two  angles,  each  muff  be  right 
angles,  which  is  abfurd. 
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B  O  O  K  IV. 

Of  the  Circle,  and  infcribed  and  cir- 

*  « 

cumfcribed  Figures. 


FIG.  i- 

s7. 


S8. 


89. 


DEFINITIONS.. 

Circle  is  a  plane  figure  defcribed  by  a  right 
line  moving  about  a  fixt  point,  ABD.  Or 
it  is  a  figure  bounded  by  one  line  equidiflant  from  a 
fixt  point. 

2.  The  center  of  a  circle,  is  the  fixt  point  about 
■which  the  line  moves,  C. 

3.  The  radius ,  is  the  line  that  defcribes  the  circle, 

CA. 

Cor.  All  the  radii  of  a  circle ,  are  equal . 

4.  The  circumference ,  is  the  line  defcribed  by  the 
extreme  end  of  the  moving  line,  ABDA. 

5.  The  diameter ,  is  p.  line  drawn  through  the 
center,  from  one  fide  to  the  other,  AD. 

6.  A  femicircle ,  is  half  the  circle,  cut  off  by  the 

diameter,  as  ABD.  » 

7.  A  quadrant ,  or  quarter,  is  the  part  between 
two  radii  perpendicular  to  one  another,  as  CDE. 

8.  An  arch  is  any  part  of  the  circumference, 
AB. 

9.  A  feftor^  is  a  part  bounded  by  two  radii,  and 
the  arch  between  them,  ACB. 

10.  .A  fegment ,  a  part  cut  off  by  a  right  line, 
DEF,  orDABF., 
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11.  A  cord,  a  right  line  drawn  through  the  circle,  FIG. 

as  DF.,  .  89. 

12.  jingle -at  the  center ,  is  that  whole  angular  point 
is  at  the  center  ACB. 

1 3.  Angle  at  the  circumference ,  is  when  the  angular  90. 
point  is  in  the  circumference,  BAD. 

1 4.  Angle  in  a  fegment ,  is  the  angle  made  by  two 
lines  drawn  from  fome  point  of  the  arch  cf  that  feg¬ 
ment,  to  the  ends  of  the  bafe  j  as  BCD  is  an  angle  in 
the  fegm.ent  BCD.  < 

1 5.  Angle  upon  a  fegment ,  is  the  angle  made  in  the 
oppofite  fegment,  whofe  Tides  hand  upon  the  bale  of 
the  firft*,  as  BAD,  which  hands  upon  the  fegment 
BCD. 

1 6.  A  tangent  is  a  line  touching  a  circle,  which 
produced,  does  not  cut  it,  as  GAR. 

17.  Circles  are  faid  to  touch  one  another,  which 
meet,  but  do  not  out  one  another. 

1 8T  Similar  arches ,  or  jimilar  feffiors ,  are  thofe 
bounded  by  radii  that  make  the  fame  angle. 

19.  Similar  fegment s  are  thofe  which  contain  fimi- 
lar  triangles,  alike  placed. 

20.  A  figure  is  faid  to  be  infcribed  in  a  circle ,  or 

a  circle  circumfcribed  about  a  figure  \  when  all  the  an¬ 
gular  points  of  the  figure  are  in  the  circumference 
of  the  circle.  '  . : 

ai.  A  circle  is  faid  to  be  infcribed  in  a  figure,  or  a 
figure  circumfcribed  about  a  circle ;  when  the  circle 
touches  all  the  Tides  of  the  figure. 

22.  One  figure  is  infcribed  in, another,  when  all  the 
angles  of  the  infcribed  figure,  are  in  the  Tides  of  the 
other. 

'  PRO  P,  I. 

"  9  •  •  f  ^  V  4  •  ,  i  * 

The  cord  of  any  arch  AB,  falls  intirely  within  the  91, 
circle . 

For  draw  CA,  CB  ;  and  CD  to  any  point  of  the 
cord  j  then  z.A-=B  (3.  II).  And  z_  CD£>  ^ 

E  2  ,  A  R 
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FIG.  A  +  ACD  ( f .  II)  =  B  +  ACD,  therefore  CD&  is 

9 1 .  greater  than  B,  confequently  CB  is  greater  than  CD, 
(4.  II) ;  therefore  D  is  within  the  circle. 

PRO  P.  II. 

G2 1  The  radius  CR,  bifefts  any  cord  at  right  angles , 
which  paffes  not  through  the  center ,  as  AB. 

For  draw  AC,  BC,  and  if  AF  =  FB,  then  fince 
AC  =  CB,  and  CF  common  5  therefore  CFA  = 
CFB  (8.  II)  =  a  right  angle  •,  and  angle  ACF 
=  BCF. 

Or  if  AFC  -  CFB  and  A  =  B,  then  ACF  = 
BCF  •,  and  CF  being  common,  AF  =1  FB.  This 
prop,  follows  from  Cor.  3.  Prop.  III.  Book  II. 

Cor.  1.  If  a  line  hi f efts  a  cord  at  right  angles ,  it  paffes 
through  the  center  of  the  circle. 

Cor.  "2.  The  radius  that  bifefts  the  cord ,  alfo  life  ft s 
the  arch. 

For  fince  ACR  =  RCB.  If  CBR  be  laid  upon 
CAR,  the  point  B  will  fall  upon  A,  and  therefore 
RB  =  RA. 

Cor.  3.  If  two  right  lines  do  not  both  pdfs  through 
the  center ,  they  cannot  both  be  bifefted  by  each  other. 

For  if  they  could,  they  mult  both  make  right 
angles  with  the  radius. 

,  PROP.  III. 

93.  In  a  circle ,  equal  cords  AB,  GD,  are  equally  dijlant 

from  the  center ,  C. 

"  For  let  CE,  CF  be  perp.  to  the  cords ;  and 
draw  CD,  CA  ;  then  in  the  triangles,  ACF,  DCE, 
AC  =  CD,  AF  ==  DE  being  half  the  cords 
(Prop.  II)  •,  and  angles  at  F,  E  right  5  and  the  angles 
at  C,  both  acute,  therefore  CF  =,  CE  (9.  II). 

Cpr. 
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Cor.  If  feveral  lines  be  drawn  through  a  circle ,  the  FIG. 
greatefi  is  the  diameter ,  and  thofe  that  are  nearer  the  93, 
center  HI,  ate  greater  than  thofe  that  are  farther 
off,  DG. 

For  draw  CH,  then  CH  is  greater  than  OH  (4.  II), 
and  therefore  2CH  or  the  diameter  is  greater  than  HI. 

And  fince  Z.HCI  i$  greater  than  DCG,  HI  is  greater 
than  DG  (Cor.  6.  II). 


PROP.  IV. 

If  from  a  point  G,  out  of  the  center ,  feveral  lines  G  D,  94. 
GE,  &c.  be  drawn ,  the  greatefi  is  that  GF  which  paffes 
through  the  center ,  and  thofe  nearer  to  GF  are  greater 
than  thofe  further  off ! 

Alfo  GH  (the  remainder  to  GF)  is  the  leaf ,  and 
thofe  nearer  to  it9  as  GA,  are  lefs  than  thofe  further 
off,  GB. 

Draw  CE,  CD,  CA,  CB,  from  the  center  C. 

Then  GC  +  CE  or  GF  is  greater  than  GE  (5.  11). 
Allbin  the  triangles  GCE,  GCD-,  GC,  EC  are  equal 
to  GC,  DC  ;  but  Z.ECG  is  greater  than  DCG  j 
therefore  EG  is  greater  than  DG. 

AlfoCG  -f-  CD  is  greater  than  CD  or  CH,  take 
away  CG9  and  GD  is  greater  than  GH.  After  the 
fame  manner  GA  is  greater  than  GH  $  and  GB 
greater  than  GA. 

Cor.  1 .  Only  two  lines  drawn  from  G  to  the  circum¬ 
ference  can  be  equal  5  and  lie  on  different  fides  of  tht 
diameter  HF. 

For  no  two  lines  on  the  fame  fide  can  be  equal. 

Cor.  2.  If  from  any  pointy  three  equal  right  lines 
can  be  drawn  to  the  circumference  \  that  point  is  the 
'  center ,  C.  • 

Cor.  3.  No  circle  can  cut  another  in  more  than  two 

points . 
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FIG.  For  then  three  equal  lines  might  be  drawn  from 

94.  a  point  out  of  the  center  to  the  circumference ; 
which  is  abfurd. 

*  PROP.  V. 

95.  If  from  a  point  G  without  a  circle ,  fever al  right  lines 
le  drawn  to  cut  it.  Of  thcfe  that  pafs  to  the  concave 
part ,  the  great  eft  is  that  G  F  which  paffes  through  the 
center ,  and  thofe  nearer  to  GF  are'  greater  than  thcfe 
further  off. 

But  of  thofe  that  go  to  the  convey:  part ,  the  leaf  is  that 
GH,  which  continued  would  pafs  through  the  center ,  and 
thofe  nearer  to  that ,  as  GA,  are  lefs  than  thofe  further 

off,  GD. 

For  in  the  triangle  GCE,  GC  4-  CE  or  GF  is 
greater  than  GE.  And  in  the  triangles  GCE, 
GCB  *,  GC,  CE  are  equal  to  GC,  CB,  and  z_GCE 
greater  than  GCB,  therefore  GE  is  greater  than  G8. 

Alfo  in  the  triangle  CGA,  CA  4-  AG  is  greater 
than  CG  or  CH  -j-  HG  (5.  II) ;  take  away  CA  = 
CH,  and  AG  is  greater  than  HG.  And  in  the 
triangles  CAG,  CDG  •,  CG,  CA  are  equal  to  CG, 
CD ;  and  angle  GCA  lefs  than  GCD  \  therefore  G A 
is  lefs  than  GD  (Cor.  6.  II}. 

Cor.  1 .  There  can  only  two  equal  lines  le  drawn  from 
the  point  G  to  the  circumference  cf  the  circle . 

■  I  or  no  two  are  equal  on  one  fide  of  GF. 

Cor.  2.  The  great  eft  to  the  convex  part ,  or.  the  leaft 
to  the  concave  party  is  the  tangent  to  the  circle . 

PROP.  VI. 

Q£t  In  dny  circle s  if  fevered  radii  be  drawn  making  equal 
angles  ^  the  arches  and  fetors  comprehended  thereby  will 
be  •  equal y  if  AC3  zz  BCD  ;  theny  arch  AB  =  arch 
BD  j,  and  fell  or  ACB  =  BCD. 


For 
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For  lince  4  ACB  =  BCD,  and  C  A  =  CD  ;  F I  G. 
therefore  if  the  angle  DCB  be  laid  upon  BCA,  DC  96. 
will  fall  upon  CA,  and  D  upon  A,  and  confe- 
quently  the  arch  DB  will  coincide  with  AB,  as  well 
as  the  fedor  DBC  with  ABC,  confequently  arch 
DB  =  AB,  and  fedor  DBC  —  ABC  (Ax.  8). 

Cor.  r.  In  equal  circles ,  the  radii  making  equal 
angles,  comprehend  equal  arches ,  and  feftors. 

Cor.  2.  In  the  fame  or  equal  circles ,  the  radii 
making  equal  angles ,  comprehend  equal  cords  AB,  BD. 

For  thefe  will  coincide  with  one  another.  It  alio 
follows  from  Prop.  VI.  II. 

Cor.  3.  Equal  cords  cut  off  equal  arches ,  and  equal 
figments ,  in  the  fame  circle . 

For  if  laid  upon  one  another,  they  perfectly  coin¬ 
cide,  as  has  been  proved. 

PROP.  VII. 

In  the  fame  or  equal  circles ,  the  arches ,  and  alfo  the 
fillers,  are  proportional  to  the  angles  intercepted  by  the 

radii . 

Take  any  arch  AB  as  fmall  as  you  will,  and  let 
AB  =  &V.  alfo  AB  =  QR  =  RS,  £V.  and 

drawing  CA,  CB,  CD,  and  PQ,  PR,  PS,  &c> 
then  ail  the  angles  ACB,  BCD,  QPR,  RPS,  &c.  are 
equal  (Cor.  1.  Prop.  VI).  Whence  AF  is  as  mul- 
.  tiple  of  AB,  as  the  angle  ACF  is  of  ACB.  There¬ 
fore:  AB  :  AF  ;  :  ACB  :  ACF  (Prop.  V.  Propor¬ 
tion).  Alfo  QV  is  as  multiple  of  QR  or  AB,  as 
QPV  is  of  QPR  or  ACB,  whence  AB  :  QV  :  :  ACB 
:  QPV  (ibid,)  *,  whence  AF  :  QV  :  :  ACF  :  QPV 
(Cor.  2.  14.  Proportion). 

The  fame  reafoning  holds  in  the  fedors,  for  fed* 

ACF  is  as  multiple  of  ACB  ;  as  L.  ACF  is  of  the 
JL  ACB.  And  fed:.  QPV  is  as  multiple  of  QPR  or 

E4  ABC5 
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FIG.  ABC;  as  4  QPV  is  of  ACB.  Therefore  fed. 

97-  '  ACF  :  fed.  QPV  :  :  angle  ACF  :  4  QPV. 

Cor.  The  angle  ACF  is  to  4  right  angles  ;  as  the 
arch  AF,  is  to  the  whole  circumference • 

*  '  PRO  P.  VIII. 

^3.  In  all  circles ,  funilar  arches  are  as  the  radii  of  the 
circles . 

Let  the  circles  AFG  and  be  both  deferibed 
from  the  fame  center,  C.  Draw  the  radii  CA,  CF  * 
then  the  arches  AF,  af  are  funilar  (Def.  18).  Draw 
CB  extremely  near  G A.  Then  the  figures  or  fee- 
tors  Cab ,  C  \B>  approach  very  near  to  ifofceles 
triangles,  which  are  fimilar  to  one  another,  becaufe 
the  4  atC  is  common  (3.  II).  Therefore  Ca  :  ah 
:  :  CA  :  AB  (13.  II)  and  Ca  :  CA  :  ;  ah  :  AB 
(4.  Proportion).  Now  if  you  fuppofe  BF  divided 
into  more  arches,  equal  to  AB  *,  and  more  radii  CB 
drawn  ;  bf  will  then  contain  as  many  arches  equal  to 
ab .  Therefore  af  is  as  multiple  of  ab ,  as  AF  is  of 
AB  •,  therefore^:  AB  :  :  af  1  AF  (5.  Proportion); 
whence  Ca  :  CA  :  :  af :  AF  (1.  Proportion). 

'  »  * 

PROP.  IX, 

,^§#  The  circumferences  of  circles  are  to  one  another ,  as 
their  diameters . 

For  AF :  circumference  AFG  A  :  4  ACF :  4  right 
angles  (Cor.  7)  : :  JLaCf :  4  right  angles  : :  af  :  cir¬ 
cumference  afga.  And  AFGA  :  fitfga  1  :  AF  :  af 
(4.  Proportion)  : :  CA  :  ca  (Prop,  VIII)  :  :  2CA  : 

Z  Ca  (5.  Proportion). 

—  %  *  ‘  \  * 

Cor.  The  circumferences  of  circles  are  as  tbeir  radiii 
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P  R  O  P.  X. 

Aright  line  AG,  perpendicular  to  the  diameter  AD 
of  a  circle ,  at  the  extreme  point  At  touches  the  circle  in 
that  point  and  lies  wholly  without  the  circle. 

To  any  point  O  in  the  line  GAF*  draw  the  line 
CO  from  the  center.  Then  the  hypothenufe  QC  is 
greater  than  the  fide  AC  (4.  11).  Therefore  O  is 
without  the  circle.  And  fo  it  is  for  any  point  be- 
Tides  A  ;  therefore  the  line  GF  is  entirely  out  of  the 
circle*. 

Cor.  1.  Hence  a  right  line  touches  a  circle  only  in  one 
point . 

Cor.  2.  If  a  right  line  touches  a  circle  in  one  pointy 
it  is  perpendicular  to  the  diameter  in  that  point. 

Cor.  3.  All  circles,  whofe  centers  are  in  the  line  AD, 
and  whofe  circumferences  pdfs  through  the  point  A,  touch 
one  another,  and  the  line  GAF,  in  the  fame  point  A. 

Cor.  4.  Hence ,  if  two  circles  touch  one  another , 
either  inwardly  or  outwardly the  line' puffing  through 
their  centers,  C,  B,  D,  Jhall  alfo  pafs  through  the  point  of 
contaft,  A. 

Otherwife  a  line,  touching  both  circles  in  that 
point,  could  not  be  perpendicular  to  both  diame¬ 
ters. 

Cor.  5.  Two  circles,  can  only  touch  in  one  point. 

From  the  centers  B,  D,  draw  BO,  DO,  to  a  point 
O  in  the  exterior  circle.  Then  in  the  triangle 
BOD ;  DB  4-  SO  is  greater  than  DO  or  DA  or 
PB  +  BA  (5.  II).  Whence  BO  is  greater  than  BA  ; 
therefore  the  point  O,  is  without  the  circle  AE.  In 
like  manner,  drawing  CO  ;  DO  -J-  CO  is  greater 
than  DA  +  CA,  and  CO  greater  than  CA,  there¬ 
fore  O  falls  without  the  circle  AL 

PROP. 
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The  angle  of  contact  between  a  right  line  and  a 
circle  DAI,  is  lefs  than  any  right-lined  angle  whatever , 
DAL. 

Draw  BE  perpendicular  to  AL,  then  the  fide  BA 
oppofite  to  the  right  angle  BEA,  is  greater  than  the 
fide  BE  oppofite  to  the  acute  angle  BAE  (4.  II). 
Therefore  the  paint  E,  and  fo  the  whole  line  AEL, 
falls  within  the  circle. 

Cor.  1.  Hence  the  .angle  of  a  femcircle  BAI  is 
greater  -  than  any  acute  angle  whatever. 

Cor.  2.  The  angle  of  contact  DAI,  is  infinitely  lefs 
than  aright  angle. 

For  if  it  was  in  a  finite  proportion  to  a  right  angle, 
then  an  acute  angle  might  be  found  equal  to  it. 

•  'r'1  ’  '  ,  '  •  I  > 

Cor.  3.  If  any  other  circle  be  defcribed  through  A, 
with  any  radius  greater  than  AB,  it  will  fall  entirely 
between  the  tangent  AD  and  the  circle  AL,  and  make 
the  angle  of  contain  lefs.  And  circles  may  be  defcribed 
ad  infinitum,  which Jhall  only  touch  one  another  in  A  ; 
their  centers  being  all  in  the  line  AB  'produced. 

All  this  appears  by  Cor.  5.  Prop.  X.  compared 
with  this  prop. 

PRO  P.  XII. 

In  a  circle ,  the  angle  at  the  center  is  double  the 
angle  at  the  circumference ,  fianding  upon  the  fame 
arch  \  BDC  =  2BAQ 

Cafe  1.  When  one  fide  AF  pafles  through  the  cen¬ 
ter  ;  in  the  ifofceles  triangle  ADC,*  Z.DA.C  =  DCA 
(3.  II),  and  the  Z.FDC  =■  DAC  +  DCA  ( 1.  II) 

2FAC.  •  ^ 

Cafe  2.  If  the  center  of  the  circle  be  within  the 
angle  BAC  *,  draw  ADF*  then  by  Cafe  1,  FDC  3 

2  FAC, 

\ 
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2FAC,  and  FDB  =  2FAB,  therefore  the  whole 
BDC  =  2BAC. 

Cafe  3.  If  the  center  of  the  circle  be  without 
the  angle,  BAC  ;  draw  ADF,  then  by  Cafe  1, 
FDB  =  2  FAB,  and  FDC  =  2  FAC,  therefore  the 
remainder  BDC  =  2BAC  (Ax.  4): 

Cor.  1.  The  angle  at  the  circumference  ftanding 
upon  any  arch ,  is  equal  to  half  the  angle  at  the 
center ,  upon  the  fame  arch  •,  or  to  the  angle  at  the 
center  upon  half  the  arch . 

Cor.  2.  In  the  fame  or  equal  circle s,  the  angles  at 
the  circumference ,  are  equal ,  which  ftand  upon  equal 
arches  or  equal  cords . 

This  is  plain  from  Cor.  1,  2.  Prop.  VI. 

PROP.  XIII. 

All  angles  in  the  fame  fegment  of  a  circle ,  are  equal , 
DAC  =  DBC,  and  DGC  =  DHC. 

For  Z.DGC  and  DHC  are  each  equal  to  the 
angle  at  the  center,  on  half  the  arch, D ABC.  And 
DAC,  DBC  are  each  of  them  equal  to  the  angle 
at  the  center,  on  half  the  arch  AGHC. 

Or  thus . 

The  Z.DGC  =  iDOC  =  DHC  (Prop.  XII). 
Again,  aDFC  =  DAF  -f  ADF  (1.  II)  =  DBC 
+  BCF  (ibid.),  but  ADF  =  BCF  (Prop.  XII) ; 
,  therefore  DAF  or  DAC  =  DBC  (Ax.  4). 

Cor<  If  the  extremities  of  two  equal  arches  DA, 
BC,  he  joined  by  right  lines ^  DC,  AB ;  they  will  he 
parallel . 

For  Z.BAC  r=  DCA  (Cor.  2.  12),  therefore 
AB,  CD  are  parallel  (Cor.  3.  4.  I). 
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PROP.  XIV. 

2^  angle  ABC  /»  femicircle  is  a  right  angle . 

, .  For  draw  BD  to  the  center,  then  BD A,  BDC 
are  two  ifofceles  triangles,  therefore  DAB  *rr  DBA, 
and  DCB  -  DBC  (3.  II).  .And  DAB  DCB  =-' 
DBA  +  DBC  —  ABC  (Ax.  3)  =.  half  of  two  right 
angles  (2.  II)  =  a  right  angle. 

Cor.  1.  The  angle  ABG,  in  a  greater  fegment 
ABFG,  is  lefs  than  a  right  angle ;  and  the  angle 
ABsS  in  a  lefs  fegment  ABF,  is  greater  than  a  right 
angle. 

This  is  evident  by  infpe&ing  the  figure. 

Cor,.  2.  If  a  line  he  drawn  from  the  middle  of  the 
hypothenufe  (of  a  right-angled  triangle )>  to  the  right 
angle ;  it  cuts  the  triangle  into  two  ifofceles  tri- 
angles . 

PROP.  XV. 

If  two  lines  cutting  a  circle ,  interfell  one  another 
in  A*,  and  there  be  made  at  the  center ,  aECF  =* 
BAD  ; 

Then  arch  BD  +  GH  =  2EF,  if  A  is  within 
the  circle  \  or  arch  BD  —  GH  =  2EF,  if  A  is  with¬ 
out. 


For  draw  HI  parallel  to  GD,  then  DI  =  GH 
(Cor.  13)*,  and  angle  BHI  =  BAD  =  FCF  (4. 1)* 
Therefore  EF .  =  ;BI  (Cor.  1.  12);  and  2EF  = 
BI  ==  BD  +  GH,  when  A  is  within,  but  =  BD 
* —  GH,  when  A  is  without  the  circle. 

Cor.  1.  If  from  a  point  without ,  two  lines  touch 
a  circle  \  the  angle  made  by  them  is  equal  to  the  angle 
at  the  center ,  ftanding  on  half  the  difference ,  of  thefe 
two  parts  of  the  circumference.  .  $  j 


\ 
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This  is  plain,  by  fuppofing  B,  H,  and  G,  D  F  I G* 
to  coincide  in  the  periphery,  then  half  their  diffe-*  105. 
rence  will  be  =  EF, 


Cor.  2.  The  angle  A  =  z_BHD  +  HDG,  when 
A  is  within ;  or  A  ==  BHD  —  HDG,  when  A  is 
•without  the  circle  (1.  II). 

PROP.  XVI. 

In  a  circle^  the  angle  made  at  the  point  of  contact  xo6. 
between  the  tangent  and  any  cord ,  is  equal  to  the 
angle  in  the  alternate  fegment  j  ECF  ==  EBC,  and 
EC  A  =  EGC. 

Through  the  center  O,  draw  the  diameter  COD, 
which  is  r»-  to  CF  (Cor.  2.  10).  The  Z.CED  is 
right  (Prop.  XIV)  ;  therefore  Z.D  DCE  ==  a 
right  angle  (Cor.  2.  2.  II)  ==  DCE  ~p  ECF  *, 
therefore  D  =  ECF,  or  EBC  =  ECF  (Prop.  XIII)* 

Again,  CEG  +  ECG  +  G  =  two  right  angles 
(2.  II)  =  GCF  +  ECG+ECA  (1.  I),  CEG 
4-  G  =  GCF  +  ECA,  but  CEG  =  GCF  (this 
prop.),  therefore  G  =  ECA  (Ax.  4). 

Cor.  A  tangent  to  the  middle  point  of  an  arch ,  is 
parallel  to  the  cord  of  it . 

For  if  arch  CB  =  CE,  then  cord  CB  =z  cord  CE 
(Prop. VI.  and  Cor.  2) ;  Whence  z_E  =  B  =  ECF 
(this  prop.),  whence  BE,  CF  are  parallel  (Cor.  3. 

4*  I)* 


PROP.  XVII. 

If  from  any  point  B  in  a  femicircle ,  a  perpendicular  1 Of* 
BD  he  let  fall  upon  the  diameter ,  it  will  he  a  mean 
proportional  between  the  fegments  of  the  diameter : 

AD  :  DB  : :  DB  :  DC. 


For  drawing  AB,  BC,  the  triangles  ABC,  ABD, 
DBC  are  fimilar,  for  a  ABC  is  right  (Prop,  XIV), 
3  and 


6a  The  ELEMENTS 

FIG.  and  angles  at  D  are  right,  and  BAD  ==  BAC, 

107.  ABD  —  BCD,  and  therefore  DBC  =  BAD.  There¬ 
fore  AD  :  DB  : :  DB  :  DC  (13.  II). 

Cor.  The  cord  is  a  mean  'proportional  between  the 
adjoining  fegment ,  and  the  diameter  ♦,  AD  :  AB  :  AC. 
And  CD  :  CB  :  CA  -ff-.  .  .  * 

This  is  evident  from  the  fimilarity  of  the  tri¬ 
angles.  /  .  ’ 

PROP.  XVIII. 

108.  In  a  circle ,  if  the  diameter  AD  be  drawn,  and  from 

the  ends  of  the  cords  AB,  AC,  perpendiculars  be 
drawn  upon  the  diameter  *,  the  fquares  of  the  cords 
will  be  as  the  ferments  of  the  diameter  ;  AE  :  AF 
:  :  AB2:  AC\  >  o? 

For  AE  x  AD  ==.  AB1  (Cor.  17),  and  AF  x  AD 
=  AC2  (ibid.)  •,  therefore  AB1 :  AC2 : :  AE  x  AD 
:  :  AF  x  AD  : :  AE  :  AF  (Cor.  i.  5.  Proportion). 

\  •  •  j  t~ '  •r"'  •,  v  j  x  •  v.  v 

PROP.  XIX. 

109.  If  two  circles  touch  one  another  in  P,  and  the  line 

PDE  be  drawn  through  their  centers  *,  and  any  line 
PAB  is  drawn  through  that  point ,  to  cut  the  circles , 
that  line  will  be  divided  in  proportion  to  the  diame¬ 
ters-,  PA  :  PB  : :  PD  :  PE.  1  * 

■  1/  *  ' f  •  ■  *.  •  ;  "  v,  ,  ,  *  iyl)])  <  *  ^  x  • 

For  drawing  AD,  BE  ;  the  triangles  PAD,  PBE, 
are  right-angled  at  A,  B  (14),  and  confequently 
fimilar,  therefore  PD  :  PE  :  :  PA  :  PB  (13.  II). 

Cor.  The  arches  AD,  BE  are  fimilar  as  alfo  the 
arches  PA,  PB  and  thefe  arches  are  as  the  whole 
circumferences  of  the  circles ,  or  as  the  diameters 
AD  :  BE  :  :  PA  :  PB  :  :  PD  :  P Ef  tyc. 

They  are  fimilar  bv  Def,  18.  and  proportional 
by  Prop, VI II.  .  .  ;  •  v  r 

‘  '  '  c  *  *  ]  *  If'  f3  dsQ 

PROP. 
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PROP.  XX  .  •  ‘  .  3 

If  through  any  point  F  in  the  diameter  of  a  circle , 
any  cord  CFD  is,  drawn ;  the  roll  angle  of  the  fegments 
of  the  cord ,  is  equal  to  the  reft  tingle*  of  the  fegmenh 
cf  the  diameter  ;  CFD  =  AFB. 

J  ■*  t  ,  r  •  r  7  x  r"\ 

.  v  '  :  :  ♦  r  *N  '  •  .  *  r-  *'/  t 

.  Draw  AC,  BD ;  then  the  triangles  CAF,' BDF 
are  limilar,  for  the  angle  F  is  common,  and.  CAF 
=  BDF,  and  ACF  —  DBF  (Cor.  2.  12)  V-  there¬ 
fore  AF  ;  FC  :  :,FD  :  FB  (13.  II),  and  AF  X.FB 
’=  CF  x  FD  (12.  Proportion). 

-  •  ’  -  '  C  l  *  ■  J  vt  '  *  *  *.  V  '  -  V.  w 

Cor.  1.  Let  O  he  the  center  *,  then  the  re  Wangle 
CFD,  is  equal  to  radius  fqu are  —  the  fquare  of  the 
diftance  from  the  center  j  CFD  =  AO’  —  OFz. 

For  AF  xFB  =  AO  +  OF  x  AO  —  OF,  = 
AO"  —  OF*  (12.  I). 

-  •  •  .  •  •  •  •  '  •  •  /TV "  .  \ 

Cor.  2 .  If  fever al  cords.  CD,  EG,  he  drawn 
through  the  fame  point  F,  the  reft  angles  of  their 
fegments  will  he  all  equal  to  one  another  \  CFD  = 
EFG.  ...  .  r 

For  they  are  all  equal  to  the  redtangle  AFB. 
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PROP.  XXI.  , 

If  through  any  point  F  out  of  -  the  circle  in  the  in. 
diameter  BA  produced ,  any  line  FCD  is  drawn  through 
the  circle  ;  the  rell angle  of  the  whole  line  and ■  the 
external  part ,  is  equal  to  the  r  ell  angle  of  the  whole 
line  paffmg  through  the  center ,  and  the  external  part  *, 

DFC  =  AFB. 

•  *  •••■  ‘  \  .  *  -  i.  ;  4. •  1  ''  *  . 

For  drawing  DA,  CB,  the  triangles  DF A  and 
BFC  are  fimilar;  for  Z.FDA  =;  FBC,  and.  F  is 
common;  therefore  AF  :  FD  ; :  CF  :  FB  (13.  II) ^ 

and  AF  X  FB  =  CF  X  FD. 

Cor. 


V 
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FIG*  Cor.  1.  Let  O  be  the  center ,  then  the  reft  angle 
in.  CFD  is  equal  to  the  fquare  of  the  difiance  from  the 
center  —  radius  fquare  •,  CFD  =  FO*  —  AO1. 

For  AF  x  FB  =s  FO  —  AO  x  FO  +  AO  =3 
FO*  —  AO*  (12.  I). 

Cor.  2.  Let  HF  be  a  tangent  at  H ;  then  the  reft- 
,  angle  CFD  =  fquare  of  the  tangent  FH. 

For  FO*  —  AO*  =5  FO*  —  OH*  =  FH* 
(Cor.  1.  21.  II). 

Cor.  3.  If  fever al  lines  FD,  FG,  are  drawn  from 
the  fame  point  F  \  the  reftangles  of  the  whole  and 
external  fegment ,  will  be  all  equal  to  one  another  j 

CFD  =  EFG. 

For  they  are  all  equal  to  the  reftangle  AFB. 

Cor.  4.  If  from  the  fame  point  F,  two  tangents  be 
drawn  to  the  circle *  they  will  be  equal  \  FH  —  FI. 

For  the  fquare  of  either  of  them  is  equal  to  the 
reftangle  AFB. 

PROP.  XXII. 

112.  If  a  line  PFC  be  drawn  perpendicular  to  the  diame¬ 
ter  AD  of  a  circle  j  and  any  line  drawn  from  A  to 
cut  the  circle  a?id  perpendicular  •  then  the  reftangle  of 
the  diftances  of  the  fe ft ions  from  A,  will  be  equal  to  the 
reftangle  of  the  diameter  and  the  diftance  of  the  per¬ 
pendicular  from  Aj  AB  x  AC  ~  AP  x  AD. 

/  •.  •  *  -  '*  ~ 

For  draw  BD,  and  the  triangles  ABD*  APC 
are  fimilar,  for  l.  at  A  is  common*  and  l.  P  and  B 
are  right  (14)5  therefore  AD  :  AB  ::  AC  :  AP 
(13.  II),  and  AD  x  AP  =  AB  x  AC  (12#  Pro¬ 
portion). 

Cor.  1.  Iff?  F  cuts  the  circle  in  K,  then  AB  X  AC 
s=AK*. 

Cor, 
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Cor.  2.  If  more  lines  AEF  be  drawn ,  #//  the  redf-  f 
angles  EAF,  BAC  are  equal  i 

For  they  are  all  equal  to  the  rectangle  PAD. 


PROP..  XXIII. 

In  a  circle  ED  F  whofe  center  is  C,  and  radius  CE,  i 
if  the  points  B,  A,  be  fo  placed  in  the  diameter  produced , 
that  CB,  CE,  CA  be  in  continual  proportion,  then 
two  lines  BD,  AD  drawn  from  thefe  points ,  to  any 
point  in  the  circumference  of  the  circle ,  will  always  be 
in  the  given  ratio  of  BE  to  AE. 


Draw  DP  perpendicular  to  the  diameter  EF,  then 
DP4  =  EP  x  PF  (i7)=2CExEP— EPS  whence 
AD4  ==  AE  +  EP1  +  PD4  (2i.'II)  =  AE1  +  EPa 
+  2AEP  +  2CEP  —  EP4  (io.  I)  =  AE4  +  2C£ 

X  EP -j- 2 AE  X  EP.  AlfoBD4  =BE-  EP*  + 
PD4  (2i.  II)  =  BE"  —  2BEP  +  EP2,  +  2CEP 
—  EP1  (ii.  I)  =  BE4  +  2CEx  EP  —  2BE  xEP. 

And  fihce  CA  :  CE  :  CB  4-r,  therefore  AE. 
:  CE  :  :  EB  :  CB  (13.  Proportion),  or  AE  :  EB 
:  :  CE  :  CB  (4.  Proportion).  Alfo  AE2  :  EB1  :  : 
CE4  :  CB4  :  :  CA  •  CB  (23.  Proportion)  :  :  CE 
+  AE  :  CE  —  EB  : :  2CE  x  EP  +  2AE  x  EP 
:  2CE  x  EP —  2EB  x  EP  (5.  Proportion).  And 
AE4  :  EB4  :  :  AE4  +  2CE  x  EP  -f  2  AE  X  EP  : 
EB4  -4  2CE  x  EP  — 2EB  x  EP  (10.  Proportion) 


:  :  AD4 
(Cor.  3. 


:  BD!.  And  AE  :  EB  :  ;  AD 
18.  Proportion). 

*  ;  •  ■  - 


BD 


PROP.  XXIV. 


If  D,  C  be  two  points  in  the  diameter  of  a  circle ,  1 
eqUidifiant  from  the  center  O  *,  arid  if  two  lines  be 
drawn  from  thence  to  any  point  E,  in  the  circumference , 
the  fum  of  their  fquares  will  be  equal  to  the  fum  oj  the 
fquares  of  the  fegments  of  the  diameter  Div  +  Civ 

=  AC"  +  CB4. 


.1 
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FIG.  For  draw  EO  to  the  center  O,  then DE2  +  CE4 
J14.  z:  2DO1  4  2 QE2  (28.  II)  x  2AO2  4  2OC2.  But 

AC2  4  CB2  r~  AO  4  OC*  4  AO— OC*  zz  AO2 
+  OC2  +  2AOC  4  AO1  +  OC2  —  2AOC 
(10.  I  ;  =  2  AO2  4.  200  zz  DE2  +  CE2. 

Cor.  1 .  Hence  the  fum  of  the  fquares  of  DE,  CE 
is  equal  to  twice  the  fquare  of  the  radius  *4  twice  the 
fquare  of  the  di (lance  of  one  of  the  points  from  the  cen¬ 
ter  VDE'  4  CE1  =  2 AO2  4-  2OC2. 

Cor.  2.  'The  fum  of  the  fquares  of  any  two  cor - 
refpondent  ones  will  he  equal . 

For  they  are  all  equal  to  the  fame  given  quan¬ 
tity.  ' 

PROF.  XXV. 

It  5.  If  any  cord  PQ Jee  drawn  parallel  to  the  diameter 
AB,  of  a  circle  %  and  from  a  given  point  C  in  that 
diameter ,  the  lines  CP,  CQ  J?e  drawn  to  the  two  ends  of 
the  cord ;  I  fay  the  fum  of  their  fquares  is  equal  to  the 
fum  of  the  fquares  of  the  fegments  of  the  diameter  \ 
CP2  4-  CQl  zz  AC*  4.  CB2. 

For  draw  PS,  QR  to  the  diameter  AB,  then 
PS2  or  QR2  =  PC2  — SC2  =QC2— RC2(2i.II); 

that  is,  PC2  —  SO  4-  OCzz  QC2  —  SO  —  OC* 
or  PC2  —  SO2  —  2SOC  —  OC2  (10.  I)  =  QC* 
—  SO2  4*  2SOC  —  OC2,  becaufe  OlaL  zz  OS . 
Therefore  PC2  zz  QC2  +  4SOC,  but  AC2  4-  CB? 

zz  AOTOC*  +  AO^OC*  zz  2AO2  x  2OC2 
(jo,  11.  I).  But  PC2  —  AO2  +  OC2  +  2SOC. 
(22.  II)  =,  QC2  4  4SOC.  Therefore 

QC2  =  AO2  4  OC2  —  2SOC 
PC2  zz  AO2  +  OC2  4  2SOC 

therefore  PC2  4  QC2  =  2 AO2  4  2OC2  zz  AC! 
4  CB2. 


Cor. 
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Cor.  1.  The  fum  of  their  failures <  PC1  4-  QC*  n  FIG. 
2AGa  +  20CG  *  (  •  1 1 5. 

Cor.  2.  The  difference  of  their  fquaresy  PO  —  QCa 

t=  4SOC. 


Cor.  3.  All  thefe  things  hold  good ,  if  the -point  C  is 
taken  without  the  circle .  ’ , . 

PROP.  XXVI. 


In  a  circle ,  if  a  perp.  DB  be  let  fall  from  any  point  116. 
D,  upon  the  diameter  Cl,  and  the  tangent  DO  drawn 
from  XI ;  then  AB,  AC,  AO,  will  be  continually  pro¬ 
portional. 


Draw  the  radius  DA,  then  the  triangles  ABD, 
ADO,  are  fimilar,  for  the  angles  at  B  and  D  are 
tight  (Con  2.  10),  and  angle  A  common  ;  whence 
AB  :  AD  :  :  AD  :  AO  \  that  is,  AB  :  AC  :  AO-v*. 

-  PROP.  XXVII. 

If  a  triangle  ADC  be  infcribed  in  a  circle ;  and  if  i  j 
BC  be  drawn  parallel  to  the  tangent  AT  ;  then  AB, 

AC,  AD,  are  continually  proportional . 


For  the  triangle  ABC,  is  fimilar  to  ACD •,  for 
L.  D  =  TAG  (16)  ==  ACB  (4.  II),  and  A  is 
common  ;  therefore  AB :  AC  :  :  AC  :  AD  (13.  II). 

Cor.  AD  :  DC  :  :  AC  :  CB. 

PROP.  XXVIII. 

If  a  triangle  BDF  be  infcribed  in  a  circle ,  and  a  1 1  g, 
perpendicular  DP  let  fall  from  D  on  the  oppojite  fide 
BF,  and  the  diameter  DA  drawn  *,  then  as  the  perpen¬ 
dicular y  is  to  one  fide  including  the  angle  D  ;  fo  the  other 
fiicy  to  the  diameter  of  the  circle  5  DP  :  DB  :  :  DF 
•  DAr  ' 

■ '  F  2  For 


r 
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FIG.  For  drawing  AF,  the  triangles  BDP,  and  ADF 
ii  8.  are  fimilar;  for  z_A  =  B  (13),  and  angles  at  P 
and  F  are  right  (14)  ;  therefore  DP  :  DB  :  :  DF 
:  DA  ( 1 3.  II)*  .  *  / 

Cor.  The  reft  angles  of  the  fides  of  ah  infer  ibed 
triangle  ;  is  equal  to  the  reftangle  of  the  diameter ,  and 
the  perp .  on  the  third  fide . 

,  PRO  P.  XXIX. 

1 19.  If  a  triangle  BAC  be  infer  ibed  in  a  circle ,  and  the 
angle  A  bifefted  by  the  right  line  AED  ;  then  as  one 
fide ,  to  the  fegment  of  the  bifefting  line ,  within  the 
triangle  ;  fo  the  whole  bife  fting  line>  to  the  other  fide  5 
AB : AE : : AD :  AC. 

Draw  BD,  then  the  triangles  ABD,  ACE  are 
fimilar  ;  for  z_D  —  C  (Cor.  2.  12),  and  BAD  = 
EAC  (hyp.)  *,  therefore  AB  :  AD  :  :  AE  :  AC 
(13.  II)  *,  and  AB  :  AE  :  :  AD  :  AC  (4.  Propor¬ 
tion). 

*  /  1 

Cor.  If  an  angle  of  a  triangle  (inferibed  in  a  circle ) 
be  bifefted ;  the  reftangle  of  the  fides ,  is  equal  to  the 
reftangle  of  the  whole  bifefting  line  within  the  circle , 
and  the  fegment  within  the  triangle  :  BAC  ==  DAE. 

PROP.  XXX. 

'  \ 

120.  If  a  circle  be  inferibed  in  a  triangle  ABC,  and  lines 
be  drawn  from  the  center  D,  to  the  points  of  contaft 
E,  F,  G  •,  then  any  fegment  BF  or  BE^ joining  to  the 
angle  B,  is  equal  to  half  the  fum  of  the  three  fides  — 
the  oppofite  fide  AC. 

/  For  the  triangles  BDF,  BDE  are  fimilar  and  equal 
(9.  II);  for  z_F  =  z_E  a  right  one  (10),  and 
DE  =  DF,  and  BD  common  ;  whence  BF  =  BE. 
In  like  manner  CF  =  CG,  and  AE  =  AG.  Then 
fince  the  fum  of  the  fides  is  BC  +  CA  +  AB  = 

2BF 
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•  aBF  +  2CG  -j-  2 AG,  therefore  half  the  fum  =  FIG. 
BF  +  CG  +  AG  =  Bb  +  AC,  therefore  BF  =  120, 
ifum  —  AC.  v 

-  Cor.  The  area  of  the  triangle  BAC,  is  equal  to  the 
reft  angle  of  the  radius  DF,  and  half  the  fum  of  the 
three  fides. 

For  the  triangle  ABC  is  made  up  of  the  three 
triangles  ADB,  BDC,  CDA,  whofe  common  hight 
is  the  radius  DF. 

4  *  '  4  •.  .  .  V- 

PROP,  XXXI. 

*  /  v. 

If  a  quadrilateral  A  BCD  he  inferihed  in  a  circle ,  the  *121. 
fum  of  two  oppofite  angles  is  equal  to  two  right  angles  \  . 

ADC  4*  ABC  zz  two  right  angles . 

Draw  AC,  BD,  and  produce  AB  to  E  ;  then  the 
external  angle  CBE  =  BCA  4-  BAC  (1.  II)  = 

BDA  4-  BDC  (13)  1=  ADC;  therefore  CBS  4* 

CBA  rz  ADC  4  CBA  =  2  right  angles  (1.  I). 

Ccr.  If  one  fide  of  a  quadrangle  ( inferihed  in  a 
Circle )  be  produced ,  the  external  angle  EBC  is  equal  to 
the  internal  oppofite  angle  ADC. 

•  »  PROP.  XXXII. 

If  a  quadrangle  he  inferihed  in  a  circle ;  the  re  ft  angle  I22. 
of  the  diagonals ,  is  equal  to  the  fum  of  the  reftangles  of 
the  oppofite  fdes ;  AC  x  BD  =  AB  x  CD  4-  AD 
X  BC.  , 

Make  the  angle  ABF  —  CBD,  then  ABD  “  CBF ; 
and  fince  the  Z.CDB  =  FAB  (13),  the  triangles 
FAB,  and  CDB  are  fimilar,  whence  DC  :  DB 
: :  AF  :  ABX13.  II),  and  CD  x  AB  -  BD  x  AF 
(12.  Proportion),  Alfo  fince  Z.BCF  ~  BDA 
(13),  the  triangles  CBF  and  DBA  are  fimilar; 
whence  CB  :  CF  1  :  DB  r  DA  (13.  II),  and  CB 

F  3  X 


7° 

FIG. 

122. 


:23< 


J23‘ 


ft  ELEMENTS 

X  DA  r=  BD  x  CF  (12.  Proportion).  Therefore 
CD  x  AB  +  CB  x  DA  =  BD  x  AF  -j-BDx  CF 

=  BD  x  AC  (Ax.  g)t  >  V'J 

PROP.  XXXIII. 

A  circle  is  equal  to  a  triangle  whofe  bafe  is  the  circum¬ 
ference  of  the  circle  ;  and  bight >  its  radius . 

-Let  AB  be  equal  to  the  length  of  the  circum¬ 
ference,  and  let  the  circle  touch  it  in  I ;  draw  Cl, 
and  CD  extremely  near  it.  Then  by  reafon  cf  the 
extreme  fmallnefs  cf  the  . arch  DI,  the  fedtor  CD 
coincides  with  the  triangle  CDI,  and  the  arch  with  a 
portion  of  the  right  line.  Now  fince  the  circle 
DEGF  may  be  fuppofed  to  be  made  up  of  fuch 
fedtors'  CDI,  and  the  triangle  ACB  of  as  many 
triangles  CDI  equal  to  the  fedtor  CDI  •,  it  follows 
that  all  thefe  fedtors  are  equal  to  all  the  triangles,  or 
the  circle  DEGF  ~  the  triangle  ABC.  ‘  | 

This  is  alfo  evident  by  the  25.  Ill,  for  a  circle 
may  be  confidered  as  a  regular  polygon  of  an  in¬ 
finite  number  of  tides,  whofe  hight  is  the  radius  of 
the  circle. 

Cor.  'The  fed! or  of  a  circle  is  equal  to  a  triangle , 
whofe  bafe  is  the  arch ,  and  hight  the  radius . 

PROP.  XXXIV. 

The  area  of  a  circle  is  equal  to  the  re  Bangle  of  half 
the  circumference  and  half  the  diameter . 

For  the  circle  EGF  is  equal  to  the  triangle  ABC 
(33),  and  that  triangle  is  equal  to  the  redtangle  of 
half  the  bafe  AB  and  hight  Cl,  that  is,  of  half  the 
circumference  DFGED,  and  half  the  diameter  Cl 
(Cor.  2.  10.  II). 

Cor.  1.  The  feB or  of  a  circle  is  equal  to  the  reB- 
angle  of  falf  the  arch  and  the  radius . 

J  ‘  -  ' Cor. 
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Cor.  2.  Seniors  are  to  one  another  in  the  complicate  FIG, 
ratio  of  their  arches  and  radii.  125. 

'*  For  triangles,  to  which  they  are  equal,  are  in  that 
ratio  (Cor.  1.  11.  II). 


PROP.  XXXV, 

Circles  ( that  is,  their  areas )  are  to  one  another  as 
the  fquares  of  their  diameters . 

»  -ft1' 

For  circumference  EFGE  :  cir,  IHKI  : :  AB  :  CD 
(9)  ;  and  the  areas  of  the  circles  EFG,  and  IHK 


are  - 


EFG  x  AB 


and 


IHK  x  CD 


(34);  therefore  circle 


EF  :  circle  IH  :  :  EFGE  X  AB  :  IHKI  x  CD 
(5.  Proportion)  :  :  .AB1  5  CD1  (7.  Proportion). 


124. 


Cor.  1.  Circles  are  to  one  another  as  the  fquares  of 
the  radii,  or  as  the  fquares  of  the  circumferences , 

N 

For  thefe  are  all  in  the  fame  ratio  (Prop.  IX). 

Cor  2.  A  circle  made  on  the  hypothenufey  is  equal  to 
two  circles  made  alike  on  the  two  fides,  of  a  right- 
angled  triangle . 


PROP.  XXXVI. 

Similar  polygons  defcribed  in  circles,  are  to  one  ano¬ 
ther,  as  the  circles  wherein  they  are  infcribed. 

Draw  CK,  AG,  then  becaufe  fimilar  polygons  124, 
may  be  refolved  into  fimilar  triangles  (Cor.  2.  19. 

Ill),  therefore  AF  ;  AG  :  :  CH  :  CK,  and  AG 
:  AB  : :  CK  :  CD  (13.  Ii),  therefore  AF  :  AB 
:  :  CH  :  CD.  Or  at  once,  AF  :  AB  :  :  CH  :  CD 
(19.  III).  And  polygon  EF  :  polygon  IH  ::  AF1 
:  CH1  :  :  ABf :  CD*  (20.  Ill)  : :  circle  EF  :  circle 
HI  (3S)>  , 

F  4  Cor. 


'  J 


2  '  The  ELEMENTS 

FIG.  Cor.  i.  Like  polygons  infcrihed  in  circles ,  are  as  the 
j-24.  Squares  of  the  diameters . 

Cor.  2.  The  peripheries  of  like  polygons  infcrihed  in 
circles ,  are  as  the  diameters  of  the  circles. 

For  AF  :  CH  :  :  FG  :  HR  :  :  GB  :  KD  :  :  BE 
:  DI  :  :  EA  •  IC  (Def.  12),  therefore  AFGBEA 
:  CHKDIC  :  :  AF"  :  CH  (10.  Proportion)  :  ;  AB 
:  CD  (19.  III). 


PROP.  XXXVII. 

A  circle  is  to  any  circumfcrihed  rectilineal  figure  ;  as 
the  circle's  periphery ,  to  the  periphery  of  the  figure , 

125.  From  O,  the  center  of  the  infcrihed  circle,  draw 
OP  perp.  to  the  fide  AD.  Then  the  figure  AC 
.  confifts  of  the  triangles  ABO,  BCO,  CDO,  LAO* 
whofe  common  hight  is  the  radius  OP.  Therefore 

its  area  - X  OP;  and  the  circle  =  circum¬ 


ference 


PR(T 


x  PO  (34)  5  but 


ABCDA  x  OP 


PRQ.  x  OP 


ABCDA  :  circumference  PQR 


(5,  Proportion). 

Cor.  1 .  Any  polygon  circumfcrihed  about  a  circle ,  is 
equal  to  a  triangle  whofe  hight  is  the  radius ,  and  hafe 
the  circumference  of  the  polygon , 

Cor.  2.  Of  figures  of  equal  compafs^  the  circle  is  the 
bigg  eft  or  moft  capacious. 

For  if  the  Tides  of  the  figure  be  fuppofed  to  touch 
the  circle,  they  will  be  greater  than  the  circumference 
of  the  circle,  contrary  to  the  fuppofition.  There¬ 
fore  they  will  fall  within  the  circle,  and  then  the 
perpendicular  upon  them  will  be  fhorter  than  the 
radius.  And  therefore  the  polygon  will  be  lef$  than 
the  circle,  becauTe  the  triangle  (to  which  it  is  equal) 

'  has 
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has  the  fame  bafe,  and  a  lefs  hight,  than  the  triangle  F  I  G. 
to  which  the  circle  is  equal.  125. 

Cor.  3.  cAli.  figures  circumfcribing  the  fame  circle ,  are 
to  one  another  as  their  circumferences . 


PROP.  XXXVIII. 

—  t  _ 

*The  area  of  a  crown ,  ring,  or  annulus  ABC  ( con¬ 
tained  between  the  circumferences  of  two  circles ),  is 
equal  to  the  rectangle  under  the  breadth  RF,  and  half 
the  fum  of  the  perimeters. 

Let  C,  c  be  the  circumferences  of  the  greater  and 
lefier  circles,  then  KF  :  c  :  :  KR  :  C  (9),  and  KF 
:  KR  :  :  c  :  C  (4.  Proportion),  and  KF  :  RF 
::  c  :  C  —  c  (13.  Proportion),  whence  KF  X 

C  —  c  =  RF  x  c. 

But  the  annulus  =  difference  of  the  circles  = 
RK  x  C  _  KF  x  *  _  RFXC  +  FK^C^FK  x^ 
2  .  '  2  2 

RF  X  c  4-  FK  X  c~~  RF  X  c  +  RF  x  c 


12  6. 


C  + 


X  RF. 


Cor.  If  FG  be  perp .  to  RP,  and  a  mean  proportional 
between  the  two  radii  \  then  the  circle  described ,  with 
the  radius  FG,  is  equal  to  the  annulus  ABC. 

For  FG*  =  KG4  —  KF"  (Cor.  1.  21.  IP)  •, 
therefore  the  circle  whofe  radius  is  FG  is  equal  to 
the  difference  of  the  circles  whofe  radii  are  KG  or 
RR  and  KF  (22.  III). 

PRO  P.  XXXIX. 

Let  ABCD  be  a  trapezium  infcribed  in  a  circle ,  and  127. 
put  R  =  the  radius ,  P  =  AB  x  BC  +  CD  x  DA, 

=  AB  x  CD  +  BC  x  AD,  Tr=AB  x  AD 
+  BC  X  CD.  5 Then  the  area  of  the  trapezium  will 

_  Vpqj 

=  4R  '  .  For 


h 


r 


74 

F  I  G. 
127. 


the  ELEMENTS 
For  =  perp.  fr°m  A  upon  BD  (28), 

and  —  perp.  from  C  on  Bl^  (ibid.), 

,  ABxAD  +  B.CxCD  T  .  ,  r  -  , 

and  — - r - - — -  =  —  js  the  ium  of  the 

2K  2K. 


perpendiculars. 


Therefore 


T  x  BD 
2R 


. 

twice  the  area  of  the 


trapezium  (24.  Ill)  ;  and  in  like  manner 

ABxBC-fADxDC  P  x  AC 

- - ^ - X  AC  or  — TT—  z=  twice  the 

2R  2K 

fame  area.  Therefore  T  x  BD  =  P  x  AC,  and 
AC  =  —^22.  But  AC  x  BD  —  AB  x  CD  4- 

ir  1 

T  x  BD1 

AD  x  CB  (32)  =  Q.  =  -p  ,  and  BD1  = 
PQ-  and  BD  =  Whence  -T  x  BD  - 


T  ’  —  —  v  t  •  ”  2R  “ 

=  £§?  =  £wice  the  area  5  and  the 


area 


VPQT 
4R  * 


Cor .  1.  BD2  =  and  AO  zz 

1  .r 

Cor.  2.  BD  :  AC;:  :  P  :  T  :  :  AB  x  BC  + 
CD  X  DA  ;  AB  X  AD  +  BC  x  CD. 


PROP.  XL. 

127.  If  ABCD  be  a  trapezium  inf  crib  ed  in  a  circle ,  and 
each  fide  be  fubt ratted  from  the  fum  of  the  other 
three *  there  will  be  four  remainders  •,  then  take  the 
produff  of  two  of  thefe  remainders ,  and  likewife  the 
produff  of  the  other  two  ;  I  fay ,  4  times  the  area  of 
the  trapezium  will  be  a  mean  proportional ,  between 
thefe  two  pro  duffs* 


From 
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From  A  let  fall  the  perpendiculars  AF,  AP  FIG. 
upon  CB,  CD.  Then  fince  /_ABF  =  ADC  127. 
(Cor.  31)  ;  the  firft  perp.  fails  without,  and  the 
fecond  within  the  figure,  Alfo  the  angles  JE1,  P,  be¬ 
ing  right,  the  triangles  ABF,  APD,  are  fimilar. 

a  n  v  BF 

Therefore  AB  :  BF  :  :  AD  :  DP  =  (13, 

II),  and  AF  =  VAB*  — FB‘  (21.  II),  alfo  AB  : 

Af) _ 

AF  :  :  AD  :  AP  =  —  FB\  Draw  AC, 

then  ABS  +  BC*  +  2BC  x  BF  =  ACS  =  AD1  + 

Af)  v  BF 

CD*  —  2CD  X  — (22,  23.  II).  Whence 

, — 1  ,  2CD  x  AD  -p» y-, 

2BC  x  BF  + - ~ - X  BF 


AB1  —  BC%  and 
AD2 


AB 

BF 


AD2  -L  CD* 


AD1  4-  CD3  —  AB1  —  BC2 


AB  2AB  x  BC  +  2^D  x  DA 

f  CD*  —  AB1  —  BC1  , 

- - (putting  P  = 


2P 


AB  X  BC  +  CD  x  DA).  And  = 

CD*+2CD  X  AD  -{-  AD2 — ABz4-2ABx  BC  —  BC1 


2P 


CD  +  AD  —  AB  -  —  BC 


and 


AB 


BF 


AB 


AB2-f-  2 AB  x  BC  4-  BC2 — CD2-f-  2CD  x  AD  — -  AD* 

 2p  —  * 


AB  -p  BC  —  CD 


AD' 


2P 

But  twice  the  area  =  AF  x  BC  4-  AP  X  CD 

(24.  Ill)  -  BCVAB1— BFl+  C-— ^A-v/aB1-  BF* 

—  AB  X  BC  +  CD  X  AP./  .  pF,  _ 

aB  ~~ 

n/AB*  —  BF1  5  and  4  x  area  fquare  == 

AB  +  BF  AB  —  BF 
=  PP  X  - TTT -  X  - 


AB 


AB' 


BF2 


AB3 


AB 


AB 


\ 


7b 

F  I  G. 

'127. 


5=  PP  X 
ahTbc! 


The  ELEMENTS 

T"  XD"  —  AB  ~  BC 


CD 


AD 


2? 


x 


2P 


•,  and  16  x  area’ 


CD+AD3 — AB  —  BC’x  AB  +  BC" — CD — AD* 
=  CD+AD  + AB  — BC  x  L.U  +  AD  —  AB  +  BC 


x  AB+BC  +  CD— ADx  AB  +  BC  +  AD— CD 
(12.  I). 

V 

Cor.  IfS  zz  half  the  fum  of  the  four  fides ,  then,  the 
area  is  a  mean  proportional  between  thefe  retlangles 

5  —  AB  x  S  —  BC,  and  S  —  CD  x  S  —  DA. 

CD  -}-  AD  4*  AB  —  BC 


For  area* 


AB 


CD  +  AD  +  AB  +  BC 


X  &e.  but 
-  AB  z 


CD  4*  AD  —  AB  -f  BC 


,  and  fo  of  the  reft. 


PROP.  XL!, 

12S.  If  an  equilateral  triangle  ABC  be  inferibed  in  a 
circle  ;  the  fquare  of  the  fide  thereof,  is  equal  to  three 
times  the  fqi.are  of  the  radius  :  AB*  =:  3  AD*. 

Draw  the  diameter  AE,  and  the  cord  BE.  Then 
the  triangle  BDE  is  equiangular  (Cor.  1.  2.  II), 
for  /.BDE  zz  BAC  (Cor.  1.  12)  =  BCA  zz  BED, 
and  BE  zz  DB  (Cor.  1.  3.  II).  Then  AB1  -f-  BE* 
zz  AE*  (21.  II)  zz  4DB*  zz  4BE*,  and  AB*  zz 
3BE*  zz  3BD\ 


Cor.  1.  AB*  :  AF*  :  :  4  :  3. 

For  AB*  :  AF*  :  :  AE  :  AF  (23.  Proportion) 


r:  4  ••  3- 

Cor.  2.  DF  zz  half  DE. 

Cor.  3.  The  fide  BC  of  the  equilateral  triangle , 
cuts  off  a  fourth  part  of  the  diameter . 

PROP, 


-  / 


j 
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PROP.  XLII.  FIO 

A  fquare  infcribed  in  a  circle ,  is  equal  to  twice  the '  129. 
Square  of  the  radius  ;  AB1  =  2BO\ 

For  AB1  sz  AO1  4-  OB1  (2i.  II)  zz  2AO\ 

«  *  ^ 

Cor.  The  circumfcribed  fquare  EG  is  double  the 
infcribed  fquare ,  AC. 

For  EG  is  the  fquare  of  the  diameter  or  4 
fquares  of  the  radius,  and  therefore  equal  to  two 
gf  the  infcribed  fquares,  ABCD. 


PROP.  XLIII.  ' 

•  _  /  #  ' 

If  two  diagonals  BD,  EC  be  drawn  to  cut  one  ano -  j^o. 

ther^  in  an  infcfibed  regular  pentagon .  The  greater 
fegments  EF,  BF,  will  be  equal  to  the  fide  cf  the  pen¬ 
tagon ,  AB. 

J*  t 

For  fince  the  arch  AE  =  BC,  and  AB  =  ED, 
therefore  EC  is  parallel  to  AB,  and  BD  parallel  to 
AE  (Cor.  13)  ;  therefore  ABFE  is  a  parallelogram, 
and  EF  —  AB  =  AE  =  BF  (1.  III). 

Cor.  1.  The  diagonals  BD,  CE  cut  one  another  in 
extreme  and  mean  proportion ;  BD  :  BF  :  :  BF  :  FDr 

For  z_ DCF  =  CDF  —  CBD  (Cor.  2.  12);  there¬ 
fore  the  triangles  CDF,  CDB  are  Hmilar,  BD  :  DC 
:  :  DC  :  DF  (13.  II);  that  is,  BD  :  BF  :  :  BF 
* :  FD. 

Cor.  2.  The  diagonal  CE  is  par  did  to  AB,  and  BD 
po  AE. 

Cor.  3.  The  fide  of  the  pentagon  BC*  is  to  the.  dia¬ 
gonal  BD,  as  1  to 


the  ELEMENTS 

F I G.  for  BD  x  FD  or  BD  x  BO^BC  =  BF2  (Cor.  i)  % 

130.  that  is,  BD2  —  BD  x  BC  =  BC2 ;  add  ^BC% 

-  BD  x  BC  -f«  ~BC2  -=3  |BC2  j  that  is, 

iBCl  =  5  X  — and  the  root  is  BD 
•jBC  — *  "  and  BD  —  d*  — —  ^  —  BC 


then  BD2 

BF 


X 


1  4*  v^5 


2 


Cor.  4.  The  angle  BCF  is  double  to  the  angle  CBF. 
For  it  ftands  on  double  the  arch* 


PROP.  XLIV. 

I30.  If  a  regular  pentagon  be  infcribed  in  a  circle  %■ 
the  fquare  of  the  radius  AH,  is  to  the  fquare  of 
its  fide ,  AB ;  as  2  to  5  —  <*/£. 

Let  HG  bifeft  AB  in  I,  and  make  IO  =  IG* 
Then  the  angles  AIO,  AIG  are  right  (Cor.  3.  3.  J. 
II).  And  put  R  “  radius  AH.  The  Z.GHA  = 

^  of  a  right  angle  (1.  I),  and  IAH  ~  4  of  a  right 
angle  (Cor.  2.  2.  II}*,  but  IAG  or  IAO  =  pGHA 
(12)  “  4  pf  a  right  angle,  therefore  OAH  zr 
t  of  a  right  angle  (Ax.  4)  n  OHA,  whence  PIO 
=  OA  -  AG.  2R  x  GI  =  GA2  (Cor.  17)  = 

HO2  =  R  —  2qT  =  RR-4RxGI  +  4GP 
(11.  I),  and  4GI1  —  6R  x  GI  +  RR  —  o  (Ax.  3., 
4),  and  GP  —  |R  x  GI  +  iRR  =  o  (Ax.  6) ;  add 
ARR5  then  RR  —  4R  x  GI  +  GI2  =  -^RR  i 

that  is,  -|R  • —  G[‘  =  5  x  —  ,  whence  the  root 


GI  =  —V5,  and 


16’ 
GI  = 


3  —  '/5 


R.  But 


4R  x  GI  —  GP 
—  GP  (17)  = 


=  ^RR.  And  AP 
R  x 


4R  x  GI  4 

& 


iRR 


=  2R  x  GI 
GI  -  GP  — 

ir  x  +  —  = 


GI  + 


J.R 


4 


RR 
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RR  x  -  •  ft™,  and  4AI1  or  AB1  s=  RR  x  - — F I  g. 


79 


8 


130. 


Cor.,  1.  The  fquare  of  the  perpendicular  HI,  upon 

ry  t  / 

the  fide  of  the  'pentagon ,  is  equal  to  ■  ^  —  RR. 


For  HI1  =  R*  —  AI*  =  SR1  — 5^4- V  5  •  RR 


3  4  f  5 

8 


RR. 


Cor.  2.  The  fquare  of  radius  AH,  is  to  the  fquare 
of  the  diagonal  BD,  as  1  to 


2BD 


(Cor.  3.  43),  and 


AB 


For  BC  or  AB  = 

i4*/5 

=  4BD»  (lo.  I}  =  _4BD2 


1  +  fs 

and  AB*  =  RR  x 
«• 

4BD1  2bd* 


14542V5 
5  —  i/S. 


=  RR  x  — 


^42v/5 
(44),  therefore 

and  2BD* 


15451/5-3^5-5 


6  -j-  2^5  34v/5 

=  RR  X  x  jq— g  _  RR  x 

{Cor.  1.  8.  I)  st  RR  x  .  that  is,  BD! 

=  RRx 

2 

*Cof>  3.  If  CE  he  the  -diagonal  of  the  pentagon , 
find  OLD  he  drawn  ;  then  DL  =  R  x 


5  —  s/S 


For  DL  = 


v/S 


DE1 

DF 


5  — v/5 


(Cor.  17)  =  RR  x  4_i 


4 


(44). 


PROP. 


/ 
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131.  The  fide  of  a  regular  hexagon  infer ibed  in  a  circle , 
is  equal  to  the  radius  of  the  circle :  BE  —  BD. 

For  Z.BDE  —  ^  of  four  right  angles  (Cor.  f. 
I)  zr  4  of  two  right  angles.  And  the  angles  B 
and  E  together  zn  ^  of  two  right  angles  (2,  II), 
whence  BED  —  4  of  two  right  angles  (3.  II)  zi 
BDE*,  therefore  BE  ~  BD  (Cor,  i.  3.  II). 


PRO  P.  XLVI. 

132.  The  fquare  of  the  fide  of  a  regular  0 51  agon ,  in-, 
feribed  in  a  circle  \  is  equal  to  the  fquare  of  half  the 
fide  of  the  inferibed  fquare ,  together  with  the  fquare 
of  the  difference  of  that  half  fide  and  the  radius  \ 

AW  =  AP’  +  OB  —  AP\ 

For  AB1  rz  AP1  +  PBf  (21.  II),  but  Z.PAO  pz 
POA  (Cor.  1  *  12)-,  therefore  PO  z=  AP,  and 
BP  =  OB  —  OP  =  OB  —  AP;  and  AB2  z: 

OB  —  AIji  +  AP\ 

Cor.  The  fquare  of  radius ,  is  to  the  fquare  of  the 
fide)  of  the  0 51  agon. ;  as  1  to  2  — V2. 

For  AP  m  ~  AO%  and  PB*  zzz  BO  —  AP  zr 


BO— AOv-iz  zr  BO 


2BOXAO  AO* 

— —  +  -2- 


iiAOz  —  AOVj ,  add  AP1  ir  iAO1,  and  AP4 
+  BP1  or  AB1  =.  zAO’-  —  AOWI. 


P  R  O  P.  XLVII.  •  * 

J33.  The  radius  of  a  circle  is  a  mean  proportional,  be¬ 
tween  the  fide  of  an  inferibed  regular  decagon,  and  the, 
fum  of  that  fide  and  the  radius-,  AB  :  DA  : :  DA  : 

DA  +  AB. 

Pro^ 


f 


,/  i 
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Produce  AB  to  F,  fo  that  BF  may  be  £  BD  fig. 
and  draw  DF,  DB.  Then  Z.APB  =4  of  two  133. 
right  angles,  and  therefore  DAB  and  DBA  toge¬ 
ther  £  4  °f  two  right  angles  (2.  II),  and  ABD 
rb  4  of  two  fight  angles  (3.  II)  =2  BDF  +  BFD 
(1.  II)  =  2BDF  (3.  II)-,  therefore1  BDF  of  BFD 
zz  4  of  a  right  angle  £  ADB.  Therefore  the  tri¬ 
angles  ADB,  and  ADF  are  fithilar,  for  F  £  ADB  - 
and  A  is  common,  whence  AF  or  AB  BD  ; 

AD  : :  AD  :  AB. 


Gor.  x.  If  the  radius  be  cUt  in  extreme  and  mean 
ratio ,  the  greater  fegment  is  the  Jide  of  the  decagon , 

AB.  '  ' 

For  fince  AB  -f1  AD  i  AD  :  t  AD  :  AB. 
Therefore  AB  :  AD  AD  —  AB  :  AB  (13.  Pro* 
portion),  or  AD  :  AB  :  :  AB  :  AD  —  AB,  there¬ 
fore  AD  is  cut  in  extreme  and  mean  proportion 
(Def.  11,  Proportion). 

Cor.  2.  The  radius  is  to  the  fide  of  the  decagon  ■,  as 

2  tof$-~l. 

For  AB*  -f  AB  X  AD  £  AD1  (12,  Proportion), 

add  4AD%  then  AB1  +  AB  x  AD  +  4  AD1  = 

AD 

4 AD1  (Ax.  3),  and  AB  +  4 AD  =  --V5,  and 

AB  £  <■**  —  *  and  2AB  x=  AD  x 

2  2 


>s  l 


Cor.  3.  The  fquare  of  the  perpendicular  upon  the 
fide  of  a  dec  agon ,  is  ~ X  the  fquare  of  the 
radius * 

For  4AB  =  rad.  x  ~  ~J.  and  its. fquare  £ 

»  T  -  N*  A  k 

G  AD* 


/ 
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and  the  fquare  of  the  perpend. 


8 


zz  AD1  —  AD1  x  - 


Zi  -  AD1  x  5  +  '/5 


8 


PROP.  XLVIII. 


8 


The  fquare  of  the  fide,  of  a  regular  'pentagon  infcribed 
in  a  circle ,  is  equal  to  the  fum  of  the  fquares  of  the 
radius ,  and  of  the  fide  of  a  regular  decagon ,  infcribed 
in  the  fame  circle  \  AB1  =  FA1  +  AO1. 

Draw  OG  perpendicular  to  the  cord  FA,  to 
cut  it  in  G,  and  draw  FH.  The  triangles  ABO, 
HBO  are  fimilar-,  for  z_AOB  zz  f  of  4  right 
angles,  or  ~  of  2  right  angles  (1.  I),  alfo  BAO 
and  ABO  are  together  z  {  of  2  right  angles 
(2.  II),  and  therefore  BAO  z  rV  of  2  right  angles, 
but  BOG  (zz  -J  AOB)  zz  x  t  °f  2  right  angles 
zz  fo  of  2  right  angles,  therefore  BAO  zz  BOG, 
and  B  is  common  j  whence  AB  ;  BO  : ;  BO  :  BH 
BOa 

AB* 

Again,  the  triangles  AFH  and  ABF  are  fimilar, 
for  l  A  =  AFH  (3,  II),  and  z.  A  zz  B  (Cor.  2.  12), 

AF1 

therefore  BA  :  AF  : :  AF  :  AH  zz  --nr  \  therefore 

Ai> 

AFa  4-  BO1 

AB  =  AH  +  BH  zz  or  AB1  zz  BO1 

+  AF*. 

Cor.  The  perpendicular  01  upon  the  fide  of  the  pen - 
tagon ,  is  equal  to  half  the  fum  of  the  radius  and  fide 

of  the  decagon  \  OI  zz  ~ 


For  01  -  OF 

aOF1  —  F 


FI 


2 

20F1 


2OF  x  FI 


2OF 


2UF 


(Cor.  17).  And  fince  AO1  zz  FA1  + 

*  '  ~~  "  AO 


/ 
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AO  x  AF  (47),  therefore  AOa  —  FA*  — :  AO  x  F  I  G. 
AF,  and  2FO1  —  FA1  =  FO*  -j-  AF  x  FO,  and  134. 
AF+FO  20F*  —  FA*  _T 

- - ». ~  ■  ~-i — —  ZZ!  Wli 

2  20  F  . 

t  •-  • 

PROP.  XLlX. 

%  f  v 

The  fide  of  a  regular  dodecagon  infer ibed  in  a  circle ,  i  J54 
is  a,  mean  proportional  between  the  radius ,  and  the 
excefs  of  the  diameter  above  the  fide  of  the  inferibed 
equilateral  triangle .  ‘  .  ,  ■ 

Let  AB  be  a  fide  of  the  dodecagon*  and  draw 
CB,  CF,  and  DF  the  fide  of  the  triangle,  and 
FR  perpendicular  to  AC.  Then  ACF  zz  f  of  2 
right  angles  —  CAF  zz  CFA  (2.  II),  therefore 
ACF  is  an  equilateral  triangle,  and  AO  zz  ~ AC, 

and  CO  zz  vAAC1  (Cor.  39.  II),  and  BO  zz 
CA  —  CO  zz  CA  —  and  BO^  zz  CAZ 

+  ±CAZ  —  2CA  x  f}CAz  =  ifCAz  —  CAV3 
(11.  I),  and  AB1  =  AO’  +  OB*  (21.  Ill) N zzz 
iAC*  +  i-JAC*  — .CAV3  =  2AG1  —  CAVj^ 
Therefore  CA  :  AB  ::  AB  :  2CA  — CAV3. 

But  2CA  is  the  diameter,  and  CA  x  •Js  —  fide 
DF  of  the  equilateral  triangle  (41)* 

Cor.  The  fide  of  the  dodecagon ,  AB  zz  CA  X 

V2  — *  V  3*  .  \ 

PROP.  L. 

If  ABH  be  an  equilateral  triangle ,  and  APDFG  136. 
an  equilateral  pentagon ,  inferibed  in  a  circle *  both 
placed  with  their  angles  dt  A ;  then  the  cord  B  D 
will  be  the  fide  of  an  equilateral  qUindecagon ;  and 
BI  will  be  half  the  difference  of  the  fides  of  the  tri¬ 
angle  and  pentagon ,  and  DI  {perp.  to  BH)  is  the 
difference  of  the  perpendiculars  in  the  two  figures  j  and 
BD*  zz  BP  +  DP. 

G  2 


For 
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-F  I  G.  'For  arch  AP  zz  *  zz  T3r  the  circumference,  and 
APD  zz  -£s-  of  it-,  alfo  APB  zz  4  zz  TST  the  cir¬ 
cumference  ;  therefore  APD  —  APB  zz  the 
circumference  and  the  cord  BD,  the  fide  of  the 
quindecagon  *,  moreover  DI  zz  CO  —  CE,  is 
known  from  Cor.  Prop.  XLIV.  and  Cor.  2-.  Prop. 

XEI.  Alfo  BI  zz  — - — s  which  will  be  known 

2 

by  Prop.  XLI,  anjd  Prop.  XLIV  v  and  thence  BD* 
zz  Bp  4*  DlVwiU  be  known. 


B  OO  K 


/ 
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.yd- 
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BOOK  V. 

Of  Planes,  and  folid  Angles. 


DEFINITIONS. 


i.  /\  Plane  is  a  furface  which  lies  even  between 
the  extremes ;  or  in  which  all  right  lines 
coincide. 

2.  A  curve  furface ,  is  that  whofe  parts  lie  not 
even  between  the  extremes  -9  but  gradually  rife 
or  fall. 

3.  A  convex  furface ,  is  that  which  fwells  or  rifes 
up  towards  the  middle. 

4.  A  concave  furface ,  is  that  whofe  middle  parts 
are  hollow,  or  fall  lower  than  the  extremes. 

5.  A  right  line ,  is  faid  to  be  perpendicular  to  a 
plane,  when  it  is  perpendicular  to  all  lines,  drawn 
to  the  foot  of  it,  as  AB. 

6.  The  common  fettion  of  two  planes,  is  the  line 
made  by  two  planes  cuting  each  other,  as  EF. 

7.  One  plane  is  faid  to  be  perpendicular  to  ano¬ 
ther,  when  it  pafles  through  a  right  line  which  is 
perpendicular  to  the  other,  as  CD. 

8.  The  inclination  of  a  line  to  a  plane,  or  the 
angle  it  makes  with  it,  is  the  angle  that  line  makes 
with  a  line  drawn  from  the  foot  of  it  to  the  point 
where  a  perpendicular,  let  fall  from  the  top,  cuts 
the  plane,  as  FCL 

9.  The  inclination  of  two  planes,  is  the  angle 
made  by  two  right  lines ;  both  drawn  perpendicu¬ 
lar  to  the  common  fe&ion,  from  any  point  there- 

G  3 
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FIG.  in;  as  z_BFD  is  the  inclination  of  the  planes, 

149.  AB,  CD. 

This  is  the  angle  which  the  planes  make  with 
one  another. 

145.  10.  Parallel  planes  are  thofe  which  are  every¬ 

where  at  the  fame  diftance  from  each  other,  as 

AC,  EG.  ' 

150.  .  11.  A  folid  angle  is  a.  fpace  bounded  by  feveral 

plane  angles,  meeting  in  one  point,  called  the 

angular  point  or  ‘vertex,  as  A. 

P  R  O  P,  L 

>37.  .  V  a  right  lute  in  a  plane  he  produced ,  it  will  ft  ill 
he  in  that  plane . 

For  produce  BC  in  the  plane  AD,  diredtly  to 
E  *,  and  if  BCF  be  alfo  a  right  line,  then  BCE  and 
BCF  are  both  right  lines-,  and  you  have  two  right 
lines  BCF,  BCE,  with  the  part  BC  the  fame 
in  both  contrary  to  the  nature  of  a  right  line 
(Def.  5. 1).  A 

Cor.  7 .  If  two  diftant  points  of  a  right  line  he  in 
a  plane,  all  the  line  is  fo . 

PROP.  II, 

X 1 8 .  If  two  right  lines  GIT,  IK,  interfett  one  another , 

they  are  in  the  fame  plane . 

For  imagine  A,  and  B,  to  be  in  one  plane  with 
C;  then  the  line  IACK,  as  alfo  HBCG,  and  all 
the  points  between  A  and  B,  are  in  one  plane 
( Prop.  I.  and  Cor.).  And  the  like  for  all  other  lines 
as  AB,  drawn  between  GCH,  and  ICK. 

/  j  y 

Cor.  Every  pari  of  a  triangle  is  in  the  fame  plane , 


PROP. 


I 
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PROP.  III. 

If  two  planes  AB,  CD,  cut  one  another  their 
common  felt  ion  EF  is  a  right  line .  * 

For  draw  the  line  EF  in  the  plane  AB,  then  any 
point  G  of  that  right  line,  is  in  the  plane  AB  ( i )  but 
becaufe  the  line  EF  (drawn  between  the  two  points 
/  E,  F,  in  the  plane  CD)  is  alfo  in  the  plane  CD-, 
any  point  G  of  that  line  will  be  in  the  plane  CD. 
Therefore  G  being  in  both  planes,  will  be  in  their 
common  fe£tion  and  their  common  fedtyon  EGF 
is  confequently  a  right  line. 

PROP.  IV. 

If  a  right  line  AB  he  perpendicular  to  two  lines  IK, 
GH,  at  the  point  of  interjection  B  then  is  the  line 
AB  perpendicular  to  the  plane  FD  puffing  through 
them. 

*  Let  BI  zz  BG  zz  BK  =  BH,  and  draw  GI, 
HK,  LM,  AI,  AL,  AG,  AH,  AM,  Alt  The 
triangles  ABI,  ABG,  ABH,  ABK,  are  all  equal 
(6.  II),  and  AI  =  AG  —  ATI  zz  AK,  Alfo  the 
triangles  GBI,  HBK  are  equal  (6.  II),  and  GI 
=  KH,  Z-G  zz  Z-H.  Alfo  the  triangles  LBG, 
MBH  are  equal  (7.  II),  and  BL  zn  BM,  and  GL 
=  HM.  And  the  triangles  AGI,  AKH  are 
equal  (8.  II)  ;  and  confequently  Z.AGI  — 
zAHM;  whence  the  triangles  AGL,  AHM  are 
equal  (6.  II),  and  AL  =  AM.  Alfo  the  tri¬ 
angles  ABL,  ABM  are  equal  (8.  II),  and  z_ABL 
=  ABM  =  a  right  angle.  And  therefore  AB 
is  perp.  to  LM. 

/  •  %  . 

Cor.  If  a  right  line  AB  he  perpendicular  to  fever al 
lines  meeting  in  B,  as  IB,  LB,  GB thefe  lines  are 
all  in  one  plane . 
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y  i  g.  For  if  any  of  them  was  out  of  the  plane,  AB 
140*  would  make  an  angle  with  it,  greater  or  Jefler  than 
. ,  a,  right  angle. 


PROP.  V. 

' '  ■ ,  ' 

*4$f  Two  right  lines ,  AR,  CD,  perpendicular  to  0 
plane ,  are  parallel^ 

\ 

Make  BDI  a  right  angle,  and  DI  :=  AB,  and 
draw  BI„  A  I,  AD*,  AB  is  to  BD  (Def.  y,)  % 
and  l  ABD  =  BDI ;  therefore  the  triangles  ABD, 
DBI  are  equal  (6,  II),  and  AD=  BI.  Then  the  ^ 
triangles  ADI  and  ARI  are  equal  (8.  II) ;  and 
ABI  =  ADI  =  a  right  angle.  Therefore  ID  is 
-u  to  DC,  DA,  DB ;  and  therefore'  all  three 
arc  in  one  plane  (Cor.  4).  Therefore  AB,  CD 
are  in  the  fame  plane  (Cor.  Prop.  II),  and  are 
Jikewife  parallel  (Cor.  3.  4.  I). 

Cor.  1.  Two  parallel  lines.  AB,  CD,  are  in  the 
jam  plane , 

Cor.  2.  A  line  drawn  from  one  parallel  to  another % 
it  in  the.  fame  plane  with  them . 

By  Cor,  i,  and  Cor.  to  Prop.  I, 

Cor.  3.  Through  one  point,  there  can  he  drawn 
hut  one  line  perpendicular -to  a  plane* 

PROP.  VI. 

541.  If  one  AB,  rtf  two  parallels,  he  perpendicular  to  a 
plane  \  the  other  will  alfo  he  perpendicular  to  it . 

Suppofe  as  in  the  laft  Prop,  then  the  angles 
IDA,  IDB,  are  right.  Therefore  DI  is  to  the 
plane  ADB,  in  which  AB,  CD  are  (Cor.  1 .  5)  j 

there- 
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therefore  ID  is  to  CD  •,  but  CDB  =  a  right  angle.  FIG. 
Therefore  CD  is  to  the  plane  EG.  141. 

PROP.  VII. 

4  v,  ■  -  \ 

If  FI  be  perpendicular  to  the  plane  DE,  and  FC  142., 
perpendicular  to  a  line  AB,  drawn  in  that  plane  \ 
then  the  line  Cl  joining  their  feffions ,  is  alfo  perpen¬ 
dicular  to  the  line  AB, 

For  firft,  fuppofe  CB  -J-  to  Cl,  draw  IG  parallel 
to  CB,  then  IG  being  -1-  to  Cl  and  FI,  is  to 
the  plane  CF1  (4)  •,  and  ACB  is  alfo  to  the 
plane  FCI  (6) ;  therefore  BC  is  to  Cl  and  to 
CF,  And  on  the  contrary  being  -1-  to  CF,  it  is 
alfo  -J-  to  Cl  •,  otherwife  it  could  not  be  -1-  to  the 
plane  FCI  $  nor  its  parallel  GI. 

t  .  9  y. 

PROP.  VIII. 

Right  lines  AH,  Cl,  parallel  to  the  fame  right  143. 
line  EG,  though  not  in  the  fame  plane ,  are  parallel 
to  one  another . 

«  ‘ '  -  ,  • 

In  the  plane  of  the  parallels  AH,  EG,,  let  HG 
be  to  EG.  Alfo  in  the  plane  of  the  parallels  . 

EG,  Cl,  draw  GI  -J-  to  EG.  Therefore  EG  is 
rJ-  to  the  plane  HGI ;  therefore  AH,  Cl  are  alfo 

to  the  fame  plane  HGI  (6),  whence  AH  and 
£1  are  parallels  (5). 

PROP.  IX. 

If  two  planes  AB,  CD  be  perpendicular  to  one  an -  1  *44'’ 
Other  \  and  from  any  point  P  in  one ,  a  perpendicular 
PN,  be  let  fall  to  the  other  \  it  fhall  fall  upon  the 
common  fettion  FI, 

For  the  line  PN  -i-  to  the  common  fedlion,  is 
-1-  to  the  plane  AB  (Def.  7),  and  if  another  perp. 

Could  be  drawn  which  falls  not  upon  the  cbmmon 

fe&ion  i 
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FIG.  fedtion  ;  then  two  perpendiculars  might  be  let  fall 

144.  from  one  point,  which  is  abfurd  (Cor.  3.  5). 

*  r 

Cor.  A  line  N  P  in  one  plane,  perpendicular  to  the 
common  fell  ion  of  two  perp .  planes ,  will  be  per p,  to  the 
other  plane, 

PROP.  X. 

145.  'Thofe  planes  AC,  EG,  are  parallel,  when  the  fame 
right  line  IK,  is  perpendicular  to  both . 

Draw  DL  parallel  to  IK,  and  draw  ID,  KL ; 
then  fince  the  angles  LKI  =  KID  (hyp.)  =  IDL 
(6)  =  a  right  angle,  therefore  KLD  is  a  right 
angle  (1 6,  III)  j  therefore  ID  is  parallel  to  KL 
(Cor.  3.  4.  I) ;  whence  1KLD  is  a  parallelogram, 
and  IK  =  DL,  therefore  AC  is  parallel  to  EG 
(Def,  10). 

Cor.  If  a  right  line  is  perpendicular  to  one  of  two 
parallel  planes,  it  is  perpendicular  to  the  other. 

PROP.  XI. 

14 5.  If  two  parallel  planes  AC,  EG,  be  cut  by  a  third 
IL  *,  their  common  fe Elions  are  parallel  ID,  and  KL. 

For  it  was  proved  in  the  laft  prop,  that  IDLK  is  a 
parallelogram,  and  that  ID  and  KL  are  parallel. 

Or  thus . 

Let  the  plane  IBED  cut  the  parallel  planes  AC, 
EG,  in  the  fe&ions  ID,  BE.  Now  if  ID,  BE  be 
not  parallel,  or  equidiftant,  they  will  meet  fome 
way ;  and  confequently  the  planes  wherein  they  are 
placed,  mull  meet,  which  is  abfurd. 

Con  If  a  line  VO  be  parallel  to  the  plane  EG  ;  all 
planes  drawn  through  this  line  ID,  Jhall  inter  fell  the 
plane  EG  in  lines  parallel  to  ID,  and  to  one  another , 

For 


Book V.  0/  GEOMETRY.  9 

For  KL  is  parallel  to  ID,  and  BE  is  parallel  to  ID,  FIG. 
and  therefore  KL,  BE  are  parallel  to  one  ano-  143. 
ther  (8),  •  . 

PROP.  XII. 

Right  lines  AQ^  BR ,  cut  by  parallel  planes ,  G,  H,  I, 
are  cut  proportionally  \  AC  :  CE  :  :  BD  :  DF. 

Draw  AB,  EF  *,  and  BE  to  cut  the  plane  H  in  P. 

Then  in  the  planes,  BEF,  EAB,  the  fedtions  PD, 

EF,  as  alfo  CP,  AB,  will  be  parallel  (11);  there¬ 
fore  in  the  triangles  BEF,  EAB  ;  AC  :  CE  :  :  BP 
;  PE  :  :  BD  :  DF  (12.  II). 

Cor.  The  fegments  of  parallel  lines ,  cut  off  by  paral¬ 
lel  planes ,  are  equal.  -+ 

PROP.  XIII. 

If  two  lines  AB,  AC,  cuting  one  another^  be  parallel  147. 
to  two  other  right  lines ,  ED,  DF,  cuting  one  another , 
though  not  in  the  fame  plane  5  thefe  lines  will  make  equal 
angles  \  BAC  =  EAD. 

Let  AB  =  DE,  AC  =  DF,  and  draw  BE,  AD, 

CF,  and  alfo  BC,  EF.  Since  AB,  DE  are  parallel 
and  equal,  therefore  BE,  AD  are  equal  and  parallel 
(Cor.  3.  5.  I).  For  the  fame  reafon  CF,  AD,  are 
equal  and  parallel.  Therefore  BE,  FC  are  paral¬ 
lel  and  equal  (Prop.  VIII.  and  Ax.  1).  There¬ 
fore  BC  is  equal  and  parallel  to  EF  (Cor.  3.  5.  I). 

The  triangles  BAC,  EDF,  have  all  their  fides  equal, 
therefore  Z.BAC  =  EDF  (8.  II). 

PROP.  XIV. 

If  two  lines  AB,  AC,  which  meet  one  another ,  be  148. 
parallel  to  two  other  lines  DE,  DF,  that  alfo  meet  one 
another i  though  not  in  the  fame  plane  •,  the  planes  BC, 

EF,  drawn  through  them ,  will  be  parallel , 


Let 
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F  I  G.  Let  AG  be  perpendicular  to  the  plane  EF,  and 

14^.  GH,  GI  parallel  to  DE,  DF  ;  then  GH,  G!  will  be 
parallel  to  AB,  AC.  And  fince  IGA,  HGA  are 
right  angles,  CAG,  BAG,  will  be  right  angles' 
(4,  i) ;  therefore  GA  is  to  the  plane  BC,  and 
fince  it  is  -1-  to  the  plane  EF  (conftrudh),  therefore 
the  planes  BC,  EF  are  parallel  (io). 

PROP.  XV. 

149.  If  two  planes  AB,  CD,  which  cut  one  another ,  he 
both  of  them  perpendicular  to  a  third  plane  GH  ; 
their  common  fellion  EF,  Jhall  alfo  be  perpendicular  to 
the  third  plane ,  GH. 

For  a  perpendicular  to  the  plane  GH,  at  the  point 
F  (in  the  common  fedtion  of  the  planes  AB,  GH), 
mult  be  fome where  in  the  plane  AB  (Def,  7). 
Alfo  a  perpendicular  at  F  (in  the  common  fedlion  of 
the  planes  CD,  GH),  muft  be  fomewhere  in  the  plane 
CD  (ibid.)  *,  therefore  it  muft  be  in  their  common 
fedtion  i  that  is,  the  common  fedfcion  EF  is  to  the 
^  plane  GH. 

* 

Cor.  I* he  common  fellion  EF  will  be  perpendicular  to 
FD,  or  FB,  the  fellion  of  either  plane  with  the  third . 

PROP.  XVI. 

150.  In  a  fold  angle  A,  cont anted  under  three  plane  ones9 
BAD,  DAC,  B AC ;  any  two  of  them  is  greater  than 
the  third. 

Let  BAC  be  the  greateft,  and  let  4  BAE  := 
BAD,  and  AD  =  AE.  And  draw  BEC,  BD, 
DC.  The  triangle  BAE  =  BAD,  for  BA,  AE 
are  equal  to  BA,  AD,  and  4  BAE  =  BAD,  there¬ 
fore  BE  —  BD,  and  AE  =■  AD  (6.  II).  But  . 
BD  +  DC  is  greater  than  BC  (5.  II),  and  DC 
greater  than  EC,  And  fince  AD  =  AE,  and  AC 

■  common. 
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common,  Z.CAD  is  greater  than  CAE  (Cor.  6.  XI)*  F  I  G. 
Therefore  BAD  +  GAD  is  greater  than  BAC  150. 

PROP.  XVII. 

Every  folid  angle  is  contained  under  lefs  plan:  angles  151. 
than  four  right  angles, 

Suppofe,  a  plane  to  cut  the  fldes  of  the  angle,  and 
to  make  a  polygon  BCDE,  to  confift  of  as  many 
triangles,  as  there  are  to  make  up  the  folid  angle  A. 

Let  X  —  fum  of  all  the  external  angles  of  the 
polygon  B,  C5  D,  &c.  Y  ==  fum  of  all  the  angles 
at  the  bales  of  the  triangles  compofmg  the  folid 
angle,  EBA,  ABC,  &c .  Then  will  X  +  4  right 
angles  =  Y  +  A  (2.  II).  But  fince  EBA  -f  ABC 
is  greater  than  B  (16),  therefore  Y  is  greater 
than  X,  and  confequently  A  is  lefs  than  4  right 
angles. 

PRO  P.  XVIII* 

Thefe  folid  angles  are  equal  A,  G;  which  are  con-  151, 
t ained  under  the  fame  number  of  plane  angles ,  alike  152. 
fttuated \  and  having  the  fame  inclinations ,  refpeftively . 

For  fince  aBAC=:HGI  ;  CAD  =  IGK,  GSV. 
therefore  if  HGI  be  laid  upon  BAC,  they  will  coin¬ 
cide,  and  Gl  will  fall  upon  AC.  Alfo  if  IGK  be  laid 
upon  CAD,  they  will  likewife  coincide.  And  more¬ 
over,  fince  the  inclination  of  the  planes  HGI  and 
KGI  is  the  fame  as  BAC  and  DAC  ;  therefore  the 
folid  under  HGIK  will  exa&ly  coincide  with  that , 
under  BACD.  For  the  fame  reafon  the  folid,  under 
the  planes  IGKL  and  CADE,  will  likewife  concide 
and  alfo  the  folid  under  KGLH  and  DAEB  will 
coincide  •,  and  thofe  under  LGHI,  and  EAEC,  will 
coincide  ;  and  fo  the  whole  folid  angle  G  will  coin- 
'  cide  with  the  whole  folid  angle  A,  and  confequentlj7 
they  are  equal  (Ax.  8). 

2 
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PRO  P,  XIX. 

FIG.  Jf  two  folid  angles  A,  B,  be  contained  under  three 
I53>  plane  angles  reflectively  equals  and  alike  fituated  \  the 
* 5 4-  like  planes  have  the  fame  inclination  to  one  another . 


Let  ziKAD  =  MBG,  KAE  =  MBH,  and 
EAD  =  HBG  ;  the  z.  made  by  KAD  and  KAL, 
will  be  equal  to  that  made  by  MBG  and  MBN* 
For  make  BM  =  AK,  and  let  KD,  KL  be  -1-  to 
AK,  and  MG,  MNA  to  BM.  Draw  LD,  NG  ; 
in  the  triangles  KAD,  MBG,  z.  KAD  =  MBG, 
and  K,  M  right,  and  AK  =  BM  *,  therefore 
KD  =  MG,  and  AD  =  BG  (7.  II).  For  the  fame 
reafon,  in  the  triangles  KAL,  MBN  ;  KL  =  MN, 
and  AL  =  BN.  And  in  the  triangles  LAD,  NBG ; 
LA,  AD  are  equal  to  NB,  BG,  and  z.  A  =  B, 
therefore  LD  ~  NG  (6.  II).  In  the  triangles 
KLD,  MNG  *,  the  three  Tides  are  equal  ;  therefore 
Z_DKL  ~  Z.GMN,  which  are  the  inclination  of 
the  planes.  And  the  fame  way  it  is  demonftrated 
for  the  other  planes. 


Cor.  Thefe  folid  angles  are  equal ,  which  are  con¬ 
tained  under  three  plane  angles ,  r effectively  equal. 

For  the  planes  of  thefe  angles  will  have  the  fame 
inclination  to  one  another  relpe&ively  (19);  and 
confeqnently  the  folid  angles,  contained  thereby,  will 
*'be  equal  (18). 


Scholium. 

It  is  evident  from  hence,  that  a  folid  angle,  con¬ 
fiding  of  3  planes,  is  determined  from  the  quantity 
of  the  3  plane  angles  it  confifts  of.  For  (fig.  153), 
the  triangle  KLD,  which  is  its  bafe,  is  determined 
from  the  three  Tides,  KL,  LD,  KD,  being  given. 
And  if  the  point  A  be  alfo  given  ;  the  planes  AKL, 
ALD,  AKD,  are  capable  of  no  alteration  in  their 

pofition  i 
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pofition;  and  fo  the  folid  angle  A  is  determined »  FIG. 
But  although  a  folid  angle  of  3  plane  angles  is  deter- 
mined  from  ,the  quantity  of  the  angles  alone  *,  yet  ■ 
when  4  or  more  planes  are  concerned,  the  quantity 
of  their  angles  is  not  fufficient.  This  will  be  plain  • 
by  infpedting  fig.  155.  Where  the  bafe  of  the  folid  155. 
angle  A,  is  the  trapezium  BCD  I.  .  For  the  4  fides 
of  the  trapezium  alone  are  not  fufficient  to  determine 
its  figure*,  and  by  altering  its  figure,  the  pofition  of 
the  planes  is  altered  (though  the  feveral  angles  are 
not),  and  confequently  the  quantity  of  the  folid 
angle  A,  is  altered.  So  that  the  folid  angle  can  no 
more  be  determined,  from  the  plane  angles  given  ; 
than  a  trapezium  can,  by  having  all  its  fides  given  ; 
and  much  lefs  can  it  be  fo  in  polygonal  angles  and 
bafes. 

PROP.  XX. 

If  there  he  two  folid  angles  A,  G,  and  the fides  of  one ,  j 
AB,  AC,  AD,  AE,  he  r  effectively  'parallel  to  the  fides  \gi. 
GH,  GI,  GK,  GL,  of  the  other ;  thefe  folid  angles 
will  he  equal* 

For  fince  AB,  AC,  are  parallel  to  GH,  GI ; 

Z.BAC  =  HGI  (13)  ;  for  the  fame  reafon  z_CAD 
=  IGK,  DAE  =  KGL,  EAB  =  LGH.  More¬ 
over,  as  AB,  AD  are  parallel  to  GH,  GK ; 
Z-BAD  —  HGK,  therefore  the  folid  angle  made  by 
the  three  planes  BAC,  CAD,  BAD,  is  equal  to  that 
made  by  the  three  planes  HGI,  IGK  and  HGK  / 
(Cor.  19).  For  the  fame  reafon  the  folid  angle  made 
by  the  three  planes  CAD,  DAE,  CAE  is  equal  to 
that  made  by  IGK,  KGL,  IGL.  And  for  the  fame 
reafon  the  folid  angle  A  made  by  DAE,  EAB  = 
folid  angle  G  made  by  KGL,  LGH.  And  folid 
angle  made  by  EAB,  BAC  =  folid  angle  made  by 
LGH,  HGI.  Whence  all  the  parts  of  the  folid 
angles  A,  G,  being  mutually  equal,  and  having  a 

like 


1 


96 

FIG. 

151. 

152. 
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like  fituation  ;  the  whole  angle  A,  muft  be  equal  to 
the  whole  angle  B. 

Cor.  In  two  folid  angles  A,  G,  whofe  planes  B  AC, 
CAD,  &c.  are  refpe^lively  parallel  to  the  planes  HGI, 
1GK,  &c.  thefe  folid  angles  will  be  equal . 


For  it  comes  to  the  fame  thing,  whether  the 
lines  AB,  GH,  be  parallel,  or  the  planes  BAC, 
HGI,  &V.  (i4).v 

\ '  •  -  •  *  *■  i 
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BOOK  VI. 

Of  Solids. 

NVatf ■*' !  . .  •  v. 


DEFINITIONS.  ' 

U  *  it  »V  9  t  » 

v  ^  |K  f  .  i  '  ‘  x  ‘ 

i;  \  Pyramid ,  is  a  folid  ABD,  made  by  the  mo-  FIG. 

tion  of  a  line  as  AB,  along  the  circum-  1 55. 
ference  BCDIB  of  the  plane  figure  BD,  the  other 
end  at  A,  remaining  fixt.  T  he  figure  BCDJ  is 
called  the  bafe  of  the  pyramid.  The  fixt  point  A  is 
the  vertex.  If  the  bafe  be  a  triangle,  it  is  a  trian-  150. 
'  gular  pyramid  •,  if  a  polygon,  a  multangular  pyramid. 

2.  A  cone  is  a  folid  generated  by  a  line  AB  moving  1  ^6; 
about  the  circle  BCD,  the  end  A  remaining  fixt.  The 
vertex  is  the  fixt  point  A.  The  axis  is  the  line  AO 
drawn  from  the  vertex  to  the  center  O  of  the  circle. 

The  bafe  is  the  circle  BCD.  The  fide  is  AB  or  AD. 

It  is  called  a  right  cone ,  if  the  axis  is  perpendicular  to 
the  bafe  ;  other  wife  an  oblique  or  fcalene  cone.  An 
equilateral  cone ,  is  a  right  cone  whole  fide  is  equal  to 
the  diameter  of  the  bale. 

i 

3.  A  cylinder  is  a  folid,  formed  by  a  line  FB 
moving  about  two  equal  and  parallel  circles,  fo  as 
that  the  moving  line  always  keep  parallel  to  the  line 
PO  joining  their  centers.  The  circle  FG  or  BD  is' 
called  the  bafe.  *  The  line  PO,  drawn  between  the 
centers  of  the  circles,  is  the  axis.  If  the  axis  is  per¬ 
pendicular  to  the  bafe,  it  is  a  right  cylinder  ;  if  not, 
an  oblique  one .  FB  or  GD  is  the  fide,  if  the  fide  of 
a  right  cylinder  be  equal  to  the  diameter  of  the  bale, 
it  is  called  an  equilateral  cylinder, 

«■'  r  .  H  •  '  4*  A 
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FIG.  .4.  A prifm  is  a  folid,  as  ACEH,  whofe  ends  are 

159*  two  fimilar  equal  plane  figures,  and  parallel  to  one 
another;  and  the  Tides,  are  parallelograms.  The 
bafe  is  the  plane  figure  at  either  end  A  BCD  or 
HGEF.  If  all  the  Tides  are  perpendicular  to  the 
bafe,  it  is  a  right  prifm  \  otherwife  an  oblique  one . 

158.  If  the  bafe  is  a  triangle,  it  is  a  triangular  prifm  \  if 
a  polygon,  a  multangular  prifm . 

Cor.  A  cylinder  is  a  prifm  of  an  infinite  number  of 
'  Jides. 

160.  5.  A  parallelopipedon  is  a  prifm  contained  under 

fix  plane  figures,  whofe  bafes,  and  oppofite  Tides  are 
^parallel,  as  ABD.  If  the  Tides  are  all  perpendicular 
to  the  bafes,  it  is  an  upright  parallelopipedon  \  if  not, 
an  oblique  o?ie, 

j6t.  6.  A  cube  is  a  folid  contained  under  fix  equal 
fquares,  Tet  perpendicular  to  one  another,  as  AB. 

7.  A  polyedron ,  is  a  folid  contained  under  feveral 
rectilineal  figures. 

8.  A  regular  folid  or  body ,  is  a  folid  contained 
under  fotne  number  of  equal  and  regular  plane 
figures  of  the  fame  fort ;  otherwife,  they  are  irregu¬ 
lar  bodies . 

160.  9.  Hight\  of  a  folid,  is  the  perpendicular  falling 

from  the  vertex  or  top,  upon  the  bafe,  as  BP. 

10.  Fruftum ,  of  a  folid,  is  the  lower  part,  cut  off 
by  a  plane  parallel  to  the  bafe. 

1 1 .  Similar  pyramids ,  are  thofe  contained  under 
fimilar  plane  figures,  equal  in  number,  and  alike 
placed. 

12.  Similar  folids  are  thofe  which  are  made  up  of 
an  equal  number  of  fimilar  pyramids,  alike  placed: 
or  which  may  be  refolved  into  fuch. 

13.  Area ,  is  the  quantity  of  the  fuperficies  of  any 
plane  figure. 

14.  Bodies  are  Taid  to  touch  one  another,  when 
they  meet,  but  do  not  cut  or  enter  into  one  another. 
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PROP.  I. 

J  $ 

In  any  parallelopipedon  EH,  the  cppofite planes  AE, 
HB,  are  fimilar  and  equal  parallelograms . 


FIG. 

162. 


The  plane  AC,  cuting  the  parallel  planes  AG, 
DB,  make  the  fe£tions  AH,  DC  parallel  (11.  V). 
And  the  fame  plane  AC,  cuting  the  parallel  planes 
AE,  HB,  make  the  fe<5tions  AD,  HC  parallels 
(ibid.) ;  therefore  ADCH  is  a  parallelogram.  By 
the  fame  reafoning,  all  the  other  planes  are  parallelo¬ 
grams.  Therefore BG  =  CH  =  DA  =  EF  (1.  ill). 
And  fince  DA,  AF  are  parallel  to  CH,  HG  ; 
therefore  Z.DAF  =  CFIG  (13.  V)  ;  therefore  the 
parallelogram  AE  zz  HB  (Ax.  8),  having  equal 
Tides  and  angles.  And  the  fame  way  it  is  fhewn 
of  the  other  oppofite  planes. 


prop.  ir. 

If  a  prifm  HC,  be  cut  by  a  plane  parallel  to  thebafe  163. 
AC ;  the  feffion  EG,  will  be  fimilar  and  equal  to  the 
bafe . 


Since  AE,  BF,  CG,  DI  are  parallel  (Def.  4),  and 
the  plane  ABFE  is  cut  by  the  parallel  planes  AC, 
EG,  the  fedtions  AB,  EF  will  be  parallel,  there¬ 
fore  ABFE  is  a  parallelogram,  and  EF  =  AB 
(1.  III).  For  the  fame  reafon  FG  =  BC ; 
GI  =  CD,  and  El  =  AD.  And  fince  AB,  BC 
are  parallel  to  EF,  FG  *  Z.ABC  =  EFG  (13.  5). 
After  the  fame  manner  /_C  =  G,  and  I  =  D,  and 
E  =  A.  Whence  the  figure  EFGI  is  fimilar  and 
equal  to  ABCD  (Ax.  8),  having  the  Tides  and  angles 
all  equal. 


Cor.  If  a  parallelopipedon  be  cut  by  a  plane  parallel 
to  any  fide  *,  the  feflion  will  be  fimilar  and  equal  to  that 
fide . 

'  *  1  ’  1 

FI  *2- 


For 


The  ELEMENTS 

For  in  that  folid,  any  fide  may  be  taken  for  the 
bafe  (i): 

PROP.  Iii. 

The  furface  of  any  poly  e dr  on ,  is  equal  to  the  fum  of 
the  areas  of  all  the figures  that  inclofe  it . 

For  all  thefe  figures  make  up  the  furface,  there¬ 
fore  the  fum  of  their  areas  is  equal  to  the  area  of 
the  whole  (Ax.  2). 

Cor.  1.  <The  furface  of  a  pyramid  is  equal  to  the  fum 
of  all  the  triangles  inclofing  it>  together  with  the  bafe . 

Cor.  2.  The  furface  of  an  upright  prifm  AE,  is 
equal  to  the  rectangle  of  its  hight ,  CE,  and  the  circum¬ 
ference  of  its  bafe ,  GEFH. 

For  all  the  fides  are  redangles  of  the.  fame  hight, 
all  which  are  equal  to  a  redangle,  whofe  bafe  is  the 
fum  of  all  thefe,  and  hight  the  fame  (8.  III). 

Cor.  3.  'The  furface  of  any  regular  body  is  equal  to 
the  area  of  one  of  the  faces>  multiplied  by  the  number 
sf  them . 

PROP.  IV. 

The  curve  furface  of  a  right  cylinder  AD,  is  equal 
to  the  rectangle  of  its  hight ,  and  the  circumference  of  the 
bafe :  BD  x  CKDC. 

Suppofe  FK,  OI  to  be  drawn  upon  its  furface 
parallel  to  the  axis,  and  extremely  near  together. 
Then  the  part  of  the  furface  OK  is  equal  to  the  fmall 
parallelogram  OIKF,  or  OI  x  IK  (Cor.  2.  6.  III). 
In  like  manner  the  whole  furface  may  be  divided  into 
fuch  parallelograms,  the  fum  of  all  which,  will  be 
=  the  fum  of  ali  the  lICs  x  OI;  that  is,  the  curve 
furface  will  be  =  the  circumference  CKDC  x  OI. 

Cor. 
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Cor.  i.  The  curve  furface  of  a  right  cylinder ,  is  FIG. 
equal  to  a  circle  whofe  radius  is  a  mean  proportional  he -  1  64. 

tween  the  fids  AC,  diameter  of  the  bafe  CXd. 

For  let  R,  C  be  the  radius  and  circumference  of 
this  circle,  A  its  area.  Then  AC  :  R  :  :  R  :  CD 
(hyp.),  and  AC  :  tR  :  :  2R  :  CD  (Cor.  3.  12.  Pro¬ 
portion)  : :  C :  circumference  CKDC  (9.  IV).  There¬ 
fore  AC  X  CKDC  —  iRC  ;  that  is,  the  furface  of 
the  cylinder  —  A  (34.  IV). 

Cor.  2.  As  half  the  radius  of  the  bafe  :  to  the 
fide  :  :  fo  the  bafe  of  the  cylinder  :  to  its  curve  furface . 


For  the  bafe 
CD  x  CKDC 


CD  x  CKDC 


(34.  IV),  and 


:  furface  AC  x  CKDC  :  :  ;  AC 

4  >  4 

(Cor.  1.  5.  Proportion). 


Cor.  3.  The  curve  furface s  of  right  cylinders ,  are  in 
the  complicate  ratio  of  the  bights ,  and  diameters  of  the 
bafes.  > 


For  their  equal  rectangles  are  in  that  ratio  (Cor.  2. 
8.  Ill),  and  the  diameters  are  as  the  circumferences 

(9-  IV). 


prop.  v. 

The  curve  furface  of  a  right  cone ,  is  equal  to  the  area  165. 
of  a  triangle ,  whofe  bight  is  the  fide  AB,  and  bafe  the 
circumference  of  the  cone's  bafe ,  BKDB. 

Take  the  very  fmall  arch  IK,  and  draw  AI,  AK. 

Then  the  part  of  the  furface  AIK  coincides  with  the 
fmall  ifofceles  triangle  AIK,  whofe  bafe  is  IK,  and 
bight  AI  In  like  manner  the  whole  curve  furface  of 
the  cone,  may  be  fuppofed  to  conlifc  of  fuch  triangles, 
whofe  common  hight  is  AI,  and  bafes  fo  many  KI’s. 

AH  which  triangles  are  equal  to  the  triangle  whole 

H  3  hight 
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FIG.  hight  is  AI ;  and  bafe,  the  fum  of  all  the  IK’s,  or 
165.  the  circumference  BKDB  (Ax.  2). 


» 

.»• 


1  1 


Cor.  1.  The  curve  furface  of  a  right  cone  is  equal  to 
half  the  rectangle,  of  the  fide  AB,  and  circumference 
of  the  bafe ,  BKDB. 


For  half  of  that  redtangle  is  equal  to  a  triangle  of 
the  fame  hight  and  bafe  (7.  III). 

Cor.  2.  The  curve  furf  ace  of  a  right  cone  is  equal  to 
a  circle ,  wh of e  radius  is  a  mean  proportional' between  the 
fide  AB,  and  the  radius  of  the  bafe  BC. 


For  the  conic  fur  face 


AB  x  BKDB 


and  the 


area  of  the  bafe  BD  = 


BC  x  BKDB 


(34,  IV).  Let 


the  radius  R  =  v^aB  x  BC,  its  area  =  A.  Then 

AB  x  BKDB 


conic  furface  :  circle  BD 
BC  x  BKDB 


.  :  AB  :  BC  (Cor.  1.  5  Proportion) 


:  :  AB  x  BC  :  BC2  (5.  ibid.). 

And  circle  BD  :  circle  A  :  :  BC2  :  R2  or  AB  x  BC 
(Cor.  35.  IV).  Therefore  conic  furface  :  circle  A  : : 
AB  x  BC  ;  AB  x  BC  ( 1 5  Proportion).  Therefore  the 


conic  furface  —  circle  A,  whole  radius  is  V AB  x  BC 
(Ax.  7.  Proportion). 


Cor.  3.  In  a  right  cone,  as  the  radius  of  the  bafe 

BC  :  to  the  fide  AB  : :  fo  the  area  of  the  bafe  BD  :  to 

the  curve  furface  of  the  cone  ABD. 

_  .  .  BC  x  BKDB  AB  x  BKDB  „ 

For  it  is  — — — - : - : :  BC  :  AB. 


Cor.  4.  The  curve  furf  aces  of  right  cones ,  are  in 
the  complicate  ratio  of  the  fdes  and  diameters  of  the 
bdfeSo 


For 
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For  the  equal  triangles  are  in  that  ratio  (Cor  i.  FIG. 
ii.  II),  and  the  diameters  are  as  the  circumferences  165. 
(9.  IV). 

Cor.  5.  The  curve  fur  face  of  a  right  cylinder ,  is  to 
the  curve  furface  of  a  right  cone ,  on  the  fame  bafe  ;  as 
the  fide  of  the  cylinder ,  to  half  the  fide  of  the  cone. 

PROP.  VI. 

The  curve  furface  of  the  fruftum  of  a  right  cone  P  D,  1 66. 
is  equal  to  half  the  re  ft  angle  under  the  fide  PB,  and  the 
fum  of  the  circumferences  of  the  bafes ,  PE,  BD. 

Produce  BP,  DE  to  A,  and  compleat  the  cone  ; 
then  from  A  draw  OI,  FK  exceeding  near  one  ano¬ 
ther,  then  the  fmall  part  of  the  curve  furface  OK, 
falls  in  with  the  fmall  trapezoid  OFKI,  whofe  area 

is  X  OI  (23.  III).  And  as  all  the  furface 

of  the  fruftum  may  be  divided  into  fuch  trapezoids, 
therefore  its  furface  is  =  fum  of  all  the  trapezoids 

=  fum  of  all  the - - x  OI  = - -■ - 

o  O 

X  OI. 

Cor.  The  curve  furface  of  the  fruftum  of  a  right 
cone ,  is  equal  to  a  circle ,  whofe  radius  is  a  mean  pro¬ 
portional  between  the  fide  PB,  and  the  fum  of  the  radii 
of  the  bafes ,  BC  PH. 

For  let  R  =  radius,  C  rr  4  circumference,  of  the 
circle  equal  to  the  furface  of  the  cone  ABD.  And 
r  —  radius,  c  =  ~  circumference  of  the  circle  equal 
to  the  furface  of  the  cone  APE.  And  fince  R  :  C 

C  c 

v  :  :  r  ;  c  (9.  IV),  let  ^  =  —  =  0,  or  C  =  R 0,  and 

K  r 

c—rn.  The  triangles  AFH,  A3C  are  fimilar,  and 
BC  :  PH  :  :  BA  :  PA  (13.  II),  and  BC  —  PH 

H  4  :  PH 
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FIG. 

1 66. 
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:  PH  :  :  PB  :  PA  =  (13.  Proportion) ; 

but  furface  of  the  cone  ABD  —  RC  =  »RR  =  n 
X  ABx  BC  (Cor.  2.  5)  —  nx  AP  4-  PB  x  BC 

PIJ  vy  DO 

=  n  X  Fc-£CpTI  +  PB  :■  x.  BC  =  *  x 

PH  x  PB  +  BC  x  PB  —  PH  x  PB 
- - BC=- m - X  BC  =  »  X 

BC  x  PB,  '  ■; 

BC  —  PH  X 

Alio  furfacc  of  the  cone  APE  —  rc  —  nrr  —  n 


flD  dt'  re-  \  PH  X  PB  X  PH 

X  Ai  X  Pn  (Cor.  2.  5)  —  n  x  — BC  —  PH — " 

Therefore  their  difference,  or  the  furface  of  the 

c  a  .  BC1  x  PB  PH1  x  PB 

fruitum  js  nx  jjg-— —  nx  =  »  X 

_  PR1  _ _ _ 

EB  x  ~%r~ZZ~YW  “  n  x  X  BC  -t-  PH  (12.  I) 
=  the  circle  whole  radius  is  VPB  x  BC  +  PH, 
and  circumference  n  x  vQB  X  4-  PH. 


PROP.  VII. 

167.  ^doe  fur  faces  of  fimilar  fclids  AD,  PS, 

fquares  of  their  homologous  fides ,  AB2  PQ2. 

Draw  the  diagonals  AC,  PR.  Then  fince  the 
bodies  are  refoivable  into  fimilar  pyramids  (Def.  12), 
which  are  contained  under  fimilar  plane  figures 
(Def.  11).  Let  the  planes  inclofing  them,  be  ABC, 
PQR,  and  AGC,  FIR,  £s?r.  which  being  fimilar,  it 
is  AB  :  PQj  :  AC  :  PR  :  :  AG  :  PI  :  :  GE  :  IT, 

&c.  (13.  II)  ;  and  fince  AB1  :  PQ)  :  :  triangle 

ABC  :  PQR  (18.  II),  and  AC2  :  PR*  :  :  ACG 
:  PR  I  •,  and  AG2  :  PI*  :  :  trapezium  AE  :  PT 
(20.  Ill);  and  GE3  :  IT2  :  :  GD  :  IS,  {fic.  therefore 
«  AB2  :  PQf  :  :  ABC  :  PQR  :  :  ACG  :  PRI  :  :  AE  : 
PT  :  :  GD  *.  IS  &c.  whence  AB2  :  PQ2  :  :  BG  + 
AE  4-  GD  &c,  :  QI  -f  IT4*  IS  &c.  (10.  Propor¬ 
tion)  :  :  furface  of  AD  :  furface  of  PS.  Cor. 


y. 
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Cor.  Similar  farts  of  the  fur  faces  of  fimilar  folids,  FIG. 
arc  as  the  fquares  of  the  homologous  fides.  l&7* 

p  r;o  p.  viit. 

Aright  triangular  prifm  ABCFHE  is  equal  to  an  168. 
oblique  one  AP  lor  HD,  of  the  fame  length  AH,  con - 
tamed,  withigi  the  fame  three  parallel  lines  EP,  HA,  FI, 
or  the  planes  faffing  through  them. 

For  AH  =  PD  =  BE  =  IG  =  CF  (1.  Ill), 
whence  PB  =  DE,  IC  =  GF,  and  AP,  AB,  AC, 

A1  being  parallel  to  HD,  FIE,  HF,  HG  (Cor.  3. 

5.  1),  the  lolid  angle  A  =  folid  angle  H  (20.  V). 

For  the  fame  realbn  the  lolid  angles  at  P,  B,  C,  I, 
are  refpedively  equal  to  thofe  at  D,  E,  F,  G.  And 
Fince  the  Tides  are  all  equal,  each  to  each,  therefore 
the  twofolids  APBCl  and  HDEFG  will  exadly  coin¬ 
cide,  and  be  equal  the  one  to  the  other  (Ax.  8)  ; 
and  therefore  the  redangled  prifm  HEFCAB  the 
oblique  one  HDG1AP. 

*  A 

Cor.  1.  If  a  par alldopif  e don  AB,  be  cut  by  a  plane  169. 
paffmg  through  the  diagonals  of  the  oppofite  planes  \  it 
Jhall  be  cut  into  two  equal  parts. 

For  the  triangle  CGF  -  CBF,  and  DAE  =  DHE 
(X.  Ill)  X  and  the  length  A (p  ==  length  BH  ;  there¬ 
fore  if  the  two  prifm?  CFA,  and  CFH  be  laid  fo, 
that  H  may  coincide  with  A,  and  EHB  with 
DAG,  their  planes  will  concide,  and  each  of  them 
being  oblique,  is  equal  to  a  right  one  of  the  fame 
length  (8). 

Cor.  2.  Hence  any  prifmatic  folid  cut  obliquely  by 
parallel  planes,  is  equal  to  the  fame  cut  off  at  right  angles , 
and  of  the  fame  length . 

For  any  fuch  folid  may  be  divided  into  triangular 
prifms,  by  planes  palling  through  both  ends  of  the 

folid. 
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FIG.  folid.  And  each  triangular  prifrn  cut  obliquely, 
169.  is  equal  to  one  of  the  fame  length,  cut  at  right 
angles  (8). 

PROP.  IX. 

170-  V  a  parallelopipedon  AS,  be  cut  by  a  plane ,  pajfing 
through  O  the  middle  of  the  diameter  CQ-,  the  plane 
bifefts  it. 

Let  the  diagonals  AD,  BC  cut  each  other  in  F  ; 
and  RQ,  FS,  in  I.  Draw  the  axis  FI,  which  cuts 
CQJn  O,  becaufeBCRQJsa  parallelogram  (2.  and 
Cor.  3.  Ill)  5  and  FO  =  OI.  Let  the  plane 
EHQVX  be  parallel  to  ABDC.  Then  the  paral- 
lelopip.^  AX  =  half  AS.  Let  any  plane  GTOLN 
pafs  through  O.  And  let  the  folid  be  cut  by  the 
two  planes  ADSP,  and  CBQR,  into  four  triangular 
prifms. 

The  two  oppofite  folids  OTGEH  and  OLNXV, 
are  equal  ;  for  the  fides  are  parallel  (11.  Vj,  and 
equal  (Cor.  3.  111).  And  therefore  the  folid  angles, 
at  the  correfpondent  points,  are  equal  (  20.  V);  there¬ 
fore  the  folid  EOG  =  XON.  Therefore  in  the  op¬ 
pofite  prifms  AC  I,  and  BDI,  the  folids  contained 
between  the  planes  EVXH  and  GTLN,  are  equal. 
And  it  is  proved  the  fame  way,  that  the  folids,  in 
the  oppofite  prifms  ABI,  and  DCI,  contained  be¬ 
tween  the  planes  EVXH  and  GLNT,  are  equal. 
And  therefore  fince  AX  is  half  the  parallelop.  the 
plane  GTNL  cuts  off  half  the  parallelop.  or  divides 
it  into  two  equal  parts. 

Cor.  The  axis  FI,,  and  diagonal  CQ,  b  if  eft  epch 
other . 

For  they,  are  both  in  the  parallelogram  BCR  CL 
(Cor.  3.  III). 

PROP* 


1 


✓ 
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P  R  O  P.  X.  fig. 

Parallelopipedons  upon  the  fame  hafe  CD  FI,  and  171. 

< between  the fame parallel planes^  CWDand  BHVOLA, 
are  equal. 

The  triangles  LAI  and  KEF  are  equal  and  fimi- 
lar  (6.  H) ;  and  the  prifm  KEFDQH  =  LAICBG * 
fubtradl  the  common  folid  ErLQrG,  and  the 
folid  AIrEBCjQ^=i  LrFKGfDH  ;  add  the  prifm 
IrFCfD,  and  the  folid  paral.  CDFIQEAB  = 
CDFIHKLG  upon  the  fame  bafe  ID. 

Again,  the  triangles  FVK  and  DMH  are  fimilar 
and  equal  (6.  11),  and  the  prifm  FVKIOL  = 
DMHCLG;  fubtradl  the  common  prifm  M/KP;zLt 
and  the  folid  FVM/IOP/z  ~  D/KHC/zLG  *,  add  the  * 
prifm  DF/CI/z,  and  the  folid  par.  FVMDIOPC  = 
DFSHCILG  =  CDFIQEAB. 

prop.  xr. 

Parallelopipedons  of  equal  hafes  and  bights  are  172. 
equal. 

»  ,  _ . 

Let  the  parallelogram  AGIC  be  the  bafe  of  the 
parallelopiped.  Draw  BH,  DF  parallel  to  AG,  AC. 

The  folid  pip.  upon  the  bafe  AGI  =  that  on  the  bafe 
ACI  (Cor.  1.  8);  andfolids  on  ABE  and  EFI,  are 
=  thofe  on  ADE,  and  EHI  (ibid.).  Take  the  two 
laft  from  the  firft,  and  there  remains  the  folid  on 
DH  ==  folid  on  BF.  But  parallelogram  DH  —  BF 
(4.  III).  Therefore  folid  pips,  on  equal  bafes  and 
hights  are  equal,  when  the  angle  at  E  is  the  fame. 
Moreover,  the  pip.  on  the  bafe  BCEF  is  equal  to 
that  on  the  bafe  EOPF,  and  the  fame  hight  (Cor.  2. 

8)  ;  reckoning  OP  or  EF  the  length  of  the  folid. 

Whence  the  parallelopip.  on  the  bafe  DH,  is  equal 
Jp  the  pip.  on  the  bafe  EP,  and  hight  the  fame. 


PROP. 


7 he  ELEMENTS 


10S 
F  I  G. 

*73- 


VS- 


P  R  O  P.  XII. 

Parallelopipedons  of  the  fame  bight  are  in  propor¬ 
tion  as  their  hafes . 

Let  BN  be  the  bafe  of  a  parlopip.  divide  the 
bafe  into  any  number  of  equal  parts  at  D,  E,  F, 
G,  &c.  and  draw  planes  |j  to  ABC-,  then  the 
parlopips.  Handing  upon  CD,  DE,  EF,  &V. 
will  be  all  equal  ( 1 1 )  *,  whence  the  pip.  AK  is  as 
multiple  of  AD,  as  the  bafe  BK  is  of  the  bafe  BD, 
alfo  the  pip.  LN  is  as  multiple  of  AD,  as  the  bafe 
ON  is  of  BD.  Whence  it  will  be  as  pip.  AK  :  pip. 
LN  : :  bafe  BK  :  bafe  ON  (Def.  4.  Proportion). 
Moreover,  let  the  bafe  PQ^be  —  ON,  and  hight 
QR  —  AB,  then  the  pip.  PR  ==  LN  ( 1 1 ),  whence 
pip.  AK  :  pip.  PR  :  :  bafe  BK  :  bafe  PQ^  % 

Cor.  1.  Parallelopipedons  of  equal  hafes  are  as 
their  bights. 

For  in  redlangled  ones,  any  fide  or  face  may 
be  taken  for  the  bafe  *,  and  rightangled  ones  are 
equal  to  oblique  ones,  between  the  fame  parallel 
planes  (10). 

Cor.  2.  Parallelopipedons  are  to  one  another >  in  the 
complicate  ratio  of  their  hafes  and  bights. 

PROP.  XIII. 

If  two  parallelopipedons ,  AD,  FI,  he  equal ;  their 
hafes  and  bights  are  reciprocally  proportional  \  AC  : 

FH  :  :  HI  :  CD. 

Suppofe  the  fides  CD,  HI  perpendicular  to  the 
bafes,  and  make  HM  =  CD.  Then  bafe  AC  : 
bafe  FH  : :  folid  AD  or  FI  :  folid  FM  (12)  :  :  HI : 
HM  or  CD  (Cor.  1,  12).  And  if  the  pips,  be  ob¬ 
lique,  inftead  of  fuppofing  CD,  HI  to  be  the  fides, 

let 
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let  them  be  the  hights,  and  then  oblique  pips.  FIG, 
being  equal  to  upright  ones  (10);  the  proportion  175, 
continues  the  fame. 

Cor.  If  the  hafes  and  hights  of  two  parallelopipe- 
dons  be  reciprocally  proportional ,  they  are  equal 

For  fince  bafe  AC  :  bafe  FH  :  :  HI  :  CD  (hyp.)* 
therefore  AC  x  CD  =  FH  x  HI  (12.  Proportion)* 
and  folid  BE  :  folid  FI  :  :  AC  x  CD  :  FH  x  HI 
(Cor.  2.  12).  Therefore  folid  BE  =  folid  FI  (Ax. 

7.  Proportion). 

PROP.  XIV. 

All prifms  whatfoever,  ABD,  PSR,  of  equal  hafes  174. 
and  hights ,  are  equal. 

For  any  polygonal  bafe  BD  may  be  divided  into 
triangles,  by  diagonal  lines ;  and  the  polygonal 
prifm  may  lik^wife  be  divided  into  triangular 
prifms,  by  places  palling  through  thefe  diagonals  ; 
each  of  which  triangular  prifms  is  equal  to  half  a 
parallelopipedon  Handing  on  double  the  bafe  (9) ; 
and  as  all  thefe  triangular  prifms  make  up  the 
polygonal  prifm,  this  prifm  mull  be  equal  to  a  , 
parallelopip.  of  the  fame  bafe  and  hight,  and  that 
equal  to  the  prifm  PRS  of  an  equal  bafe  and  hight 
(Cor.  1.  12). 

"  s  T  X  '  ’  V'  /  •  # 

Cor.  1 .  Prifms  of  equal  hafes  are  as  their  bights ; 
and  of  equal  hights ,  are  as  their  hafes. 

For  they  may  be  divided  into  triangular  prifms, 
which  are  half  of  parlopips.  on  double  the  bale, 
and  thefe  pips,  are  as  their  hights,  when  the  bafe 
is  the  fame ;  or  as  the  hafes,  when  the  hight  is  the 
fame.  (Cor.  2.  12). 

Cor.  2.  All  prifms  are  to  one  another  in  the  compli¬ 
cate  ratio  of  their  bales  and  hights . 

C.OX . 


I 
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FIG.  Cor.  3.  Bodies  of  equal  furfaces  may  he  very  dif- 
l 74.  ferent  in  folidity .  Ana  equal  folids  may  have  furfaces 
vaftly  different 4 

Cor.  4..  In  equal  prifms ,  the  hafes  and  hights ,  are 
reciprocally  proportional  and  the  contrary . 

PROP.  XV. 

1  #•  .  ^ 

Me  folidity  of  any  prifm  is  equal  to  the  pro  dull  of 
the  bafe  and  hight  ± 

For  a  prifm  is  equal  to  a  right-angled  paral- 
lelopip.  of  the  fame  bafe  and  hight  *,  and  that  is 
equal  to  the  product  of  its  bafe  and  hight ;  or 
(which  is  the  fame)  it  is  equal  to  the  folid  fpace 
contained  under  the  planes  of  the  upright  paral* 
lelopipedon  (Def.  5). 

'  v  PRO  P.  XVI. 

/  ^  *  r 

176*  Equiangular  par allelopipedons  AB,  CD,  are  in  the 

complicate  ratio  of  their  homologous  fides ,  FG,  GI, 

GB,  and  OE,  EH,  ED.  \ 

Let  FP,  OK  be  upon  the  bafes  IB,  HD. 
Then  by  reafon  of  the  equal  angles  at  G  and  E, 
the  triangles  GFP,  EOK  will  be  fimilar  ;  and  FP  : 
OK  :  :  FG  :  OE  (13.  II).  The  parallelograms 
IB  and  HD  being  equiangular  at  G  and  E,  are  to 
one  another  as  IG  x  GB,  to  HE  x  ED  (10.  III). 
The  parlepip.  AB  :  CD  :  :  bafe  IB  x  FP  :  bafe 
HD  x  OK  (Cor.  2.  12)  : :  IG  x  GB  X  FP  :  HE 
X  ED  x  OK  :  :  GI  x  GB  x  GF  :  HE  X  ED  X 
EO  (7.  Proportion). 

PROP.  XVII. 

17  7*  Pyramids  upon  the  fame  bafe*  and  of  equal  attitudes* 

are  equal:  ACF  —  HCF. 


Draw 
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Draw  the  plane  AH,  through  the  tops  of  the  FIG. 
pyramids,  which  will  be  parallel  -to  CF.  Alfa  1 77 • 
through  any  points  of  the  pyramids,  draw  the 
plane  BE,  alfo  parallel  to  CF  •,  then  by  fimilar 
triangles,  CF  :  BD  : :  AC  :  AB  (13.  II)  ::  HC  : 

HL  (12.  II)  :  :  CF,:  LE  (13.  II);  therefore  BD 
=  LE.  And  by  the  fame  reafoning,  BO  =  LI, 
and  DO  =  EL  Whence  the  fe&ion  BOD  =  L,IE 
(8.  II).  Therefore  if  another  plane  NP  be  drawn 
very  near,  and  parallel  to  BE,  the  fegments  of  the 
pyramids,  ND,  PL,  comprehended  between  thefe 
planes,  will  be  equal  (14).  And  therefore  if  never 
fo  many  fuch  planes  be  drawn,  the  parts  inter¬ 
cepted  will  always  be  equal.  Therefore  the  fum 
of  all  the  parts  of  one  pyramid,  will  be  equal  to 
the  fum  of  all  the  parts  of  the  other ;  or  the  py¬ 
ramid  ACGF  =  pyramid  HCGF  (Ax.  2). 

Cor.  1.  If  a  pyramid  is  cut  by  a  plane  parallel  to 
,  the  bafe ,  the  fettion  will  be  fimilar  to  the  bafe. 

For  by  fimilar  triangles,  it  is  AC  :  AB  : :  CG  : 

BO  :  :  GF  :  OD  :  :  CF  :  BD. 

Cor.  2.  If  a  cone  be  cut  by  a  plane  parallel  to  the 
bafe ;  the  feftion  will  be  a  circle.  .  * 

For  a  cone  may  be  confide  red  as  a  pyramid  of  an 
infinite  number  of  fides. 

PRO  P,  XVIII. 

Every  prifn  is  three  times  the  pyramid  of  the  fame  17S, 
bafe  and  bight . 

Let  AFC  be  a  triangular  prifm,  draw  AC,  CF, 

FD,  the  diagonals  of  the  three  parallelograms. 

The  triangle  ACB  ==  ACD  (i.lll);  therefore 
pyramid  ACBF  =  ACDF,  their  vertexes  being  in 
F  (17);  likewife  triangle  DFA  =  DFE  (1.  Ill), 
and  pyramid  DFAC  =  DFEC,  their  vertexes  be- 

♦  •  ir  -  '  '  ing 
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ingin  C  (17).  But  ACDF  and  DFAC  are  one  and 
the  fame  pyramid.  Therefore  the  three  pyramids, 
that  make  up  the  prifm,  are  equal  to  one  another, 
ACBF  ==  ACDF  =  DFEC  •>  and  each  of  them  is 
4-  the  prifm. 

Arid  fince  any  polygonal  prifm  may  be  refolved 
into  triangular  ones  •,  and  the  pyramid,  upon  the 
fame  bale,  into  triangular  pyramids.  Then  all 
the  triangular  prifms  will  be  triple  to  all  the  tri¬ 
angular  pyramids  ;  and  confequendy  the  whole 
prilm  triple  to  the  whole  pyramid. 

Cor.  1.  Pyramids  of  the  fame  bight ,  are  to  one 
another  as  their  bafes. 

For  prifms,  which  are  triple  of  them,  are  in 
that  ratio  (Cor.  1.  14).  Whence, 

Cor.  2.  Pyramids  of  the  fame  or  equal  bafes  are  as 
the  bights . 

Cor.  3.  Pyramids  are  to  one  another  in  the  com¬ 
plicate  ratio  of  their  bafes  and  bights . 

Cor.  4.  Pyramids  of  equal  bafes  and  bights  are 
equal.  ,  1  •, 

Cor.  5.  In  equal  pyramids  the  bafes  and  bights  are 
reciprocally  proportional ;  and  the  contrary. 

For  prifms  are  in  that  ratio  (14.  and  Cor.). 

PROP.  XIX. 

Cylinders  of  equal  bafes  and  bights  are  equal. 

For  cylinders  are  nothing  but  prifms,  whofe  bafes 
are  polygons  of  an  infinite  number  of  fides.  And 
thefe  prifms  are  equal  (■4). 

Cor.  1 .  Cylinders  of  equal  bafes  are  as  the  bights. 

bafes. 
Cor^ 


Cor.  2.  Cylinders  of  equal  bights  are  as  the 
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Cor.  3.  Cylinders  are  to  one  another  in  the  comfit  -  FIG. 
cate  ratio  of  their  hafes  and  bights.  178. 

Cor.  4.  7/z  cylinders ,  hafes  ^7  bights  are 

reciprocally  proportional :  and  the  contrary . 

All  this  follows  from  Prop.  13,  14,  and  Corol. 

PROP.  XX. 

Every  cone  is  the  third  part  of  a  cylinder  of  the  fame 
hafe  and  bight. 

For  cones  and  cylinders  may  be  confidered  as 
pyramids,  and  prifms,  whofe  bafes  are  regular 
polygons  of  an  infinite  number  of  fides.  And  con- 
fequently  the  cone  =  4  the  cylinder  (18). 

Cor.  1 .  Cones  of  equal  hafes ,  are  as  their  bights . 

Cor.  2.  Cones  of  equal  altitudes ,  are  as  the  hafes. 

Cor.  3.  Cones  are  to  one  another  in  the  complicate 
ratio  of  the  hafes  and  bights. 

Cor.  4.  In  equal  cones ,  the  hafes  and  bights  are 
reciprocally  proportioyial. 

All  thefe  things  appear  by  Prop.  13  and  14, 
and  19.  For  the  cylinders  are  in  that  ratio,  and 
the  cone  is  ■£  the  cylinder. 

PROP,  XXI. 

The  frufium  of  a  pyramid  or  cone  EG,  is  equal  to  179, 
the  third  part  of  a  parallelopipedon ,  of  the  fame 
bight ,  and  its  hafe  equal  to  the  fum  of  the  hafes  of 
the  fruftum  BOD  -f-  EFG,  together  with  a  mean 
proportional  hetweeri  thefe  hafes. 

y 

*  _  ^ 

Draw  EB,  GD  to  meet  in  A,  the  top  of  the 
whole  folid,  and  let  ACP  be  -t-  to  the  bale.  Draw 
the  diameters  BD,  EG  \  then  the  two  bafes  BOD. 

i  r  EFG 


H4 

FIG. 
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EFG  will  be  fimilar  (Cor.  i,  2.  17).  Whence, 
bafe  BOD  :  bafe  EFG  : :  BD*  :  EG*  (20.  III). 

'  r  r  bafe  BOD  bafe  EFG 
Therefore  fuppofe  — —  —  n ,  or 

bafe  BOD  zz:  n  x  BD1,  and  bafe  EFG  =  n  x  EG1. 
By  fimilar  triangles,  EG  :  BD  : :  (AE  :  AB  : :) 
AP  :  AC  (13.  II),  and  EG  —  BD  :  BD  :  :  CP  : 

AC  iBDx  CP 


"  EG  —  BD* 
t=  bafe  EFG  x  -JAP  (18,  20)  zz 


Then  the  whole  pyramid  or  cone 

n  X  EG1 


CP  l  AC _ n  ^  w  rp  »  n  x  PG*  BD  X  CP 

Cl  +AC-—  —  XCP  +  —  —  X  B*0 

_  «x  EG3x  CP  -  «  x  EG2x  BD  x  CP-f-  w  x  EG1  x  BD  x  CP 

3  X  EG  —  BD 

n  X  EG3  X  CP  A  ,  .  AT3r> 

=  3  x£g  — BD;  And  the  t0P  Part  ABD  = 

bafe  BOD  r  o  \  »xBD3xCP  ,. 

—7~  X  AC  <l8’  2°)  =  3~x~EG— -BD’  thls 

taken  from  the  whole,  leaves  ”-X  x  ^  ^ 


EG  —  BD 


CP 


for  the  fruftum  =  —  x  n  x  EG1 4  n  x  EG  x  BD 
_ 3  _  , 

— j-  n  x  BD%  becaufe  EG*  +  EG  x  BD  BDa  x 

EG  —  BD  =  EG3  —  BD3  (Cor.  1.  8.  I),  and  n  x 
EG1  zz  bafe  EFG,  n  x  BD1  =  bafe  BOD,  and 
n  x  EG  x  BD  is  a  mean  between  them  (Cor.  2. 
32.  Proportion). 


Cor.  If  n 

EG3  —  BD3 
.EG  —  BD  ’ 


bafe  EFG  j  r  n  n  X  CP 

‘“eg* — 5  frufium  —  — - —  x 


PRO  P.  XXII. 

180.  In  fimilar  foUds^  AD,  PS,  the  homologous  fide  s  are 
i8i»  proportional  *,  AB  :  AF  :  :  PQj  PV. 

3  Through 
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Through  the  diagonals  AC,  FG,  GD,  and  FR,  f  I  G. 
VI,  IS,  let  planes  be  drawn  to  divide  the  folids  180. 
into  pyramids.  Then  fince  thefe  pyramids  are  fi-  i8i, 
milar  (Def.  12),  and  their  planes  fimilar  figures 
(Def.  11);  therefore  if  ABC,  PQR,  and  ACG, 

PRI,  and  AGF,  P1V,  &c.  be  fimilar  planes  be¬ 
longing  to  the  fimilar  pyramids  ;  it  will  be  AB  : 

PQj/.  :  AC  :  PR  :  :  AG  :  PI)  :  :  AF  :  PV.  Alfo 

AF  :  PV  :  :  (FG  :  VI  : :)  FE  :  VT,  &c. 

*  / .  » 

Cor.  The  like  planes  or  furfaces ,  which  inclofe  firni- 
lar  folids,  are  proportional. 

For  fince  AB  :  PQj  :  AF  :  PV;  AB2  :  PCP  :  : 

AF2  :  PV2  (Cor.  3.  18.  Proportion) ;  that  is,  ABCG 
:  PQRI  :  :  AGEF  :  P1TV  (20.  III). 

V  '  1 

PROP.  XXIII. 

Similar  triangular  pyramids  A  BCD,  PQRS  are  as  182. 
the  cubes  of  their  homologous  fides ,  AB5  and  P'Qh  183. 

Suppofe  CE,  BF  drawn  parallel  to  AD,  and 
'  RT,  QV,  ||  to  PS  ;  and  the  planes  DFE,  SVT,  || 
to  ABC,  and  PQR  ;  and  fo  the  prifms  AF,  and 
PV,  compleated. 

Then  fince  the  pyramid  ABCD  n  4prhm,  AF; 
and  pyramid  PQRS  =  4  prifm  PV ;  therefore  py¬ 
ramid  ABCD  :  pyramid  PQRS  :  :  prifm  AF  : 
prifm  PV  (5.  Proportion)  :  :  AB  x  AC  x  AD  : 

PQj<  PR  x  PS  (16). 

‘  But  AB  :  PQj  :  AB  :  PQ, 

AB  :  PQ^:  :  AC  :  PR,  (22), 

AB  :  PQ^:  :  AD  :  PS  (22). 

Therefore  AB3  ;  PQ^:  :  AB  x  AC  x  AD  :  PQx 
PR  x  PS  (18.  Proportion)  :  :  pyramid  ABCD  : 
pyramid  PQRS. 

Cor.  Any  fimilar  pyramids  are  as  the  cubes  of  the 
homologous  fides. 

1  2  For 


1 
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FIG.  For  they  may  be  divided  into  fimilar  triangular 
182.  pyramids,  all  which  are  in  that  proportion,  and 
1  S3,  their  fums  in  the  fame  proportion  (10.  Propor¬ 
tion). 

PROP.  XXIV. 

180.  All  fimilar  folids ,  AD,  PS,  are  to  one  another i 

1 8  1.  as  the  cubes  of  their  homologous  fides \  AB,  and  PQ^ 

*  '  ’  '  *  .•***»,; 

Let  the  planes  AC,  PQ,  and  FG,  VI,  and 
GD,  IS,  &V.  divide  the  bodies  into  fimilar  py¬ 
ramids.  Then  fince  AB  :  PQ  :  :  AG  :  PI  :  : 
EG  :  Tf,  fcfr.  (22).  Therefore 

AB5  :  PQ5  :  r  pyr.  ABC  :  pyr.  PQR  (23), 
and  AB3  :  PQ^  :  :  AG3  :  PI3  :  :  pyr.  AGC  : 

pyr.  PIR  :  :  pyr.  AGF  :  pyr.  PIV. 
and  AB5  :  PQj  :  :  EG3  :  TP  :  pyr.  FGE  : 
pyr.  V  IT  :  :  pyr.  EGD  :  pyr.  TIS,  &V. 

Therefore 

AB3  :  PQy  :  :  pyr.  ABC  +  AGC  +  AGF  + 
FGE  +  EGD,  c *.  :  pyr.  PQR  +  PIR  +  PIV 
,+  VIT  +  TIS,  &c.  : :  folid  AD  :  folid  PS. 

Cor.  Jf  f cur  lines  A,  B,  C,  D  be  in  continual 
proportion  *,  then  as  the  firft  A  to  the  fourth  D  ;  fo 
any  folid  defcribed  on  the  firft  A ,  to  a  fimilar  one , 
on  the  fee  end  B. 

For  A  :  D  :  :  A3  :  B5  (23.  Proportion)  :  :  fo¬ 
lid  upon  A  :  folid  upon  B  (24). 

PROP.  XXV. 

184.  tf  four  lints  be  proportional ,  AB  :  CD  :  :  GH 
:  LM  ;  fimilar  folids,  alike  defcribed,  upon  two  and 
two ,  Jhall  alfo  be  proportional :  ABE  :  CDF  :  : 

GHK  :  LMN. 

And  if  four  figures  be  proportional ,  and  two  and 
two  fimilar  j  their  homologous  fid$s  ftoall  be  propor¬ 
tional. 


For 
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For  fince  AB  :  CD  :  :  GH  :  LM  (hyp.),  FIG. 

therefore  AB?  :  CD5  :  :  GH}  :  LM5  (Cor.  3.  x8.  'I&4. 

Proportion), 

whence  ABE:  CDF  : :  GHKiJLMN  (24). 

Again ,  if  the  folids  be  fimilar, 
and  ABE  :  CDF  : :  GHK  :  LMN  (hyp.), 
then  .AB*  :  CD*  : :  GH*  :  LM*  (24), 

whence  AB  :  CD  :  :  GH  :  LM  (Cor.  3.  iS. 

Proportion). 

PROP.  XXVI. 

None  other  but  three  forts  of  regular  plane  figures  , 
joined  together ,  can  make  a  folid  angle  ;  and  thefe  are , 

3,  4,  or  5  triangles ,  3  fquares ,  and  3  pentagons : 

And  therefore  there  can  only  be  five  regular  bodies , 
the  pyramid ,  cube^  oftaedron ,  dodecaedron ,  /Y0- 

faedron . 

Three  plane  angles  at  leafc,  are  required  to  make 
a  folid  angle.  One  angle  of  the  triangle  =  ~  of  a 
right  angle  (2.  II),  therefore  3  of  them  put  toge¬ 
ther  make  two  right  angles.  Alfo  4  of  them  make 

right  angles.  And  5  make  3I  right  angles  *,  all 
which  are  lefs  than  4  right  angles.  But  6  of  them 
make  4  right  angles,  and  therefore  cannot  make  a 
folid  angle  (17.  V). 

Again,  one  angle  of  the  fquare  is  a  right  angle, 
and  3  of  them  make  3  right  angles.  But  4  make 
4  right  angles,  and  therefore  can  make  no  folid 
angle  (17  V).  *  *  • 

Alfo  one  angle  of  the  pentagon  is  if  right  an¬ 
gle  (17.  III).  And  3  angles  make  3I-.  But  4  of 
them  make  44,  which  exceeds  4  right  angles. 

Laftly,  one  angle  of  the  hexagon  is  ~  of  a  right 
angle,  therefore  3  angles  make  4  right  angles  •,  but 
no  folid  angle.  And  the  angle  of  a  heptagon,  oc¬ 
tagon,  Cfr.  being  greater  •,  3  of  them  will  exceed 
4  right  angles  $  and  confequently,  there  can  be  no 

I  3  *  more 
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more  than  3  triangles,  1  fquare,  and  1  pentagon, 
to  conilitute  a  folid  angle. 

•  O  " 

Hence  there  can  only  be  ,5  regular  bodies,  to 
anfwer  the  5  combinations  of  triangles,  fquares, 
and  pentagons.  Three  faces  of  the  triangle  make 
the  pyramid  \  4  make  the  otlaedron  •,  and  5  make 
the  icofifyedrcn  ;  alfo  6'  faces  of  the  fquare  make 
the  cube  \  and  i  2  faces  of  the  pentagon,  make  the 
dodecaedron .  '  '  , ' 

Scholium. 

In  order  to  get  a  clear  idea  of  the  five  regular 
bodies,  you  may  cut  out  all  their  faces  in  pafte- 
board,  as  reprefented  in  the  figures,  and  fold  them 
up,  fo  that  the  creafes  may  be  in  the  bl^ck  lines  ; 
and  their  edges  being  put  clofe  together,  you*!! 
.have  the  figure  of  thefe  bodies.  Fig.  185  is  the 
pyramid,  186  the  cube,  187  the  o&aedron,  188 
the  dodecaedron,  and  189  the  icofihedron. 

'  V 

f  (  y  •  r .  1  •  -,*>  \  •* 

PROP.  XXVII. 

No  other  but  only  one  fort ,  of  the  five  regular  bo¬ 
dies ,  joined  at  their  angles ,  can  compleatly  fill  a  folid 
fpace  ->  and  that  is  eight  cubes. 

To  demonftrate  this,  we  muft  obferve  that  among 
other  properties,  this  is  abfolutely  neceffary,  that 
the  inclination  of  two  adjoining  planes  in  the  body, 
be  fuch ;  that  being  taken  a  certain  number  of 
times,  they  will  compleatly  make  up  four  right 
angles.  For  when  the  bodies  are  put  together, 
the  faces  of  every  two  adjoining  bodies  mud  coin¬ 
cide  ;  and  one  edge  or  fide  of  all  the  bodies  muft 
coincide  with  the  fide  of  the  firft  •,  which  will  be  as 
an  axis,  round  which  thefe  bodies  are  placed  ;  and 
therefore  they  muft  compleatly  fill  up  the  fpace 
quite  round,  which  is  four  right  angles.  And 
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the  angle  of  each  (that  is,  the  inclination  of  two  FIG. 
adjoining  planes),  muft  be  a  certain  part  of  4  right 
angles.  Therefore  what  we  have  to  do,  is  to  com¬ 
pute  the  inclination  of  their  planes,  and  alfo  to 
enquire  what  inclination  is  requifite  in  the  feveral 
bodies,  to  have  this  effedt. 

1.  To  begin  with  pyramids.  It  is  plain,  the 
bafe  of  the  folid,  being  an  equilateral  triangle, 
the  angle  at  any  point  is  ^  of  a  right  angle;  but 
the  inclination  of  the  planes  is  greater ;  for  it  is 
contained  by  two  perpendiculars  let  fall  on  the 
common  fedfion  of  two  planes,  which  perpendi¬ 
culars  are  lefs  than  the  fides  of  the  triangle 
(Cor.  4.  21.  II);  and  Handing  on  the  fame  bafe, 
muft  contain  a  greater  angle  (Cor.  2.  5.  II).  To  190. 
find  the  inclination  of  the  planes  ;  let  CPH,  CPA, 
and  CDH  be  three  of  the  equilateral  triangles  con-  - 
ftituting  a  pyramid.  Draw  AG,  DI  —  to  CP, 

CH.  Let  the  plane  CHP  be  fixt,  whilft  the 
planes  CAP,  CDH,  are  railed  up,  (moving  about 
the  fixt  lines  CP,  CH,)  till  the  points  A  and  D 
meet  fomewhere.  It  is  plain  a  perpendicular  dropt 
from  A  (elevated  on  high),  upon  the  plane  CPIT, 
will  always  be  fomfcwhere  in  the  line  AG.  And  a 
like  perpendicular  from  D  will  be  fomewhere  in  the 
lineDI.  Therefore  when  A  and  D  meet,  the  perp. 
yvill  be  at  the  interfedtion  O,  in  the  middle  of  the 
triangle;  and  GO  =  -JGH  (Cor.  31.  II)  =  iGA. 
Therefore,  if  you  make  the  feparate  right-angled 
triangle  GAO,  fo  that  the  hyp.  GA  may  be  treble 
the  bafe  GO,  the  z_AGO  is  the  angle  of  the 
pyramid,  (that  is,  of  its  planes  CAP,  CHP),  which 
was  required.  Now  if  EG  be  -1-  to  GK,  alfo  if 
GBK  be  an  equilateral  triangle,  then  the  bafe  GF, 
will  be  half  the  hypothenufc  GB  (Cor.  3.  3.  II), 
and  Z.BGK  zz  ~  a  right  angle  (2.  II).  Then  its 
plain,  4  times  l.  AGK  will  be  lefs  than  4  right  an¬ 
gles,  becaufe  4  times  EGK  make  but  4  right  an- 

I  4  gies; 
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gles ;  therefore  more  than  4  times  AGK  is  required 
to  compleat  4  right  angles.  Lik'ewife,  fince  6  times 
BGK  make  4  right  angles,  6  times  AGK  will  be 
too  much  ;  and  of  conlequence  we  muft  either 
have  5  times  AGK,  to  make  4  right  angles,  or 
nothing.  Then  to  find  whether  that  will  anfwer 
exadbty  or  not  ♦,  draw  the  diagonal  EC  of  the  pen¬ 
tagon,  and  OLD  -J-  to  it ;  then  5  times  the  angle 

•  ■  ■  • >  •  -  *  c 

EOL  =  4  right  angles..  But  DL  =  - 


V  5 


R 


(Cor,  3.  44.  IV),  and  OL  =  R 
V5  —  1 


_RXW.5  _ 
4 


x  R.  But  GO  (fig.  190)  =  4  the  hypo- 

*t 

/  ?  j  j 

thenufe  AG  or  R,  and  is  greater  than  — - y 

>  . .  T. 

that  is,  GO  is  greater  than  OL,  and  confequently 
the  angle  AGO  is  lefTcr  than  EOL,  which  it  fhould 
be  equal  to  *,  therefore  5  times  AGO  falls  fhort  of 
4  rignt  angles  ^  whence  it  is  clear,  that  no  com¬ 
bination  of  regular  pyramids  can  compleatly  fill 
all  fpace. 

2.  And  it  is  as  clear  that  4  cubes  fet  together 
will  make  up  4  right  angles,  each  cube  contain¬ 
ing  one.  And  therefore  8  cubes,  joined  at  their 
angular  points,  will  quite  fill  all  fpace  on  all  fides. 

3.  Next  for  the  odtaedron.  As  half  the  odtae- 
dron  ABE  flands  on  a  fquare  bale  BCED,  the  an¬ 
gles  at  the  bafe,  as  BCE,  are  right,  and  then  4  of 
thefe  would  be  4  right  ones  ;  but  the  inclination 
of  the  planes  ACB,  ACE,  are  greater  than  right 
angles  (for  the  fame  reafon  as  in  the  pyramid), 
being  made  by  a  plane  -u  to  their  common  fedtion 
AC  •,  therefore  4  of  thefe  angles  will  be  too  much, 
and  confequently  3  or  none  of  thefe  angles  of  in¬ 
clination  muft  be  equal  to  4  right  angles  ;  or,  which 
is  the  fame  thing,  6  halfs  of  the  £_of  inclination  muft 
be  ^  4  right  angles.  Now  to  try  this,  draw  AG  to 

BCG 
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BC,  and  AO  to  the  bafeBE,  alfo  draw  GO.  Then  F  I  G. 

hyp.  AG  —  — 3  (Cor.  39*  H)>  and  bale  GO  = 

j  x  2 


^BD 

m+ 

AB 


then  GO 


--AB.  Therefore  AG  :  GO  :  :  “^3  : 

:  V3  2  • -  ::  AG  :  ^-y/%  ; 
0  3  3 

AG 


•  •  .  /  -7  •  t  ••  n  • 

•  •  v  o  •  1  • ;  3  • 


V3.  And  as  a  AGO  =  half  the 


angle  of  inclination,  6  of  thefe  muft  make  up  4 
right  angles.  And  therefore  A  AGO  mull  be  = 
aBDE  (fig.  131),  if  this  fucceed.  For  6  of  thefe 
make  up  4  right  angles.  But  in  this  cafe,  DF  = 
4DB, whence  if  DB  (fig.  131)  —  AG  (fig.  191),  then 


But  4F3  is  greater  than  A  (as  is 


eafily  known  by  fquaring  them) ;  that  is,  GO  is 
greater  than  DF,  and  confequently  A  AGO  is  lefs 
than  BDF.  Therefore  6  of  thefe,  or  3  whole  an¬ 
gles  ot  inclination,  fall  fhort  of  4  right  angles.  So 
thefe  bodies  cannot  entirely  fill  all  fpace. 


4.  Next  comes  the  dodecaedron.  As  the  angle 
of  inclination  of  the  planes  of  this  body  exceeds  a 
right  angle  •,  therefore  4  fuch  angles  will  exceed  4 
right  angles  ;  therefore  only  three  of  thefe  bodies 
can  be  laid  together ;  in  which  cafe  the  angle  of 
inclination  muft  be  juft  14  right  angle  For  3  x  14 
■=  4.  If  the  a  be  lefs,  the  third  body  will  leave 
a  vacuity ;  if  greater,  it  cannot  come  in.  Let  192. 
BPC,  PCH,  DGH,  be  3  pentagons  joining  upon 
one  another.  Draw  AG,  DI  to  PC,  HC,  con¬ 
tinued.  Then  let  the  plane  PCH,  be  fixt,  whilft 
ABP,  DEH,  are  raifed  up,  and  moved  round  the 
lines  PC,  HC,  till  the  points  A,  D,  meet.  It  is 
evident  a  perpend,  dropt  from  A  upon  the  plane 
PCH,  will  always  fall  on  the  line  AG.  And  a  like 
perpend,  from  D,  will  fall  upon  DI.  And  when 
A  $nd  D  meet,  it  will  fal|  on  the  interfe&ion  O. 
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Let  R  ftand  for  a  right  angle.  Then  fince  CE  is 
||  to  HN  (Cor.  2.  4-3.  IV;,  Z.ECH  +  CBN  = 
2R  (Cor.  2.  4.  I)  =  ECH  +  PC  II,  therefore  PCE 
is  a  right  line  (i.  I).  For  the  fame  reafon  BCPI  is 
a  right  line.  Since  Z.DCH  -  ‘R  (17.  HI),  DCE 
=  fR,  DCP  r=.  |R,  take  away  ACP  r=  4R,  then 
ACD  ~  4R.  In  the  ifofceles  triangle  ACD,  COF 
bifedls  the  Z.C  and  bale  AD  (Cor.  3.  3.  II),  and 
jL  ACF  ~  4-R  —  DCF,  and  CD  A  =  4R  ;  and 
fince  CDE  =  ^R,  therefore  CD  A  CDE  =  2R, 
and  EDA  is  a  ftraight  line  (1.  I).  In  the  right- 
angled  triangle  ACF,  jl  ACF  or  ACO  =-.  4 R  ; 
and  in  the  right-angled  triangle  ACG,  fince  ACE 
=  ACD  +  DCE  =  ACG  =  4R,  CAG  =  4R  = 
ACO,  or  CAO  ACO,  and  AO  —  OC  (Cor.  1. 

3.  II).  Therefore  OG  is  lefs  than  OC  or  OA  (5. 
II),  and  OG  is  lefs  than  half  of  AG.  Make  a 
right  angle  triangle  feparately,  as  AGO,  where  the 
hypothenufe  is  AG,  and  bafe  OG,  of  a  due  length, 
and  AGR  is  one  of  the  angles  of  the  dodecaedron. 
Where  the  z_  AGZ  or  GAO  ought  to  be  -JR,  that 
3  dodecaedrons  laid  together  may  fill  up  4  right 
angles.  Now  to  fee  how  this  agrees,  we  find 
(in  fig.  128),  that  EF  =1  4DE,  or  DF  =  4JDB 
(Cor.  3.  41.  IV),  and  z.  ABF  or  BAC  ~ 

BDF  (Cor.  1.  12.  IV),  and  confequently  DBF  = 
4-R  (Cor.  2.  2.  II).  Therefore  if  you  make  the  * 
bafe  G(4=  4  the  hypothenufe  GM,  then  the 
Z.GMQj>r  MGZ  is  =  fR-  Therefore,  fince  GO 
is  lefs  than  4GA,  the  z.  AGZ  is  lefs  than  4R>  and 
MGR  lefs  than  i4R,  to  which  it  fiiould  have  been 
equal ;  and  confequently  3  times  MGR  falls  fhort 
of  4  right  angles :  therefore  the  dodecaedrons  can¬ 
not  fill  a  folid  fpace. 

This  might  be  otherwife  folved,  by  fuppofing 
one  of  its  folid  angles  to  Hand  upon  an  equilate¬ 
ral  triangle,  whole  fide  is  the  diagonal  of  the  pen¬ 
tagon. 

5.  Laftly, 


J.  * 


I 
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5.  Laftly,  the  icofaedron  has  5  triangles  Hand¬ 
ing  upon  a  pentagonal  bafe  ABCDE.  Draw  the 
diagonal  AC  of  the  pentagon,  and  BQ^the  dia¬ 
meter  of  the  circumfcribing  circle.  And  let  the 
plane  AFC  be  drawn  at  right  angles  to  BO,  the 
common  fection  of  the  two  faces  of  the  lolid  ABO, 
CBO.  Draw  FP,which  will  be  -L-  to  AC.  Then  we 
are  to  find  the  quantity  of  the  L  AFC,  the  inclina¬ 
tion  of  the  planes,  or  rather,  of  its  half  AFP.  Call 
^BQ,  the  radius  of  the  circle,  R  *  then  AP2*(Cor.  2. 

IV)  =  Alfo  AB*  =  RRx 


44. 


(44.  IV),  and  AP  =  |ABJ  (Cor.  39.  II)  zz 


RRx 


5  —  s/  5 


Therefore  AF2  :  AP2 


RR  x 


5  — s/  5  .  5  4-  s/  5 


RR 


15 


2  *  8 

And  AF2  :  AF2  —  AP*  or  FP 

:  10— 4^5  : :  3  :  : :  ,  : 

5—\/5  5 

.  .  ,  .  50  +  i<V5  —  Jo/5  —  20 

-  •  3  * 


3V5  ■  5  +  Vs- 
1  ■  ■  3  *  5  —  V  5 


25 

30—  icy's 
20 


20 


3 


2—  V5 


10  -4^5x5  5 

5  —  5\/5X5  +  V5 
(Cor.  1.  8.  I)  :  : 

3—^5  . 


2  6 
i  :  .12732  :  :  AF2  :  .12732AF2.  And  by  ex¬ 
tracting  the  root,  it  is  AF  :  FP  :  :  AF  :  .3568 
x  AF  zz  FP.  Now  if  three  icofaedrons  laid  to¬ 
gether  can  fill  up  the  'whole  fpace,  then  three  times 
the  angle  AFC,  or  fix  times  the  l.  AFP,  muft 
make  four  right  angles  ;  and  in  that  cafe  AF P 
muft  be  \  of  a  right  angle.  But  (fig.  128)  the 
fide  DF  muft  be  half  the  hypothenufe  DB,  when 
the  l.  between  them  BDF  is  ~  of  a  right  angle 
(Cor.  3.  41.  IV)  :  for  Z.BDF  zz  BAC  in  the  equi¬ 
lateral  triangle  BAC  (Cor.  1.  12.  IV)  zz  4  of  a 
right  angle  (2,  II).  But  here  the  fide  FP  is  lefs 
than  half  AF  or  .5  x  AF  ;  therefore  the  Z.FAP  will 
be  lefs,  and  AFP  greater,  than  it  ftiould  be  ^  that 

is. 
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FIG.  is,  AFP  is  more  than  4  °f a  tight  angle  ;  and  6 
193.  times  AFP,  more  than  4  right  angles ;  and  there¬ 
fore  3  icofihedrons  cannot  find  room. 

Thus  I  have  demon ftrated  from  pure  geometri¬ 
cal  principles,  that  no  combination  of  regular  bo¬ 
dies  of  the  fame  fort  (except  cubes),  can  ade¬ 
quately  fill  up  all  the  fpace  round  about.  The 
calculations  of  all  thefe  cafes  are  extremely  eafy, 
by  working  with  the  rules  of  trigonometry  5  but 
that  was  not  my  bufinefs  here. 


-  L 


j 
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Of  the  fphere,  and  its  infcribed  and 
circumfcribed  bodies. 

‘  \  •  '  v  «  *.  S.  „ 

- - - . — . — .  - 

DEFINITIONS. 

i.  A  Sphere  or  globe ,  is  a  folid  made  by  a  femi-  F  1  G. 

/\  circle  ABD,  moving  round  about  its  dia-  194- 
meter  AD,  which  remains  fixt  *,  and  is  called  the 
axis  of  the  fphere  5  and  the  point  A,  the  vertex . 

2.  The  center  of  the  fphere  is  the  center  C  of 
the  femicircle  ABD. 

3.  The  radius  of  the  fphere,  is  a  line  drawn  from 
the  center  to  the  furface  of  the  fphere. 

Cor.  All  the  radius  of  a  fphere  are  equal  to  one 
another . 

4.  The  diameter  of  a  fphere,  is  a  right  line 
drawn  from  one  fide  to  the  other,  through  the 
center. 

5.  A  fed! or  of  a  fphere,  CFDG,  is  a  part  of  the  I0^ 
fphere  made  by  the  circular  fe&or  FCD,  moving 
round  the  radius  CD. 

6.  Segment  of  a  fphere,  is  a  part  of  a  fphere,  as 
FIGD,  cut  off  by  a  plane  FIG.  If  the  plane  pafs 
through  the  center,  that  fegment  is  a  hemifphere . 

7.  A  zone>  is  a  part  of  a  fphere  intercepted  be¬ 
tween  two  parallel  planes. 

8.  The  middle  zone ,  is  the  part  between  two 
parallel  planes  which  are  equally  diftant  from  the 
center. 

9,  A 


i 
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F I  O.  9.  A  folid  is  faid  to  be  infcribed  in  a  fphere,  or  a 
i,  *  fphere 


a  folid  circumfcribed  about  a  fphere  ;  when  the  fphere 
touches  all  the  planes  of  the  folid. 


circumfcribed  about  a  folid  ;  when  all  the 
of  the  folid  touch  the  furface  of  the  fphere. 
A  fphere  is  faid  to  be  infcribed  in  a  folid,  or 


PROP.  I. 

If  a  fphere  be  cut  by  a  plane  FOG  ;  the  feffion  will 
be  a  circle , 

Let  the  two  planes  CFDG  and  COD  be  -1-  to  the 
curing  plane  FOG  *,  then  the  common  fedtion  Cl 
Js  j-  to  the  plane  FOG  (15.  V).  Draw  the  line 
FIG.  Then  in  the  triangles  CFI,  COI,  CGI, 
the  fides  CF,  CO,  CG  are  equal  (Cor.  Def.  3), 
and  GI  common,  and  the  angles  at  I  right  •,  there¬ 
fore  IF  =  IO  iz  IG  (9.  II).  Therefore  FDG  is 
a  circle  whofe  center  is  I  (Cor.  Def.  3.  IV). 


PROP.  II. 


If  a  fphere  ABDI  touch  a  plane  HGL;  a  right 
line  CD,  drawn  from  the  center  to  the  point  of  contali 
D*  is  perpendicular  to  the  faid  plane. 


Let  the  planes  ADB,  ADF,'  cut  the  touching 
plane  in  the  lines  DH,  DG.  Then  fince  HD,  GD, 
touch  the  circles  BD,  FD*  (whofe  center  is  C,) 
in  D,  therefore  CD  is  -a-  to  HD,  GD  (Cor.  2,  10* 
IV);  and  therefore  CD  is  -a-  to  the  plane  HGL 
(4°  V). 

PROP.  III. 

i<y Hhe  furface  of  a  fphere  is  equal  to  the  curve  furface 
of  its  circumfcribing  cylinder. 

Let  BAP  be  a  hemifphere,  and  BHOP  a  cylin¬ 
der  on  the  fame  bafe,  BTP,  and  of  the  fame  alti¬ 
tude. 
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tude.  Take  IL,  art  extremely  fmall  part  of  the  p  I  G„ 
quadrant  BLA,  and  through  L  and  I,  fuppofe  two  j'g  $ 
planes  MLEVQ^  and  NI FSR  to  be  drawn  to 
AC.  Through  L  and  I  draw  the  line  ILD,  and 
through  S  and  V  the  line  SVG.  Then  becaufe  IL 
and  VS  are  extremely  fmall  j  the  right  lines  and 
arches  LI,  VS  nearly  concide.  And  if  the  figure 
DISG  be  turned  about  the  radius  AC,  it  will 
generate  the  fruftum  of  a  cone ;  and  the  fmall 
parts  of  its  furface  ILVS  will  concide  with  the 
portion  of  the  fpherical  furface,  and  be  equal  there¬ 
to  (Ax.  8).  But  the  furface  of  the  fruftum  ILVS 
is  zz  IL  x  half  the  fum  of  the  circumferences 
whofe  diameters  are  LV  and  IS  (6.  VI),  that  is  zz 
IL  x  circumference  of  LV  or  IS,  they  being  nearly 
equal.  Let  C  zz  circumference  whofe  radius  is 
BC,  and  c  zz  circumference  whofe  radius  is  LE  or 
IF,  then  the  furface  ILVS  zz  c  x  IL,  and  the 
cylindric  furface  NMQR  zCx  MN  (4.  VI). 

But  the  triangles  ILK,  and  LCE  are  fimilar ;  for 
Z_ILC  (Cor.  2.  10.  IV)  =  KLE  zz  a  right  angle ; 
take  away  KLC,  then  Z.ILK  zz  CLE  ;  alfo  z_IKL 
zz  LEC  zz  a  right  angle.  Therefore  LC  or 
BC  :  LE  :  :  LI  :  LK  (13.  II).  But  C  :  c  : :  BC 
or  ME  :  LE  (Cor.  9.  IV)  :  :  LI  :  LK  or  MN. 
Whence  C  x  MN  zz  c  x  IL  (12.  Proportion) 
that  is,  the  cylindric  furface  NMQR  fpherical 
furface  ILVS.  Therefore  if  more  parallel  planes, 
as  MLVQ,  be  drawn,  exceeding  near  to  one  ano¬ 
ther,  the  fmall  parts  of  the  cylindric  furface  will 
be  equal  to  the  correfpondent  parts  of  the  fpherical 
furface ,  and  therefore  the  fum  of  all  the  parts  of 
the  cylindric  furface,  equal  to  the  fum  of  all  the 
parts  of  the  fpherical  fuface  (Ax.  2)  *,  that  is,  the 
furface  of  the  hemifphere  is  equal  to  the  furface  of 
the  cylinder  BO,  and  the  furface  of  the  whole 
fphere  =  furface  of  its  circumferibing  cylinder. 

-  Cor.. 


/ 
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FIG.'  Cor.  i.  If  the  fphere  and  its  circumfcr thing  tylin - 
1 9  $  *  ^er  cui  two  planes  parallel  to  the  bafe ,  the  inter¬ 
cepted  parts  of  the  fur  faces  of  the  fphere  and  cylinder, 
will  be  equal . 

For  furface  MR  zr  furface  LS,  and  all  the  MR 
-all  the  LS. 


Cor.  2.  The  furface  of  the  hemi fphere  BAP,  is 
double  the  bafe  BT  P. 

For  the  furface  of  the  cylinder  r  C  x  AC 

.  Q  y  |>0 

(4.  VI)  •,  and  the  area  of  the  bafe  — - ,  or 


C  x  AC 


(34:  IV> 


Cor.  3.  The  furface  of  the  whole  fphere  is  equal  to 
four  great  circles  of  the  fame  fphere  ;  or  to  the  retd- 
angle  of  the  circumference  and  diameter . 

Cor.  4.  The  areas  of  fpherical  furfaces  cut  off  by 
parallel  planes ,  are  as  the  fegments  of  the  diameter , 
perpendicular  thereto . 

For  thefe  areas  are  equal  to  the  correfponding 
cylindrical  furfaces,  which  are  as  the  hights  (Cor* 
3.  4.  VI).  .  : 

Cor.  5.  The  furface  of  any  fegment  of  the  fame 
fphere ,  is  as  the  bight  of  the  fegment . 

Cor.  6.  The  furface  of  the  fphere  is  L  the  whole 
furface  of  the  circumfcribing  cylinder . 

For  the  two  bafes  of  the  cylinder  is  half  its  curve 
furface  (Cor.  3). 

PROP.  IV. 

j  c)Q  The  furface  of  the  fegment  BAD,  of  a  fphere  •,  is 
JL  Q  0  equal  to  the  area  of  a  circle,  whofe  radius  is  the  cord 
AB,  drawn  from  the  vertex  to  the  bafe i 

Let 
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Let  C  1 iz  circumference  of  the  radius  AB,  and  FIG. 

ABED  =  circumference  of  the  fphere.  Then  /  Q o* 

ftnce  the  circumferences  are  as  the  radii  (Cor.  , 

wv  ,  ABED  C  a  t>  17 r'v  ”  / 

9.  IV),  let  zz  jg  zz  0,  or  ABED  =  n  X 

AC*  and  C  : -  n  x  AB.  Then  the  furface  BAD 
zz  AF  x  ABED  (Cor.  1.  Ill)  =  AF  x  n  x  AC  1 

_  ”_X_A1‘  x  AK  _  (Cor.  17.  IV)  — 


AB  X  c 


zz  area  of  a  circle  whofe  radius  is  AB 


(34-  IV).' 

Cor.  The  furface  of  the  whole  fphere ,  is  equal  to 
the  area  of  a  circle ,  whofe  radius  is  the  diameter  AE. 


PROP.  V. 

The  furface  of  a  fphere  is  double  the  curve  furface  201 1 
of  the  infcriled  fquare  ( or  equilateral)  cylinder  EB. 

Draw  the  diameter  ECB,  then  ED  zz  DB.  And 
fince  EBZ  zz  EDZ  -{-  DB1  (21.  II)  =  2EDi  *,  there¬ 
fore  circle  EB  =.  2  circles  ED  (22.  III).  But,  furface 
of  the  fphere  =  4  circles  EB  (Cor.  3.  Ill)  =  8  circles 
ED.  And  ^ED  :  AE  or  ED  :  :  circle  ED  :  curve 
furface  AD  (Cor.  2. 4.  VI)  zz  4  circles  ED.  But  8 
circles  ED  zz  twice  4  circles  ED,  or  the  furface  of 
the  fphere  zz  twice  the  curve  furface  of  the  cylinder. 

Cor.  1.  The  whole  furface  of  the  infer ibed  cylinder 
is  A  the  furface  of  the  fphere . 

For  the  two  bales  AB,  ED  zz  2  circles  ED,  and 
the  whole  furface  AD  =  6  circles  ED. 

■ .  ■ .  ,  1 

Cor.  2.  The  curve  furface .  of  a  cylinder ,  circum - 
feribing  the  fphere ,  is  double  the  curve  furface  of  the 
inferibed  equilateral  one.  And  the  whole  furface ,  is 
double  to  the  whole  furface. 


K 


For 


s/ 
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FIG.  For  the  furface  cf  the  fphere  zz  furface  of 
201.  -  the  circumfcribing  cylinder  (3).  And  the  furface 
of  the  fphere  =  twice  the  furface  of  the  infcribed 
one  (5). 

Again,  the  furface  of  the  fphere  zz  4  the  whole 
furface  of  the  circumfcribing  cylinder  (Cor.  6.  3). 
And  the  furface  of  the  fphere  is  =  4  the  whole 
furface  of  the  infcribed  cylinder  (Cor.  1). 


PROP.  VL 

202.  The  furface  of  any  fegment  of  a  fphere  ABDC  :  is 
to  the  curve  furface  of  its  infcribed  cone  ABC  :: 
as  the  fide  of  the  cone  AB  :  to  the  radius  of  the 
bafe  AO. 

For  if  n  x  AB  zz  circumference  of  the  radius 
AB,  and  n  X  AO  zz  circumference  of  the  radius 

ABZ  x  n 

AO  (Cor.  9.  IV),  then  the  circle  AB  zz - 


(34.  IV),  and  conic  furface  ABC  = 


AB  X  n  X  AO 


(Cor.  t.  5.  VI).  And  the  furface  of  the  fegment 

ABDC  zz  circle  AB  (4)  ^  therefore  furface  of  the 

AB21  v  n 

fegment  ABDC  :  conic  furface  ABC  :  :  - -  : 


AB  x  n  X  AO 


:  :  AB  :  AO  (5.  Proportion). 


'  Cor.  1 .  The  furface  of  a  hemi fphere ,  is  to  the  curve 
furface  of  its  infcribed  cone  \  as  the  diagonal  of  a 
foliar e,  to  the  fide . 

For  then  AO,  BO  become  radii  of  the  lphere. 


and  AB  the  diagonal. 


Cor.  2.  If  ABC  be  an  equilateral  cone ,  then  the 
furface  of  the'  fegment  ABDC  is  twice  the  curve  furface 
of  the  cone  ABC. 

For  then  AB  =  AC  ~  2  AO. 

2  PROP, 
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PROP.  VII. 

'  Let  the  cone  DAE  he  right-angled  at  A.  Then 
the  furface  of  the  hemifphere  BGE,  is  to  the  curve 
furface  of  the  right-angled  circumfcrihing  cone  DAE  ; 
as  the  fide  of  a  fquare  AD,  is  to  the  diagonal  DE. 

» 

Draw  AC  from  the  vertex  of  the  cone  A,  to 
the  center  C  ;  and  CF  ||  to  AE,  or  -1-  to  AD.  Then 
AF  =  FD  z:  FC  z  BC,  and  CD1  zz  CF2  +  FDa 
==  2BC2  (21.  II).  And  the  circle  whofe  radius  is 
CD  zz  twice  the  circle  whofe  radius  is  CB  (Cor.  2. 
35.  IV)  zz  furface  of  the  hemifphere  BGE  (Cor. 
2.3).  Therefore  the  furface  of  the  hemifphere,  or 
the  circle  whofe  radius  is  CD  :  furface  of  the  cone 
DAE  :  :  CD  :  AD  (Cor.  3.  5.  VI)  :  :  AD  :  DE 
(20.  II). 

Cor.  The  furface  of  a  right-angled  cone  circum - 
fcrihing  a  hemifphere ,  is  double  the  furface  of  one  in - 
fcribed  taking  either  the  curve  furface sy  or  the  whole 
furfaces. 

For  V2  X  furface  of  the  infcribed  cone  =  furface 

of  the  hemifphere  (Cor.  1.  6)  zz  X  furface  of 

the  circumfcribing  cone  (7).  Therefore  the  latter 
is  ==  twice  the  former.  And  the  bafe  of  the  latter 
is  likewife  zz  twice  the  bafe  of  the  former  (by  the 
demonftration  of  this  Prop.),  therefore  the  whole 
is  double  to  the  whole. 

PROP,  VIII. 

The  furface  of  the  fphere ,  is  to  the .  curve  furface 

cf  an  equilateral  infcribed  cone  BAD  j  as  8,  to  3. 

* 

For  fine e  EF  zz  f  AF  (Cor.  3.  41.  IV),  there¬ 
fore  furface  BFD  ~  and  furface  BAGD  zz  T 
the  furface  of  the  fphere  (Cor.  4.  3),  =  v2  curve 

K  2  furfaces 


2 

F  I  G. 
203. 


204. 


/ 


32  The  ELEMENTS 

FIG.  furfa<5es  of  the  cone  BAD  (Cor.  2.  6);  or  the 
264.  furface  of  the  cone  zz  ~  the  furface  of  the  fphere. 

Cor.  The  whole  furface  'of  an  equilateral  cone 
BAD,  infer ibed  in  a  fphere ,  is  44  of  the  fphere' s 

*  3BC2  zz  BD1  (41.  IV)  zz  4BE2,  and  BE2 
-|BC%  whence  circle  BD  zz  4  circle  BDG 
(35.  IV)  =  -rV  the  furface  of  the  fphere  (Cor.  3.  3).; 
add  this  to  the  curve  furface  of  the  cone  •,  then  the 
whole  furface  of  the  cone  “  4  +  44  the  fphere’s 
furface  zz  44  the  furface  of  the  fphere. 

PROP.  IX. 

*  » 

The  curve  furface  of  an  equilateral  cone  ABD,  is 
to  the  furface  of  its  inf  crib  ed  fphere  •,  as  3  to  2. 

Draw  AE,  CF  -1-  to  BD,  BA ;  then  by  fimilar 
triangles  AEB,  AFC  ;  AE2  :  EBZ  :  :  AF2  :  FC2. 
But  AE2  zz  -JAB2  (39.  II)  =1  3AF2.  Therefore 
3AF2  (AEz)  :  AF2  :  :  EB2  :  FC2  (4.  Proportion) 

:  :  circle  BD  :  circle  FEG.  But  BE  :  :  BA  or 
2 BE  :  :  circle  BD  :  curve  furface  of  the  cone  BAD 
(Cor.  3.  5.  VI)  zz  2  circles  BD  *,  and  circle  FEG 
—  4  furface  of  the  fphere  (Cor.  3.  3).  Whence 
3:1::  3AF2  :  AF2  :  :  4  furface.  of  the  cone  : 
4  furface  of  the  fphere.  Therefore  the  furface  of 
the  fphere  4  the  curve  furface  of  the  cone. 

Cor.  1.  The  furface  of  the  fphere  is  4  the  whole 
furface  of  the  circumfcribing  equilateral  cone . 

For  the  bafe  BD  zz  4  curve  furface  of  the  cone 
zz  4  furface  of  the  fphere.  Add  this  to  the  curve 
furface,  which  is  zz  4  furface  of  the  fphere ;  then 
the  whole  furface  of  the  cone  zz  ,4  +  4  the  fur- 
face  of  the  fphere  -J-  the  furface  of  the  fphere, 
or  4  the  whole  furface  of  the  cone  =  the  furface 
of  the  fphere, 

'  x  '"Cor... 


1 
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Cor.  2.  The  curve  fur  face  of  an  equilateral  cone  FIG. 
inferibed  in  a  fphere  is  zz  f  the  curve  furface  of  the  2 05. 
circumfcribing  equilateral  one .  the  whole  fur- 

face  of  one  —  ~  the  whole  furface  of  the  other . 

For  f  the  furface  of  the  inferibed  cone  zr  furface 
of  the  fphere  (8)  4  furface  of  the  circumfcribed 

cone  (9).  Therefore  the  furface  of  the  inferibed  = 
t  the  furface  of  the  circumfcribed  one. 

Alfo  ~  the  whole  furface  of  the  circumfcribing 
one  =  furface  of  the  fphere  (Cor.  1.  9)  ~  the  , 
whole  furface  of  the  inferibed  cone  (Cor.  8).  T  here¬ 
fore  the  furface  of  the  inferibed  cone  =  f  the 
furface  of  the  circumfcribed  cone. 


Cor.  3.  The  furface s  of  a  cylinder  and  equilateral 
cone ,  both  circumfcribed  about  a  fphere ,  are  as  2  to  3  ; 
bGth  their  curve  furfaces  and  whole  fur  faces. 

For  \  the  curve  furface  of  the  cone  zr  fur- 
face  of  the  fphere  (9)  =  furface  of  the  cylin¬ 
der  (3).  Surface  of  the  cylinder  :  furface  of  the 
cone  1:2:3. 

Alfo  4  the  v/hole  furface  of  the  cone  ~  furface 
of  the  fphere  (Cor.  1.9)"  ~  the  whole  furface 
of  the  cylinder  (Cor.  6.  3).  Therefore,  whole 
furface  of  the  cylinder  :  whole  furface  of  the  cone 
:  :  4  :  j  or  4  :  :  2  :  3. 

Scholium. 

From  the  foregoing  propofitions  are  deduced, 
the  proportion  of  the  fp  he  re’s  furface,  to  the  fur- 
faces  of  the  inferibed  and  circumfcribed  equilateral 
Cylinder  and  cone,  as  follows  : 

'/  •  /  (  |  '  y  ■* 

K  3  Surface 


t 
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F  I  G.  Surface  of  the  fphere  - - 1 6 

205.  Infcribed  cylinder’s  curve  furface  —  8 

■ - whole  furface  —  12 

Circumfcribed  cylinder’s  curve  furface  16 

- -  whole  furface  —  24 

Infcribed  cone’s  curve  furface  -  6 

- - -  whole  furface  —  9 


Circumscribing  cone’s  curve  furface  —  24 
• -  - -  whole  furface  —  36, 

*  i  .  '  '  / 

PROF.  X. 

2c6.  A  fphere  is *  equal  to  a  cone  whofe  bight  is  the 
radius  AC,  and  bafe  the  furface  of  the  fphere  ALF. 

Take  three  points  in  the  furface  of  the  fphere, 
as  A,  B,  D,  extremely  near  together,  forming 
the  fmall  triangle  ABD,  on  the  furface  of  the 
fphere.  Let  a  plane  pafs  through  thefe  three 
points  A,  B,  D  ,  the  fmall  portion  of  which  ABD 
will  coincide  with  a  portion  of  the  fpherical  furface 
ABD,  extremely  near.  And  the  radius  CA  will 
be  thereto  (2).  Therefore  the  portion  of  the 
fphere  CABD  is  nothing  but  the  pyramid  whole 
bafe  is  -  ABD,  a  fmall  part  of  the  fphere’s  furface, 
and  bight  the  radius  CA.  In  like  manner  the 
Whole  fphere  may  be  divided  into  fmall  pyramids, 
fuch  as  CABD,  whole  bafe  is  a  fmall  portion  of 
the  fpherical  furface ;  and  common  altitude,  the 
radius  CA.  Therefore  the  fum  of  all  thefe  pyra¬ 
mids  CABD,  make  up  the  fphere  ;  and  the  fum 
of  all  the  bafts  ABD,  make  up  the  fpherical  fur¬ 
face.  That  is,  the  fphere  is  equal  to  the  fum  of 
all  thefe  pyramids,  whole  bafes  are  all  the  parts  of 
the  furface,  of  the  fphere,  and  common  altitude 
the  radius  CA  •,  and  that  is  equal  to  one  pyramid 
or  cone,  whofe  bafe  is  the  furface  of  the  fphere, 
and  bight  the  radius  (.Ax.  2). 

,  Cor. 
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Cor.  i.  A  fphere  is  equal  to  a  cone ,  whofe  bight  is 
the  radius ,  and  bafe  equal  to  four  great  circles  of  the 
fp/oere.  y . 

For  the  furface  of  the  fphere  is  equal  to  four 
great  circles  (Cor.  3.  3). 

Cor.  2.  A  fphere  is .  equal  to  a  cone  whofe  'high t  is 
twice  the  diameter ,  and  bafe ,  a  great  circle  cf  the 
fphere. 

By  Cor.  4.  20.  VI. 

Cor.  3.  A  hemifphere  is  double  its  infcribed  cone. 

For  a  hemifphere  —  a  cone  whole  bafe  is  a  great 
circle,  and  hight  equal  to  the  diameter  (Cor.  2)  •, 
and  that  is  double  to  a  cone  of  the  fame  bafe,  and 
half  the  hight  (Cor.  1.  20.  VI). 

S'  .  ~  l  -  .  ' 

PRO  P.  XI. 

Any  fphere  BANR,  is  ~  its  circumfcribing  cylinder , 

DM. 

Let  AC  be  the  axis  of  the  hemifphere  BAN. 
From  the  center  C,  draw  the  diagonal  CD  ;  and 
draw  PL  to  AC,  and  OFI  parallel  to  it,  and 
exceeding  near  it.  Then  if  the  figure  ADBC  re¬ 
volve  round  the  axis  AC  ;  then  ADBC  will  generate 
the  cylinder  BDGN  •,  the  quadrant  BV A,  the  hemi¬ 
fphere  BAN  ;  and  ADC,  the  cone  ADCG.  Then 
VC1 VL2-  +  LO  (21.  II)  ;  that  is,  PL2  ~  VIA 
4-  KLZ  (for  DA  ~  AC,  and  ICL  ^  LC  (13.  II). 
Therefore  the  circle  defcribed  by  LP  =  the  two  circles 
defcribed  by  LV  and  LK  (Cor.  2.  35.  IV).  Take 
away  the  circle  defcribed  by  LV,  from  both,  and 
there  remains  the  annulus  or  ring  defcribed  by 
V P  nr  circle  defcribed  by  LK.  For  the  fame  reafon 
the  annulus  defcribed  by  OI  =  circle  defcribed  by 
FH.  Therefore  the  final l  prifmatic  folid  contained 
between  PN  and  OI,  quite  round  the  figure  —  cone 
fruftuni  contained  between  KL  and  FH,  round  the 

v  K4  figure 
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FIG.  figure  (12.  VI).  In  like  manner  every  part  of  thcr 

207,  figure  BDAVB  correfpondent  part  of  DACG. 
Therefore  the  total  fum  of  the  firft  ~  total  ium  of 
the  laid,  that  is,  the  folid  BDAGNAVB  =  cone 
DCG  (Ax.  2)  zr  4  the  cylinder  DBNG  (20.  VI), 
Therefore  the  remaining  part,  or  the  hemifphere 
BAN  =  the  remaining  *4  of  the  cylinder  BDGN, 
Whence  the  double  thereof,  or  the  whole  fphere 
ABRN  ==  4  of  the  whole  cylinder  EG, 

OtheYwife . 

The  cone  whofe  bafe  is  BN,  and  hight  CA, 
or  the  cone  DCG  —  half  the  hemifphere  BAN 
(Cor.  3.  10).  And  the  fame  cone  DCG  =  4  the 
cylinder  BDGN,  (20.  VI).  Therefore  4  hernia 
fphere  en  4  cylinder,  and  the  hemifphere  =  4  cylin¬ 
der  BG.  Whence  the  whole  fphere  =  4  the  cylin¬ 
der  EG.  1  ,  • 

\ 

Cor.  1.  The  concave  folid  BFADBER  &c.  =  \  tie 
fphere  BANR. 

20 3.  Cor.  2.  A  right  cone ,  fphere ,  and  cylinder ,  all  of  the 

fame  diameter  and  hight ,  are  as  1,2,3  r effectively  ;  or 
ABD  ;  AXTGI  :  EBDF  :  :  1  :  2  :  3. 

PROP.  XII. 

206.  The  fetter  of  a  fphere  CGAH,  is  equal  to  a  con t 
whofe  hight  is  the  radius  \  and  bafe ,  the  furface  of  the 
fettor  GAH. 

This  is  demonfrrated  as  Prop.  X.  For  if  the 
fedor  be  divided  into  a  multitude  of  extremely  fmall 
fedors  CABD,  the  bafe  of  each  will  be  a  fmall  por¬ 
tion  of  the  fpherical  furface  ABD.  And  as  all  the 
pyramids  make  up  the  fector,  and  are  the  elements 
thereof ;  fo  all  the  bafes  are  the  elements  of  the  fur¬ 
face  GAH,  and  make  it  up.  And  as  the  hights  of 
all  the  pyramids  is  the  fame,  they  are  all  equal  to  one 

pyra- 
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pyramid  of  the  fame  hight,  and  bafe  the  fum  of  all 
the  bafes  (Cor.  i.  18.  VI).  That  is,  the  fe&or 
CGAH  =s  a  pyramid  or  cone  whofe  hight  is  the 
radius,  and  bafe  the  furface  GAH. 


F 


Cor.  i.  The  feftor  of  a  fpherey  CGAH  =  a  cone , 
whofe  hight  is  the  radius  AC  ;  and  bafe  a  circle  whofe 
radius  is  AG.  And  the  fell  or  CGBH  ~  a  cone  whofe 
radius  is  CB,  and  bafe  a  circle  whofe  radius  is  BG. 

For  the  furface  GAH  ~  a  circle  whofe  radius  is 
AG  (4) ;  and  the  furface  GBH  —  a  circle  whofe 
radius  is  BG  (ibid.). 


Cor.  2.  Seniors  of  fpheres ,  are  to  one  another ,  in 
the  complicate  ratio  of  their  furfaces  and  radii. 

For  the  cones,  equal  thereto,  are  as  the  bafes  and 
hights  (Cor.  3.  20.  VI). 


PROP.  XIII. 

If  it  be  made ,  as  BD  :  BA  :  :  radius  CA  :  CF  ; 
then  the  cone  GFH  is  equal  to  the  fegment  of  the 
fphere ,  GAH. 

Draw  CG,  BG  and  FCB  ;  then  CA  :  CF  :  :  BD 
;  BA  (hyp.)  :  :  BD1 :  BG2  (Cor.  1.  20.  II)  :  :  GDa 
:  GA1  (20.  II)  :  :  circle  GD  (or  circle  whofe  radius 
is  GD)  :  circle  GA  (.35.  IV).  Therefore  the  cone 
whofe  hight  is  CF,  and  bafe  the  circle  GD  =  cone 
whofe  hight  is  CA,  and  bafe  the  circle  GA  (Cor.  4. 
20.  VI)  —  fe£tor  CGAH  (Cor.  1.  XII).  Subtract, 
or  add  the  cone  GCH,  on  the  fame  bafe  GH,  and 
then  the  cone  GFH  =  fegment  GAH. 

Cor.  1.  If  BD  :  DA  :  :  radius  CA  :  AF.  Then 
the  cone  GFH  =  fegment  GAH. 

For  lince  BD  :  BA  :  :  CA  :  CF,  therefore  BD 
:  BA  —  BD  :  :  CA  :  CF  —  CA  (13.  Proportion) ; 
that  is,  BD  :  DA  : :  CA  :  AF. 

Cor.  2.  The  fegment  GAH,  is  to  the  inf  crib  ed  con&^ 
GAH  3  as  FD  to  AD.  Cor. 
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FIG.  Cor.  3.  The  fegment  GAH  :  fegment  GBH  :  : 
2  ic.  GC  +  DB  x  AD2  :  GC  +  AD  x  DB2. 

For  the  hight  of  the  cone,  equal  to  the  fegment 

pn 

GAH,  that  is,  DF  =  x  DA  +  DA  (Cor.  i) 


GC  4-  DB 


=  - — “  X  DA.  And  in  like  manner,  the 

hight  of  the  cone  equal  to  the  fegment  GBH,  is 

GC  -f-  DA  a  i  i  r  i  1  * 

- TT\ - *  DB.  And  thefe  cones  are  as  the  alti- 

i  '  / r'  TrTN  i  •  GC  4“  DB 

tudes  (Cor.  i.  20.  VI) ;  that  is,  as  - — -g —  X 

DA,  and  X  DB,  or  as  GC  +  DB  x 


DA2 :  GC  +  DA  x  DB2. 


PROP.  XIV. 

210.  The  fegment  of  a  fphere  GAH,  is  equal  to  a  cone , 
whofe  hight  is  AD,  the  hight  of  the  fegment  *,  and 
bafe ,  4  the  bafe  of  the  fegment  GH,  together  with  ~  a 
circle  whofe  radius  is  the  hight  of  the  fegment  AD. 

Let  ©AG  denote  the  circle  whofe  radius  is  AG, 
and  fo  of  the  reft.  Then  fegment  GAH  =  fedtor 
CG  AH  -j-  cone  GCH  (fig.  1,  2)  zz  7 AC  x  ©AG-J- 
7CD  X  ©GD  (Cor.  1.  12) ;  and  3  fegments  GAH  zz: 

,  AC  x  ©AG  4*  AlJ  -7-  AC  x  ©GD  zz  AC  x 

0 AG  —  ©GD  -f  AD  x  ©GD  —  AC  X  ©AD  -{- 
AD  x  ©GD  (Cor.  2.  35.  IV). 

But  AD  :  AB  :  :  AD*  :  AG*  (Cor.  1.  20.  II) 
:  :  AD*  :  AD*  4*  DG*  :  :  ©AD  :  ©AD  4  ©DG 

(Cor.  2.  35.  IV),  therefore  AD  x  ©AD  +  ©DG 
=  AB  x  ©AD  zz  2 AC  x  ©AD,  and  AD  x 
3©DG  -jr©AD  ~  2 AC  x  ©AD  -f  2AD  x  ©GD. 

And  AD  x  i‘©GD  4-  f©AD  zz  AC  x  ©AD  4* 
A*D  x  ©GD  zz  '3  fegments  GxAH. 


Corel 
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Corollary.  ‘The  fegment  GAH  —  f AD  x 
3©GD  +  ©AD. 

‘  \ 

PROP.  XV. 

\ 

The  fruftum  or  middle  zone  of  a  fphere  ZGHF,  is 
equal  to  a  cone  whofe  bight  is  the  bight  of  the  zone  CD  ; 
and  bafe ,  two  great  circles  ZF,  together  with  the  lejfer 
bafe  GH. 

For  the  zone  ZH  =  hemifphere  ZAF  * —  the 
fe&or  CGArl  +  the  cone  GCH  =  AC  x  -J@ZC 
(i  i)  —  AC  x  4© AG  (Cor.  i.  12)  4*  GD  x  4©GD 
(20.  VI)  =  AD  x  feZC  4-  DC  x  i©ZC  —  AC 
x  f©AG  4-  CD  x|©GD.  But  AD  :  AC  :  :  AG2, 
:  AZa  (18.  IV)  :  :  AGZ  :  2ACZ  (21.  II)  :  :  ©AG  : 
2©ZC  (35,  IV).  Therefore  AD  X  2©ZC  =  AC 
X  ©AG.  And  AD  x  t^)ZC  zn  AC  x  AG, 
Therefore  the  zone  ZH  z  DC  x  A©ZC  +  DC 

x  4®GD  —  tjDC  x  2©ZC  +  ©GD. 

Cor.  The  zone  ZH  is  equal  to  ’  DC  x  twice  the  circle 
ZF  4  the  circle  GH. 

P  R  O  P.  XVI. 

An  orb  or  hollow  fphere  is  equal  to  the  fruftum  of  a 
cone ,  whofe  greater  bafe  is  the  furface  of  the  greater 
fphere ;  and  lejfer  bafe ,  the  furface  of  the  lejfer  :  and 
bight ,  the  difference  of  the  radii . 

4r  \ 

For  the  orb  is  equal  to  the  difference  of  the  two 
fpheres  ;  that  is,  to  the  difference  of  two  cones 
whofe  bights  are  the  radii  of  the  fpheres,  and  bafes 
the  furfaces  (10).  1 
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PROP.  XVII. 

The  furfaces  of  fpheres  GH,  IK,  are  as  the  fquares 
of  the  diameter s,  AB,  DF. 

(  v  f  ,  (  ;  -  J 

For  the  furface  of  the  fphere  GH  =  4  circles 
AGBH,  and  the  furface  of  the  fphere  IK  =  4  circles 
IDKF  (Cor.  3.  III).  But  4  circles  AGBH  :  4 
circlesDIFK  : :  circle  AGBH  :  circle  DIFK  (Cor.  1. 
5.  Proportion)  : :  AB* :  DP  (35.  IV). 

\ 

» 

PROP.  XVIII. 

Spheres  GH,  IK,  are  to  one  another ,  as  the  cubes 
of  their  diameters ,  AB,  DF. 

For  the  fphere  GH  =  \  the  cylinder,  whofe  bale 
is  AGBH,  and  hight  AB.  And  the  fphere  IK  —  -J  ' 
the  cylinder,  whofe  bafe  is  DIFK,  and  hight  DF  (11). 
Therefore  fphere  GH  :  fphere  IK  :  :  4AGBH  x  AB 
:  4DIFK  x  DF  (Cor.  3.  19.  VI)  :  :  AGBH  x  AB 
:  DIFK  x  DF  (5.  Proportion)  :  :  AB*  x  AB  :  DF* 
X  DF  (35.  IV.  and  7.  Proportion)  ::  AB3  :  DF3. 

PROP.  XIX. 

Similar  folids  infcribed  in  fpheres  GH,  IK,  are  as  th 4 
cubes  of  the  diameters  of  the  fpheres  AB  :  DF. 

From  any  two  equal  and  correfpondent  angles  A, 
D,  draw  the  diameters  AB,  DF.  Then  fince  the 
folids  are  infcribed  after  a  fimilar  manner  in  refpe£t  of 
the  diameters  AB,  DF.  It  will  be  AG  :  DI  :  :  AB  : 
DF  (19.  III).  But  folid  AE  :  folid  DL  :  :  AG3  : 
DI3  (24.  VI)  :  :  AB3  :  DF3  (Cor.  3.  18.  Propor¬ 
tion). 

Cor.  r.  Similar  folids  infcribed  in  fpheres ,  art  as  the 
fpheres . 

Eor  fpheres  are  alfo  as  the  cubes  of  their  diameters 
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Cor.  2.  The  furfaces  of  fimilar  folids  infcribed  in  FIG. 
fpheres ,  are  as  the  fquares  of  the  diameters  of  the  214. 
fpheres .  2 1 5. 

For  furface  of  AE  :  furface  of  DL  :  :  AG1  :  DT 
(7.  VI)  :  :  AB1  :  DF\ 

Cor.  3.  The  furfaces  of  fimilar  folids  inscribed  in 
fpheres ,  are  as  the  furfaces  of  the  fpheres . 

For  they  are  both  as  the  fquares  of  the  diame-  s 

ters  ( 1 7).  -  ' 

•  >  *  ^ 

PROP.  XX. 

A  fphere ,  is  to  any  circumfcribing  folid  BF,  ( all  whofe  21*6. 
planes  touch  the  fph ere)  ;  the  furface  of  the  fphere , 

to  the  furface  of  the  folid. 

Since  all  the  planes  touch  the  fphere,  the  radius 
drawn  to  all  the  points  of  contact,  will  be  -L-  to  each 
plane  (2).  Therefore  if  planes  be  drawn  through 
the  center  C  of  the  fphere,  and  through  all  the  fides 
of  the  body  ;  then  the  body  will  be  divided  into 
pyramids,  BCAE,  BCAD,  &c.  whofe  bafes  are  the 
planes  B  AE,  BAD,  (Ac.  •,  and  their  common  altitude 
CP,  the  radius  of  the  fphere.  And  the  fum  of  all 
thefe  pyramids,  or  the  whole  folid,  is  equal  to  a 
pyramid  or  cone,  whofe  bale  is  the  fum  of  all  the 
plane  figures,  and  hight  the  radius  CP  (Cor.  1.  18. 
and  Cor.  2.  20.  VI).  But  the  fphere  is  alfo  equal 
to  a  cone  or  pyramid  whofe  bafe  is  the  furface  of  the 
fphere,  and  hight  the  fame  radius  CP  (10).  And 
this  laft  cone  :  former  cone  :  :  bafe  of  the  latter : 
bafe  of  the  former  (Cor.  2.  20.  VI.)  ;  that  is,  the 
fphere  :  circumfcribing  folid  ;  :  furface  of  the  fphere  : 
furface  of  the  folid. 

.  *  .X  '  '  ,  / 

Cor.  1.  All  circumfcribing  cylinders ,  cones,  See.  are 
to  the  fphere  %  as  their  furfaces  are , 

li|.  For 


( 


The  E  L  E  M  ENTS 

For  any  cylinder,  or  cone,  may  be  conceived  to  be 
made  up  of  an  infinite  number  of  fmall  planes,  all 
of  which  touch  the  fphere. 

Cor.  2.  All  bodies  cir cum f cubing  the  fame  fphere , 
are  to  one  another  as  their  furfaces. 

Cor.  3.  The  fphere  is  the  great  eft  or  moft  capacious  of 
all  bodies  of  equal  furface. 

For  if  the  planes  be  fuppofed  to  touch  the  fphere, 
their  areas  will  be  greater  than  the  furface  of  the 
fphere,  which  is  contrary  to  the  hypothecs  *,  there¬ 
fore  the  planes  muff  fall  within  the  fphere-,  and  then 
the  perpendicular  upon  them  will  be  fhorter  than  the 
radius,  and  therefore  the  body  will  be  lefs  than  the 
fphere,  as  having  the  fame  bafe,  and  a  lefs  hight. 
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FIG. 

216. 


PROP.  XXL 

210.  Any  fegment  of  a  fphere  GAH,  is  to  its  inf  crib  ed 
cone ;  as  BC  +  BD,  to  BD. 

AD 

For  if  AF  —  x  AC,  then  the  fegment  GAH 
cone  GFH  (Cor.  1.  13).  Therefore  FD 
X  AC  -}-  AD.  And  this  cone  GFH  :  cone 

A  C 

DF  :  DA  (Cor.  r.  20.  VI)  :  :  ~ 


AD 
DB 
GAH 


Ap  1  up)  jou 

X  AD  +  AD  :  AD  : :  X  AD  :  AD  :  : 

£>D 

AC  -J-  BD  :  BD  (5.  Proportion). 

Cor.  1.  A  hemifphere  is  double  the  inferibed  cone. 

For  then  BD  m  AC  or  BC. 

Cor.  2.  The  fegment  containing  an  equilateral  cone , 
is  equal  to  3  times  the  cone . 

For  then  BD  =  f BC  (Cor.  3.  4 1.  IV). 


PROP. 
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FIG. 


PROP.  XXII. 

If  the  cone  DAE  circumfcribing  a  hemifphere  be 
right-angled  at  A  ^  that  cone  DAE  is  to  the  infcribed 
hemifphere  *,  as  ^2  to  i. 


For  let  0  {land  for  circle,  then  fuppoftng  the 
fame  conftruclion  as  in  Prop.  VII,  then  we  have 
CD1  zz  2BC\  and  CD  zz  BC^/2  =  DFyT,  and 
CD  :  DF  :  :  ^2:1  (Cor.  1.  12.  Proportion)  ;  alfo 
©CD  —  2©CB,  and  AC  =  CD.  The  cone  DAE 
=  ©CD  X  tAC  (20.  VI)  =  2©CB  X  fCD.  Alfo 
the  hemifphere  —  x  GC.  (n)  =  2©CB  x 


BC 

— .  Therefore  the  cone  :  hemifphere  : :  2©CB  x 
3 


ACD  :  20CB  x  tBC  :  :  CD  :  CB  or  DF  :  : 
y  2  :  1. 


Cor.  A  right-angled  cone,  circumfcribing  a  hemi¬ 
fphere,  is  to  the  infcribed  cone  ;  as  2  A  2  to  1. 

For  the  circumfcribed  cone  :  hemifphere  :  :  2  : 

.1  :  :  2s/ 2  :  2  (22). 

And  hemifphere  :  infcribed  cone  :  :  2  :  1  (Cor.  1. 
2  1). 

Therefore  circumf.  cone  :  inf.  cone;  :  2\l2  :  1  (15* 
Proportion). 


PRO  P.  XXIII. 

A  fphere  is  to  its  infcribed  equilateral  cylinder  AD, 
as  4\/2  to  3. 

Draw  the  diameter  BE,  then  BE2,  =  DEZ  DB* 
(21.  II)  2DE2,  and  circle  AEDB  zz  circles  BD 
(35,  IV) ;  alfo  BE  =  DEv/2  z=  BDy2.  Now 
The  fphere  zz  4  A  ED  B  x  BE  (n)  zr^AEDBxBDV^, 
the  cylind.  zz  circle  ED  X  BD  ==  ~  AEDB  x  BD. 
Then  fphere  :  cylinder  : :  ^AEDBx  BD-/A:  4AEDB 
X  BD  : :  4y'2  :  i  :  :  4^2  ;  3. 

Cor. 


203. 


201, 
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Cor.  The  circumfcrihed  equilateral  cylinder ,  is  to  the 
inf  crib  ed  equilateral  cylinder  ;  as  2^2  to  1. 

For  4  the  circumfcr.  cylinder  =  fphere  (11)  = 
T—  x  the  infer,  cylinder.  Therefore  the  clrcumf. 
cylinder  =  if  2  X  infer,  cylinder. 

PROP.  XXIV. 

The  fphere  is  to  the  infer ibed  equilateral  cone  BAD, 
as  32  to  9. 

Let  ©BE  denote  the  circle  whofe  radius  is  BE,  Ifc. 
then  BDZ  or  4BE1  =  3BC1  (41.  IV),  and  BE1  z: 
-JBC%  and  ©BE  zz  |©BC  (Cor.  r.  35.  IV).  Alfa 
AE  =  ~AC  (Cor.  3,  41.  IV).  Then  the  fphere  = 
3©BC  x  2AC  (11).  And  cone  =  ©BE  x  f  AE 
(20.  VI)  ~  4®^C  X  t  X  4- AC,  Therefore,  fphere 
:  cone  :  :  4®BC  x  2AC  :  |©BC  x  i AC  : :  4  •  t  :  • 
32  :  9. 

PROP.  XXV. 

A  fphere  is  to  its  circumfcrihed  equilateral  cone  ABD, 
as  4  to  9. 

The  conftruction  of  Prop.  IX.  remaining;  let  ©FC 
denote  the  circle  whofe  radius  is  FC,  &c.  Then 
EB1  ~  3FC\  and©BE  =  5©FC  (35.  IV),  and  CF 
orCE=  iCA  (Cor.  31.  II),  and  AE  zz  3CF. 

The  fphere  =  4©CF  X  2CF  (1 1). 

The  cone  =  ©BE  x  t  AE  (20.  VI)  zz  3©FC  x 
FC.  " 

Therefore  fphere  :  cone  : :  4©CF  x  2CF  :  3©CF 
X  CF  : :  4  :  3  :  :  4  :  9. 

Cor.  1.  The  circumfcrihed  equilateral  cone  is  eight 
times  the  inferihed  equilateral  cone. 

For  the  circumfcr.  cone  :  fphere  1:9:4. 

And  fphere  :  infer,  cone  :  :  32  :  9  (24). 

Therefore  circumfcr.  Cone  :  infer,  cone  : :  32  :  4 
(15.  Proportion)  :  :  8  :  1.  Cor* 


j 


Pl.X  Pau44- 
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Cor.  2.  The  circumfcribed  cylinder  is  •§■  the  circuln-  $  IG, 
fcribed. equilateral  cone •  205. 

For  the  cylinder  =  fphete  (i  1)  =  4  tht  cone  ; 
and  the  cylinder  =  ~  the  cone. 

Cor;  3.  The  fphere  EF  is  to  the  circumfcribing  right  217* 
cylinder  BC,  and  this  cylinder  to  the  circumfcribing 
equilateral  cone  ADG,  as  2  to  3 ;  both  in  refyett  of 
their  whole  furfaces  and  folidities . 

This  appears  from  Cor.  6.  3.  and  Cor.  3.  9.  arid 

Prop.  11.  and  Con  2.  25. 

*  «  •  » 

Cor.  4.  The  circumfcribing  right  cylinder ,  *£«/- 

lateral  cone ,  ^  to  another  as  2  to  3  *,  both  in  regard 

to  their -curve  furfaces ,  /ter  whole  furfaces ,  foli ditie 
bafes ,  hights-. 

-As  to  the  furfaces  it  appears  by  Cot  3:  9  ;  and 
the  folidities,  by  Cor.  3.  of  this,  As  to  the  bafes,  fince 
0BE  =  3OFC  (fig.  205),  or0FCr^f0BE,  there¬ 
fore  20FC  =  4®BE,  or  the  two  bafes  of  the  cylin¬ 
der  =  4  the  bafe  of  the  cone. 

And  for  the  hight,  AE  3CF,  or  aCF  =  -|AE  ; 
that  is,  the  hight  of  the  cylinder  =  the  hight  of 
the  cone. 

<• 

ScHO'LIUM. 

From  the  foregoing  proportions,  is  eafily  deduced 
the  proportion  which  the  fphere  has  to  the  inferibed 
and  circumfcribed  equilateral  cylinders  and  cones,  as 
follows  : 

Solidity  of  the  fphere  32 

- - — — —  inferibed  corie  9 

— - - - *  inferibed  cylinder  II1/2 

- - — - .circumfcribed  cylinder  48 

- *— ■ - -  circumfcribed  cone  72 4 

L  PROP, 

\  ,  ■  _ .  ■-  . 

f  *  ■  *  *  '  . 
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FIG. 

218. 


218. 


PROP.  XXVI. 

The  fquare  of  the  fide  of  a  regular  pyramid  in - 
fcribed  in  a  fphere ,  is  i  the  fquare  of  the  diameter : 
AE2  =  ^EF2.  J 

For  drawing  ECF  -J-  to  the  bafe  ABD,  3  AC2  = 
AB2  (41.  IV)  =  AE2  =  AC2  CE2  (21.  II) ;  and 
2AO  =  CE2,  or  iCE2  =  AC2  =  EC  x  CF 
(17.  IV),  therefore  CF  =  iCE,  and  EF  =  ACE, 
or  CE  =  ~EF,  and  AC2  =  iCE2  =  |EF2.  There-  v 
fore  AE2  =  AC2  +  CE2  (21.  II)  =  iEF2  +  iEF? 
=  |EF2  =  2EFZ.  .  ; 

Cor.  1.  The  hight  of  the  pyramid  is  -J  the  diameter 
of  the  fphere ,  EC  ==  iEF.  | 

Cor.  2.  The  diameter  of  the  fphere  :  diameter  of  the 
circle  comprehending  the  hafe  of  pyramid  :  :  as  3  : 

For  AC2  ==  |EF%  and  4AC2  =  ~EF2.  * 

Cor.  3 .  The  area  of  the  hafe  ADB  =  EF2  X  .’j 

ARl 

For  the  area  ADB  =  —  V3  (39-  II).  And 
AB2or  AE2  =  ^EF2.  Therefore  ADB  =  -JEFV3* 

Cor.  4.  The  radius  of  the  inf  crib  ed  fphere  =  iEF. 

For  it  is  =  EC  —  fEF  ==  iEF.  | 

PROP.  XXVII.  | 

The  folidity  of  a  regular  pyramid  infer ibed  in  a  fpher?9 
is  EFV3.  I 

For  the  folidity  ~  fEC  x  bafe  ABD  (18.  VI)  =1 
iEF  x  ABD  (Cor.  1.  26)  =  iEF  x  iEFV3 

(Cor.  3.  2 6)  X  EF>. 

PROP, 
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I  PROP.  XXVftt* 

The  fquare  of  the  diameter  of  a  fphere^  is  thrice  the  2 19* 
,  fquare  of  the  fide  of  its  infcribed  cube :  FAZ  zz  3  FD\ 

Through  the  oppofite  fides  AG,  DF,  fuppofe  the 
plane  FDAG  to  he  drawn  ;  and  through  two  oppo- 
lite  angles  A,  F,  drav/  the  diameter  of  the  fphere 
AF.  Then  D  Aa  =  DB"  +  BA1  =  aDB2  2DF2 
(21.  II).  AlfoFA2=FD2-f  DA’—  FD2  -f  2FD2 
5=  3FDz  (ibid.)* 

Con  1 .  The fide  of  the  cube  DF  r=  4 -FAy^* 

Cor.  2.  The  diameter  of  the  fphere  AF,  is  to  the  > 
diameter  DA  of  the  circle  comprehending  one  face  of  the 
cube  ;  as  i  to  4V  6* 

For  FA  =  FD  x  */3>  and  DA  =.  FJDfi  ;  and 
FDv/3  •  FDV2  :  :  1  :  VJ,  or  i  :  6. 

Cor.  3.  The  area  of  one  face  of  the  cube  DBAI  is 
j  equal  to  4-FA2.  • 

Con  4.  The  fum  of  the  fquares  of  the  fides  of  the 
infcribed  pyramid  and  cube ,  is  equal  to  the  fquare  of 
the  diameter . 

For  the  former  is  and  the  latter  f*  of  the 
iquare  of  the  diameter  (26  and  28). 

Cor*  5.  Thje  diameter  of  the  circle  containing  one  face 
of  the  cube  DA,  is  equal  to  the  fide  of  the  pyramid. 

For  DA2  =  2DF2  =  4FA*  (28)  =  fquare  of  the 
fide  of  the  pyramid  (26). 

/ 

Cor.  6.  The  radius  of  the  infcribed  ft>here  is  i  the 

fide  FD. 

‘  ’  T  v  f  f 
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F I  G.  •  PROP.  XXIX. 

-219.  Vhe  folidity  of  a  cube  infer ibed  in  a  fpbere ,  is 

4 

multiplied  into  the  cube  of  the  diameter 
♦  X  AP. 

For  DF  =  FAVf>  and  DF3  =  FA5  x  fV7  = 
FA3  x  W3  (28). 

Cor.  The  infer  ibed  cube  is  thrice  the  inferibed 
pyramid* 

PROP.  XXX. 

220.  The  fquare  of  the  diameter  of  a  fphere  is  double  to 

the  fquare  of  the  fide  of  an  inferibed  regular  oblaedron 
ABFDEG  :  AG1  =  2AB2.  \ 

Through  two  oppofite  angles  A,  G,  draw  the 
diameter  AG  *,  then  the  angle  ABG  is  right  (14.  4); 

*  therefore  AG1  =  AB2  +  BG2  =  2AB2  (21.  II). 

*  i  ■  •  .  ■  * 

Cor.  1.  The  fquare  of  the  diameter  of  a  circle  com¬ 
prehending  a  triangle  of  the  oblaedron^  is  -J  the  fquare 
~  -  of  the  diameter  of  the  fphere. 

•  For  AB2  =  thrice  the  fquare  of  the  radius 
(41.  IV)  ==  4  the  fquare  of  the  diameter,  and 
AB2  =  4 AG2  (30)  j  therefore  the  diameter  fquare 
=  4  AGs 

5  »  ,  - 

^  ipk 

Cor.  2.  The  diameter  of  a  circle  containing  the 
triangle  of  the  ottaedrony  is  equal  to  the  fide  of  the 
pyramid. 

Cor.  3.  The  fame  circle  comprehends  both  the  fquare 
of  the  cube ,  and  the  triangle  of  an  oElaedrony  inferibed 
in  the  fame  fphere . 


of  the  fphere : 


For 


V 
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For  the  former  diameter,  is  47 65  and  the  latter  FIG. 


Vt  —  TV^* 


220. 


Cor.  4.  The  'area  of  one  of  the  faces  of  the  ottaedron, 

/  *  ' 

as  ABE,  is  —■  multiplied  into  the  fquare  of  the 

diameter  of  the  fphere  \  t=z  X  AG4. 

ARZ 

For  the  triangle  ABE  =  - 73  (39.  II) 

4 


Cor.  5.  The  radius  of  the  inf  crib  ed  circle  is  4-  AB  \/6. 

For  it  is  the  perpen.  from  C  upon  ABE,  fup- 
pofe  it  =  P,  D  =  diameter  of  the  circle  encom- 
pafling  ABE.  Then  PF  1=  -JAG*  —  iDD  5  and 
4PP  =  AG"  —  Dz  =  AG4  —  4 AG 4  (Cor.  1,  30) 
=  -JAG4  ~  4AB%  and  2P  =  AB/4  =  fAB 76. 
and  P  =  4AB7& 


PROP.  XXXI; 


The  folidity  of  an  oElaedron  BD,  inferibed  in  a 
fphere ,  is  4  the  cube  of  the  diameter  of  the  fphere  AG, 

For  the  body  confifts  of  two  pyramids  BEDFA  220 i 
and  BEDFG,  Handing  on  the  fquare  bafe  BEDF, 

Therefore  the  folidity  =:  DE4  x  4-^C  +  4^G  = 

*BD*  x  y  =  iAGK 

Cor.  A  fphere ,  is  to  the  inferibed  oElaedron ;  as  the 
circumference  of  the  fphere ,  to  its  diameter . 

For  the  fphere  is  ==  4  the  circle  ABGD  X  AG 
(11)  =  4 AG  x  circumference  ABGD  x  4 AG 
(34.  IV),  Therefore  fphere  :  oitaedron  : :  ABGD 
X  4AGA  ;  4AGJ  : :  ABGD  :  AG. 


L  3 
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FIG. 

221, 


PROP.  XXXII. 

The  fquare  of  the  diameter  of  a  fphere ,  is  to  the 
fquare  of  the  fide  of  its  inferibed  regular  dodecaedron 
DA  ^  as  6  to  3  —  ^5  •  or  as  9  -j-  2f  5*  t0  2* 

•  ^  v  ,  f  .  ,  V  .  t  *V  '  ,  L.  , 

Let  A  be  a  folid  angle  of  the  dodecaedron  5 
AG,  AI,  AL,  three  pentagons  forming  the  z_  A. 
Draw  the  diagonals,  BD,  BF,  DF,  -And  on  the 
plane  BDF  let  fall  the  perp.  AC,  and  draw  DC. 
Then  DF*  =  3DC*  (41.  IV),  and  DC*  zz  ^DF% 
and  CA*  =  DA*  —  DC*  (Cor.  1.  21.  II)  =  DA1 

—  jDF2  =  DA1  —  4-DA1  x  (Cor.  3. .43.’ 

*  2  l - 

IV)  =  therefore  CA  = 


DA] 


^/6 


-DA; 


But  ==  diameter  of  the  fphere  (Cor^ 

17.  IV),  or  the  diameter  zzz  ^  ?  - - 

v  V6 

yii—  —  »---  ■ 

*3  —  */ 5 
6DA1 

3  — V'S’ 


Da  X  v:3  —  ^5 
X  D  A  ==  S ;  and  diameter  fquare,  SS  rq 


and  DA* 


_  3  —  V5 


SS  = 


2SS 


9  “F  3V5 


Cor.  1.  The  fquare  of  the  diameter  of  the  fphere l 
is  to  the  fquare  of  the  diameter  of  the  circle  con - 
gaining  one  face  of  the  dodecaedron  AL  s  as  15  ta 

xo  — 

Let  S  =  diameter  of  the  fphere*  R  zr  radius  of 
the  circle  circumfcribing  the  pentagon,  then  AD* 

_  1Z_^SS  (32)  i  and  RR  =  (44.  IV) 


V5 


=  rss 


X 

3 


3  ~  SS  =  fSS  x  Y~rs 

.  x  l  -jtT  =  ^SS 
v's  5  -V  V$ 


6 

i/S 


X 
15  + 
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*5-k  3^5  — •  5^5  —  5  __  Igs  x  10  — 


5  —  s/S 


25  —  5 


3° 


-SS,  and  the  fquare  of  the  diameter  of  that 


circle  or  4RR  = 


10  —  2^/5 

Tf' 


SS. 


Con  2o  of  cne  'pentagon  of  the  doiecae- 

dron ,  «  equal  to  . multiplied  by  the  fquare 

of  the  diameter  of  the  fphere . 

For  let  O  ^be  the  center  of  the  circle  circurrr- 
fcribing  the  pentagon  AJ  j  and  OP  -1-  to  FI. 

Then  OP!  -  3  +8^-  x  RR  (Cor.  i.  44.  IV)  = 
~^v/^  x  -  — SS  ;  and  the  area  FOI  = 


8  '  30 

40P  x  FI  =  X  ^=3^  X 

_  w  5  —  v^5 

~  2  48  X 


30 


;  and  fince  there  are  5  fuch 


5  1 

triangles  in  the  pentagon,  the  pentagon  = 

x  l=. yj.  -  sssjizna. 

30  12  10 

Cor.  3.  The  fide  of  the  cube  is  equal  to  the  diagonal 
DF,  of  the  pentagon  of  a  dodecaedron  infcribed  in  the 
fame  fphere. 

For  DA4  =  L-^SS(32),  andDF  =•*  DA 
(Cor.  3.  43.  IV) ;  and  DF1  =  6  +  i/^DA1 


3  +  \f  5 


DAa* 


3  +  x  3, 


ifiss  = 


2  2 

2-*Hiss  =  — ^-7-SS  —  4-SS.  But  the  fquare  of 
2x6  2x6 

the  fide  of  the  infcribed  cube  is  alfo  =  (28). 

L  4  Therefore 


*5* 

FIG. 
22  X, 


\ 
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FIG.  Therefore  the  diagonal  in  the  pentagon  —  fide 
22i.  of  the  cube, 


.  PROP,  XXXIII, 

i 

fie  cube  of  the  diameter  of  a  fphere ,  is  to  the  folu 
&ty  °f  the  infcribed,  regular  dodecaedron ,  as  i  to 


V 


3  4^/5 

3P" 


Juet  S  —  diameter  of  the  fphere,  R  m  radius  of 
the  circle  encompaffing  the  pentagon,  P  =  per^ 
pendicular  from  the  center  of  the  fphere  upon  the 


pentagon,  then  RR  = 


5  ^  s/  5 


Then  PP  = 

10  4.  V5 


|S3 


30 


■SS  (Cor.  1,  32). 


RR  (Cor.  1.  21.  II)  — 


60 


■•SS  = 


5  +  s/$ 

60 


SS,  and  P  =s 

and  die  area  of  the  pentagon  =3. 

TiSSv'"" 'IO'  (Cor.  2.  32),  Therefore  the  py¬ 
ramid  whofe  bafe  is  the  pentagon,  and  vertex' at 

the  center  of  the  fphere,  is  —  |S;  x  ,\ \,S  2v^ 

*  60 

X^=~(i3.VI)  -  ^^^+10^5-5^5-10 
10  600 

=  /  ci.dl  +  5\/S  _  5  5,  ,3  4-  /5  . 

Tir  v  600  v — — ;  but  as 

there  are  x  2  fuch  pyramids  in  the  body,  therefore 

the  dodecaedron  —  _  ,  c,  /3  +  »/5 

•  w  ion  ^  V  —  * 


3Q 


Cpr,  radius  of  the  fphere  infcribed  in  the 
dodecaedron,  is  DA/:*  +  1  V.j  ■  DA  ^  /A? 

fide  of  the  dodecaedron. 
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*53 


For  that  radius  is  =  P 

DaA4~  x  2-±r^-S-  (32) 


—  c./i±Jid5  -  FIG. 


=  DAV 


60  2 

25  +  I V5 


sv 

DA/ 


60 

75  +  33V"5 

—  1  ■  r"~" 

120 


221. 


40 


PRO  P.  XXXIV. 

The  fquare  of  the  diameter  of  a  fphere ,  is  to  the  222, 
fqiiare  of  the  fide  of  its  infer ibed  regular  icofihedron  ^ 
as  10/05  —  /5  j  or  as  5  +  /5  to  2. 

Let  BDEFG  be  the  pentagonal  bafe^of  the  folid 
angle  A,  made  by  5  triangles  of  the  icofiedron ; 
let  AC  be  perp.  to  it,  and  draw  DC.  Then  DC* 


;DE>  (44.  IV)  = 


-AD1  r-  AD1  x 


5 — VS  '  ‘  '  '  S~~V5 

— i-  x  5-±^l  =  il±^AD>  =  ii^AD^. 
5— vs  5+ve  25  —  5  10 

And  AC3  =  AD1  —  DC3  (Cor.  i.  21.  II)  =  AD* 


5  V  Vs 


ADV 


AD' 

10 

5-/5 


 5 


=-^AD3,  and  AC  = 
10 


AD5 

AC 


to 


But  the  diameter  of  the  lphere 


AD3 


AD^ 


,  $  —  5 


=  ADy' 


10 


JO 


fquare  of  the  diameter  ±=  AD2  x 


5-/5 
10 


^nd  AD 


2  —  =  2SS 


5‘ — sf  5 


and  the 


=  SSj 


10 


5  +/5 


Cor.  1.  The  diameter  of  the  fphere ,  is  to  the  dia¬ 
meter  of  the  circle  comprehending  five  Jides  of  the  ico- 
fiedron  as  /  5  to  2, 

For  if  S  ~  diameter  of  the  fphere,  then  SS  rr 
AD*  X  and  DC*  ==  AD*  X -Ar.  and 


5— VS 


St~V  5 


4DO 


*54 

.F  I  G. 
22  3 . 
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4DC2  =  AD1  x  8 


;  therefore  SS  :  4DC! 


5  V  5 

io  :  8  : :  5  :  4.  And  S  :  2DC  :  ^5  :  2, 

Cor.  2.  The  fquare  of  the  diameter  of  the  fphere , 
to  the  fquare  of  the  diameter  of  the  circle  containing 
one  triangle,  of  the  icojiedron  ,  ^  J  1 5,  ft?  10  —  2\J 5. 

For  let  R  ==  radius  of  the  circle  circumfcribing 
the  triangle  ADB  ;  then  AD 

and  AD1  =  */5 


3RR  (41.  IV), 


10 


S3  (34) ;  therefore 


5  —  */  5 


10 


SS 


=  *RR,  and  x  SS  =  RR,  and  —^SS 

0  30  15 

=  4rr. 

Cor.  3.  The  fame  circle  comprehends  both  the  pen¬ 
tagon  of  a  dodecaedrcn ,  and  the  triangle  of  an  icofie- 
dron ,  infcribed  in  the  fame  fphere. 

Cor.  4.  The  area  of  a  triangle  ADB  of  the  icofie - 
droit ,  is  equal  to  -  ■h/.1,,5  x  fquare  of  the  dia¬ 

meter  of  the  fphere . 

,.li)  =  «xS=s2vri 


For  the  area  zz  — --V3  (39- 


C34)  =  SS  X  ?  ^3  =  SS  x 


4 
5^/3 


IO  ' 

^5 


/> 


40 


PROP.  XXXV. 

222,  tfhe  cube  of  the  dia?neter  of  a  fphere ,  /V  the 
folidity  of  the  infcribed  regular  icojihedron  \  as  6  to 
j  5  4~  s/5 

2  '  * 

Let  P  z 2  the  perpendicular  from  the  center  of 
the  fphere,  upon  the  triangle  ADB  of  the  icofie- 
clron.  R  zz  radius  of  the  circle  encompafling  the 


triangle.  Then  RR 


_  5  —  s/5 


30 


-SS  (Cor,  1.  34)- 


Then 


! 
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Then  PP  =  iSS  —  RR 


J55 

4SS  —  *-ysSS  =  F  1 G- 

3°  222* 


5  +  2^5  ^  $5?  and  p  __  Sy/^.  And  area  of 


6o 


6o 


the  triangle  ADB  ==  $  X  SS  (Cor.  4.  34). 


40 


*  • 

Therefore  the  pyramid  whofe  bafe  is  ADB,  and 
vertex  at  the  center  of  the  fphere  is  =  -fP  x  ADB 

(18.  VI)  =  X  X  Sv/— 7^-5  (divid- 

X  /  .3  40  /  00 

*  1  .  \  — —  -  Cj  2^/fJ 

ing  by  V3)  =  x  An  x  5  ~~  V5  X  v~ 


3  X  4° 

S’  /= 

xV  30-I 


20 


O1/5  X 


(fquaring5-v'5)  =  3X40 

-  ’  S'  /5°  +.  10v/5  _  •  S’  ^5  +  /5 


3X4° 


20 


3  X  40 


5+V5 

20 

And 


go  fuch  pyramids,  or  the  icofiedron  3= 


£  /S+%/5 

6 

9  .  „  ' 

Cor.  The  radius  of  the  fphere  infcrihed  in  the  icofi- 
he  dr  on ,  is  DA^^~-—3  DA  being  the  fide  of  the 
icofhedron. 


* 

For  that  radius  is  =  P  =  S/ 


5  +  V5  _ 

60 

35+15/5 


WW— Sp  x  -F+SO  =  120 

-  DA/dlVS. 

24 

Scholium. 

A  fphere  may  be  infcribed  or  circumfcribed  to 
any  regular  body,  or  to  any  triangular  pyramid. 


BOOK 


t 


/ 


The  ELEMENTS 


BOOK  VIII. 

The  conftru&ion  of  geometrical  pro¬ 
blems. 


'  DEFINITION. 

* 

FIG,  A  Problem  is  faid  to  be  conjtrufted  geometrically , 
jfjL  w^ien  ^  is  done  by  the  help  only  of  a  ftrajght 
rufer,  and  a  pair  of  compares. 

PROB.  I. 

223.  7*0  £  ftraight  line  from  one  point  A,  to 

another  B,  upon  a  plane . 

Set  one  foot  of  the  compafies  in  the^  point  A,' 
and  apply  the  edge  of  one  end  of  the  ruler  to  it ; 
keep  it  clofe  there,  whilft  you  turn  the  other  end 
of  the  ruler  about,  till  the  edge  of  it  fall  upon  the 
other  point  B  ;  then  draw  a  line  by  the  edge  of  the 
ruler,  which  will  go  from  one  point  to  the  other, 

P  R  O  B.  IL 

$24,  To  produce  a  line  AB,  that  is  too  Jhort i 

Lay  the  edge  of  one  end  of  the  ruler  again® 
the  foot  of  the  compafies,  placed  at  one  end  of 
the  line  A  *,  and  turn  the  other  end  about  it,  till 
the  edge  fall  upon  the  other  end  of  the  line 
B.  Then  through  B,  draw  a  line  by  the  edge  of 
the  ruler,  from  B  to  F, 

Other w 
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Other  wife,  Vig 

Place  one  foot  of  the  compafles  in  the  end  A,  224, 
and  through  the  other  end,  draw  the  obfcure  arch 
CBD,  with  the  other  foot  of  the  compafles,  opened 
to  the  diftance  AB.  In  that  arch  take  BC  equal  to 
BD  ;  then  with  any  opening  of  the  compares, 
feting  one  foot  in  C  and  D,  defcribe  two  obfcure 
arches  to  interfedl  in  E ;  then  draw  BEF. 

For  if  the  lines  AC,  AD,  CE,  DE,  CD  be 
fuppofed  to  be  drawn  5  the  line  CD  will  be  -1-  to 
AB,  and  to  BF  (Cor.  3.  3.  II)  \  and  ABF,  a  right 
line  (1.  I). 


PROB.  III. 

From  a  given  point  C,  to  draw  a  line  equal  to  a  22$. 
given  line  AB. 

Draw  the  line  CD,  fufficiently  long ;  then  take 
the  extent  AB  in  your  compafles,.  and  feting  one 
foot  in  C,  ftrike  the  obfcure  arch,  F*  Then  CF 
=  AB. 

PROB.  IV. 

To  find  the  fum  and  difference  of  two  given  lines  226. 

AB,  BD. 

*  ♦ 

Draw  any  line  DA  fufficiently  long,  then  take 
the  fhorter  line  AB  in  your  compafles,  and  feting 
one  foot  in  B,  defcribe  two  arches  to  cut  AD  in 
A  and  F;  then  will  DA  =  BD  +  BA,  and  DF  = 

BD  —  BA.  ' 

PROB.  V. 

To  divide  a  given  angle  ACB  into  two  equal  parts.  227. 

•  <- 

•  From  the  angular  point  C  defcribe  any  arch  AB, 
to  cut  CA,  CB  ;  then  with  any  extent,  feting  one 
foot  in  A  and  B,  defcribe  two  obfcure  arches,  to 

cut 


% 


5* 

FIG. 

227. 


228. 


22  9. 


230. 


231. 
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cut  each  other  in  D  ;  then  draw  CD  ^  and  L  ACD 
=  DCB.  7  |  ;  I 

For  if  AD,  BD  be  fuppofed  to  be  drawn ;  the 
Z.DCA  =  DCB  (8.  II). 

P  R  O  B.  VI. 

To  divide  a  given  right  Vine  AB  into  two  equal 
parts. 

From  the  ends  A,  B,  with  the  fame  extent,  de- 
fcribe  two  arches,  to  cut  one  another  in  C,  and  D, 
Draw  CD  to  cut  AB  in  I.  Then  AI  =  IB.  '  1 

For  if  AC,  AD,  BC,  BD  be  fuppofed  to  be 
drawn,  ACBD  will  be  a  rhombus  *  and  AI  =  IB 
(2.  III). 

P  R  O  B.  VII. 

To  make  an  angle  B,  equal  to  a  given  angle  A. 

Upon  the  angular  point  A  as  a  center  defcribe 
an  arch  FG.  Draw  any  line  BC,  and  from  B  with 
the  fame  extent  as  before,  defcribe  the  arch  CD. 
Make  the  arch  CD  ==  FG,  and  draw  BD.  Then 
jL  CBD  =±  l.  FAG. 

P  R  O  B.  VIII. 

Through  a  given  point  A,  to  draw  a  line  AB  pa - 
rallel  to  another  CD. 

Take  the  neareft  diftance  of  the  point  A  from 
CD  *,  and  feting  one  foot  in  fome  point  of  the  line 
CD,  defcribe  an  occult  arch  O.  Then  through  A 
draw  a  line  AB  to  touch  the  arch  O  *  which  will  be 
||  to  CD. 

Otherwise. 

From  fome  point  O  in  the  line  CD  as  a  cen¬ 
ter,  with  the  diftance  OA,  defcribe  a  femicircle 
CABD  palling  through  A  \  then  make  the  arch 


[ 
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DB  =  arch  C A  ;  and  draw  AB,  which  will  be  |]  to  FI  G. 
CD  (Cor.  13.  IV).  #  231. 

/, 'M  ,/  •  (  '  r 

Or  thus . 

With  any  extent,  and  one  foot  in  A,  defcribe  232.,, 
an  arch  to  cut  CD  in  fome  point  C.  And  with 
the  fame  extent,  and  one  foot  in  fome  point  as  D, 
in  the  line  CD,  defcribe  an  arch  B  to  cut  AB.  Then 
with  the  extent  CD,  and  one  foot  in  A,  crofs  the 
laft  arch  in  B  ;  then  draw  AB,  which  is  parallel 
to  CD  (1.  III).  1  ’  1 

Or  thus. 

From  a  point  D  taken  at  pleafure  in  the  line  233, 
DC,  defcribe  through  A,  the  arch  AC ;  and  from 
A,  with  the  fame  extent,  the  arch  DB.  Make 
DB  =  AC.  And  draw  AB,  which  will  be  y  to 
DC  (Cor.  2.  4.  I). 

P  R  O  B.  IX. 

From  a  given  point  P  in  a  right  line  AB,  to  raife  234, 
a  perpendicular . 

Make  PC  equal  to  PB,  and  from  C  and  B,  with 
a  convenient  extent,  defcribe  two  arches  to  cut 
each  other  at  D  j  draw  DP,  which  will  be  to  CB 
(8.  TI). 

Or  thus. 

With  any  diftance  PF,  and  one  foot  in  P,  de-  235. 
feribe  the  circle  FCD,  and  fet  FP  from  F  to  C, 
and  from  C  to  D  *,  from  the  points  C,  D,  with  any 
extent,  defcribe  two  arches  to  interfedt:  at  O,  then 
draw  OP,  which  is  -1-  to  AB. 

For  FC  is  the  third  part  of  a  femicircle  (45.  IV), 
and  CD  is  bife&ed  by  OP  (Cor.  3.  3.  II),  and  alio 
the  arch  CD  (Cor.  2.  2.  IV),  and  therefore  z_FFO 
sp.  QPB  =  a  right  ans;le. 

.  P  R  O  B. 
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j  Co 

FIG.  PROB.  X, 

23 6.  To  wife  a  'perpendicular  on  the  end  A,  of  a  lifie 
given ,  AB. 

Set  one  foot  in  A,  and  extend  the  other  to  any 
point  C  out  of  the  line  AB.  From  C  as  a  center 
defcribe  the  femicircle  PAF,  to  cut  AB  in  F. ' 
-  Through  F  and  C  draw  FCP,  to  cut  the  femicircle 
in  P.  Then  draw  PA,  which  will  be  -1-  to  AB 

(14.  IV).  ' 

/ 

Otherwife . 

237.  From  the  center  A,  at  any  diftance  AF,  defcribe 
the  arch  FG  *,  fet  AF  from  F  to  G.  And  from  G 
with  the  fame  extent  defcribe  an  arch  P.  Through 
F  and  G,  draw  the  line  FGP,  to  cut  the  arch  in 
P.’  Then  draw  PA,  which  is  perpendicular  to  AB. 

For  if  AG  be  drawn,  z_FAG  z=  ~  of  a  right 
angle  (Cor.  2.  3.  II)  zz  AGF  ==.  2GAP  (1.  II), 
Therefore  GAP  ~  4-  a  right  angle  ;  and  the  whole 
FAG  -[-GAP^-J  +  t^  1  whole  right  angle, 

_  .  Or  thus . 

238.  Take  any  length  in  your  compafies,  as  AC; 

and  fet  it  5  times  along  the  line  AB,  to  C,  E,  D* 
I,  K ;  take  3  parts  AD  in  your  compares,  and 
with  one  foot  in  A  defcribe  an  arch  P ;  then  with 
extent  AK  (or  5  parts),  and  one  foot  in  I, 
crols  the  arch  P ;  then  from  the  point  of  inter- 
fedlion  P  to  A  draw  PA,  which  -is  -l-  to  AB  (Cor. 
3.  21.  II).  '  '  V 

It  will  be  the  fame  thing,  if  you  fet  AI  from  A 
to  P,  and  AK  from  D  to  P. 


PROS. 
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\  *  ■  ' 

PROB.  XL  FIG. 

From  a  given  point  P,  to  let  fall  a  perpendicular  239. 
upon  a  given  line  AB. 

From  the  center  P  defcribe  an  arch  to  cut  AB 
in  E  and  F.  From  E  and  F,  with  a  proper  dis¬ 
tance,  defcribe  two  obfcure  arches  to  interleift  in  I, 
then  through  P  and  I,  draw  PC  ;  which  is  perp,  to 
AB  (Cor.  3.  3.  II). 

Or  thus . 

From  a  point  A  in  the  line  AB,  with  diftance  240. 
AP,  defcribe  the  arch  PI  *,  likewife  from  another 
point  D,  in  AB,  with  diftance  DP,  defcribe  the 
arch  PI  to  cut  the  former  in  I.  Draw  PCI,  and 
PC  is  -1-  to  AB. 

For  if  AP,  AI  be  drawn,  then  PC  =  Cl,  and 
AC  PI  (Cor.  3.  3.  II.  and  8.  II). 

P  R  OB.  XII. 

To  divide  the  given  line  AB  into  any  number  of  241. 
equal  parts . 

Draw  any  indefinite  line  AP,  on  which  fet  the 
equal  parts  AL,  LM,  MN,  NP.  Draw  PB,  and 
through  L,  M,  N,  dnw  LD,  ME,  NF(]  to  PB, 

Then  AD  =  DE  =  EF  =  FB  (12.  II). 

Otherwife . 

From  the  ends  A,  B,  of  the  given  line,  draw  242. 
two  lines  AP,  BK  as  long  as  you  will,  parallel  to 
one  another.  Then  fet  any  equal  pans  from  A 
towards  P,  and  likewife  from  B  towards  K.  Then 
draw  lines  between  the  correfpondent  points,  NG, 

MH,  LI,  which  will  divide  AB  into  the  equal 
parts  AD,  DE,  EF,  FB  (12.  II). 

M 


Or 
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FIG.  Or  thus. 

243.  Let  AB  be  given  to  be  divided ;  draw  CP  it  to 
AB.  Set  any  equal  parts,  from  C  to  L,  L  to  M, 
~M  to  N,  and  from  N  to  P.  Draw  CA  and  PB 
to  interfedt  in  G  *,  and  draw  GL,  GM,  GN,  to 
cut  AB  in  D,  E,  F.  Then  AD,  DE,  EF,  FB 
are  all  equal  (Con  13.  II). 

.PROB,  XIII. 

•  4 

£44.  To  divide  a  given  line  AB,  in  proportion  as  another 
line  AC  is  divided  in  D  and  E. 

« 

Let  AB  and  AC  be  joined  at  A,  making  the 
angle  BAC  *,  draw  CB ;  and  through  D,  E,  draw 
DF,  EG  ||  to  CB.  Then  will  AF  :  AD  :  :  FG  : 
DE  ::  GB  t  EC  (Con  2.  12.  II). 

PRO  B.  XIV. 

245.  To  find  a  third  proportional  to  two  given  lines , 
AB,  AD. 

Join  AB,  AD  at  A,  fo  as  to  make  an  angle 
BAD.  Produce  AD,  and  make  AC  =  AD,  and 
draw  CE  ||  to  BD  ;  then  AE  is  the  third  propor¬ 
tional.  For  AB  :  AD  :  :  AC  or  AD  :  AE  (J3.  II). 

PROB.  XV. 

246.  To  find  a  fourth  proportional  to  three  given  lines , 

AB,  AC,  AD. 

Let  AB,  AC  make  any  angle  at  A,  apply  the 
third  line  from  A  to  D.  Draw  BC,  and  DE 
|1  to  BC ;  then  AE  is  the  fourth  proportional. 
For  AB  :  AC  ::  AD  :  AE  (43.  II). 


PROB. 
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P  R  O  B.  XVI.  FIG. 

To  find  a  mean  proportional  between  two  given  lines  247* 
AB,  BD. 

Let  AD  be  the  fum  of  the  two  lines  AB,  BD 
(4) ;  bifedt  AD  in  C.  With  center  C,  and  radius 
CA  or  CD,  defcribe  the  lemicircle  i\ED.  From 
B  eredt  BE  -1-  to  AD,  to  cut  the  circle  in  E ;  then 
BE  is  the  mean  proportional  fought. 

For  AB  :  BE  :  :  BE  :  BD  (17.  IV). 

Or  thus. 

Let  BA  be  the  greater,  bifedt  it  in  C,  and  from  24$. 
the  center  C,  with  radius  GA  or  CB,  defcribe  the 
femicircle  BEA.  Let  BD  be  the  lefier  given  line. 

Eredt  DE  -1-  to  BA  (9),  to  cut  the  circle  in  E, 
draw  BE,  which  is  a  mean  between  BD  and  BA 
(Cor.  17.  IV). 

•  ■  ■*  *  « 

V.  '  I  ' 

P  R  O  B.  XVII. 

T 0  divide  the  given  line  AB  in  extreme  and  mean  24$. 
proportion . 

Draw  EAF  to  AB,  and  make  AE  =  i  AB, 
and  draw  EB,  and  make  EF  m  EB,  and  AG  = 

AF.  And  G  is  the  point  of  divifion. 

For  AF  =  EF  —  EA  (Conft.),  that  is,  AG  = 

EB —  EA,  and  AG  +  AE  =  EB  (Ax.  3),  that 
is,  AG  +  -IAB  =  EB  ;  and  AG*  +  AG  x  AB 
+  -JAB1  =  EB*  (10.  I),  and  AG*  =  EB*  —  AG 
X  AB  — *  EA*  (becaufe  ^AB*  =  EA*)  =  AB* 

—  AB  x  AG  (Cor.  21.  II)  ==  AB  x  AlT^  AG 
=  AB  x  BG,  therefore  AB  is  cut  in  G,  in  ex¬ 
treme  and  mean  proportion  (Def.  1 1.  Proportion). 

"  *  1  1 

M  2  Cor, 


FIG. 
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Cor.  AG  ±z  AB  x  — - and  BG  =r  AB  x 


3  —  s/5 


For  EB  or  EF  nr  VI  AB’ 


AB 


v  5>  and  AF  or 


AG  =  EF  —  iAB  -ABx  — — 


Alfo  BG  =  AB  —  AG  =  AB  x 
3  — 


2  —  */5  +  1 


=  AB  x 


.  P  R  O  B.  XVIII. 

In  any  triangle  ABC,  to  draw  a  perpendicular  from 
any  angle  A  to  its  oppofite  fide  CB. 


About  either  of  the  other  fides  AB,  defcribe  a 
iemicircle  ADB,  to  cut  the  fide  CB  in  D.  Draw 
AD,  which  will  be  to  CB  (14.  IV). 


PROS.  XIX. 


Upon  a  given  line  AB,  to  make  an  equilateral 
triangle . 


Take  AB  in  your  compafles,  and  with  one  foot 
in  A  and  B,  defcribe  two  arches  to  crofs  each  other 
at  C.  Draw  AC,  BC  5  and  ABC  is  the  triangle. 


P  R  O  B.  XX. 

252.  To  make  a  triangle  of  three  given  lines  A,  B,  C; 
of  which  any  two  muft  be  greater  than  the  third. 

Draw  DE  z=  the  line  A ;  then  take  B  in  your 
compares,  and  with  one  foot  in  E  defcribe  an  occult 
arch  F.  Then  take  C  in  your  compafles,  and  with 
one  foot  in  D,  crofs  the  former  arch  at  F ;  draw 
DF,  EF  and  DEF  is  the  triangle  required. 

Cor. 
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Cor.  After  the  fame  manner ,  a  triangle  is  made  FIG. 
equal  to  a  given  triangle .  252. 

PROB,  XXI. 

To  make  an  ifofceles  triangle  ABD,  whofe  fide  is  the  253. 
given  line  AB  ;  and  angle  at  the  bafe  B  or  D,  double 
to  that  at  the  top  A. 

Let  AC  be  the  greater  part  of  the  line  AB 
divided  in  extreme  and  mean  ratio  (17).  From 
the  center  A  through  B,  defcribe  the  circle  BD  ; 
and  with  extent  CA,  and  one  foot  in  B,  crofs  the 
circle  in  D ;  and  draw  AD.  Then  ABD  is  the 
triangle  fought. 

For  draw  CD  ;  then  fince  AB  :  AC  ::  AC  : 

CB  (Def.  11.  Proportion),  that  is,  AB  :  BD  :: 

BD  :  BC ;  therefore  the  triangles  ABD,  BDC  are 
fimilar  (Y4.  II),  and  BD  zz  DC  =  CA.  Whence 
the  Z.B  or  BCD  zz  jl  A  +  CD  A  (1.  II)  zz  2/.  A 
(3.  II). 

Cor.  The  angle  A  is  \  of  a  right  angle . 

PROB.  XXII. 

A  triangle  ABC  being  given ;  to  reduce  it  to  ano -  2  54. 
ther  of  a  different  bafey  A  ED. 

Let  AE  be  the  bafe  propofed,  being  in  the  fame 
line  AB.  Draw  the  line  CE,  from  the  top  of  the 
given  triangle,  to  the  point  E  propofed.  And 
through  z.B  of  the  given  triangle,  draw  BD  ||  to 
CE  ; .  draw  the  line  DE.  Then  the  triangle  ADE 
-  ACB. 

For  triangle  DBE  zz  triangle  DBC  (10.  II). 

Add  ADB,  then  ADB  +  B  DE  or  ADE  =  ADB  + 

BDC  or  ABC. 

Cor.  Thus  a  triangle  may  be  reduced  to  another  of 
a  different  hight . 

M  3 


PROB. 
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/ 

FIG.  P  R  O  B.  XXIII. 

»  I 

255.  'To' divide  a  triangle  ABC,  in  any  proportion^  by  a 
line  drawn  from  an  angle  A. 

Divide  the  bafe,  or  oppofite  fide  BC,  in  D,  in 
the  proportion  given  (13);  to  D,  draw  the  line 
A  O  ;  which  divides  the  triangle  ABC,  in  the  lame 
given  ratio  (n,  II). 

PROB.  XXIV. 

256.  To  reduce  a  polygon  ABCDE  to  fewer  fides, 

1 

To  take  away  the  angle  B ;  produce  the  next 
fide  EA,  then  draw  the  diagonal  CA,  and  from  B, 
draw  BG  ||  to  CA,  to  cut  EA  in  G  ;  and  drawCG, 
which  takes  in  the  triangle  CAG,  inftead  of  its 
equal  CAB  (10.  II).  So  the  polygon  becomes 
CGED. 

t 

Cor.  By  thus  taking  away  one  angle  after  another  \ 
any  polygon  may ,  at  lafi ,  be  reduced  to  a  triangle . 

PROB.  XXV. 

*257.  Upon  a  given  line  A,  to  make  a  f quart* 

i  *• 

Draw  BC  zz  A,  take  A  or  BC  in  your  com¬ 
pares,  and  with  one  foot  in  C,  defcribe  the  arch 
BED  ;  and  with  one  foot  in  B,  the  arch  CEF. 
Set  the  fame  extent  from  the  interfedlion  E  to  F  ; 
draw  CF  to  cut  BE  in  G  %  make  ED  and  El  zz 
EG  ;  and  draw  BI,  ID,  DC,  and  BIDC  is  the 
fquare  required.  ■  . 

For  if  CE,  BE,  BF  be  drawn,  z_BCE  z 
right  angle  (Cor.  2.  3.  II)  z=  CBE  —  E.BF,  and 
Z.ECF  =  4  a  right  one  (12.  IV),  therefore  ECD 
-Jr  a  right  angle,  and  BCD  =  a  right  angle. 


Or 


PI  1m.Jh.ls0. 
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Or  thus .  FIG. 

Make  BC  =  A,  draw  CD  -t-  and  =  CB  (9);  257. 
with  extent  BC,  and  one  foot  in  B,  defcribe  an 
arch  I ;  with  the  fame  extent  and  one  foot  in  D, 
crofs  the  arch  at  I ;  draw  BI,  ID;  then  BIDC  is 
the  fquare, 

P  R  O  B.  XXVI. 

With  two  given  lines  A,  B,  to  make  a  reft  angle.  25#. 

Make  the  bafe  CD  zz  B,  draw  CF  perp.  to 
CD  (9),  and  zz  A  ;  with  the  extent  B,  and  one 
foot  in  F,  defcribe  an  arch  E ;  and  with  extent  A, 
and  one  foot  in  D,  crofs  the  arch  at  E  ;  draw  FE, 

ED;  and  CFED  is  the  rectangle  fought. 

\ 

PROB,  XXVII. 

To  make  afquare  equal  to, a  given  reftangle  ABCD.  259, 

Produce  the  fides  AD,  CD,  and  make  DF  = 

DC;  bifedt  AF  in  I,  and  with  radius  I A  or  IF, 
defcribe  the  femicircle  AEF  to  cut  CE  in  E.  On 
£)E  make  the  fquare  DH,  which  will  be  equal  to 
the  redtangle  AC  or  AD  x  OF  (17.  IV). 

P  R  O  B.  XXVIII. 

1 

T 0  make  a  'parallelogram  equal  to  a  triangle  given  2  6o» 
ABC  ;  and  having  an  angle ,  equal  to  a  given  angle  D. 

Through  A  draw  AG  |j  to  BC,  and  make  the 
L.  BCG  zz  D ;  bifedt  BC  in  E,  and  draw  EF  ||  to 
CG  ;  then  the  parallelogram  EG  ==  triangle  ABC 
(7-  HI). 

A  , 

M  4  P  R  6  B. 
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FIG. 


PROB,  XXIX. 


261 9  Upon  a  given  right  line  A,  to  make  a  parallelogram 
'  equal  to  a  given  triangle  B  \  having  an  angle ,  equal 
to  a  given  one  C. 

Make  a  parallelogram  GE  —  triangle  B  (28), 
whofe  angle  G  ^  C;  produce  DG,  EF,  DF, 
GF ;  and  make  FH  =  A  ;  through  H,  draw  IL 
li  to  E F,  to  meet  DE  in  I ;  draw  IFK,  to  cut 
DG  in  K  ;  through  K  draw  KL  ||  to  GH,  meet¬ 
ing  iiF  and  1H  in  M  and  L.  Then  the  parallelo¬ 
gram  MH  zz  B. 

For  parallelogram  MH  =t  GE  (4.  Ill)  =  B 
(Conftr.). 


Or  thus , 

LetB  be  the  given  triangle;  produce  the.bafe, 
and  draw  EG,  parallel  thereto  ;  make  the  Z.DCG 
—  E,  and  Cl  —  bafe  of  the  triangle  B.  Then  tri¬ 
angle  CGI  zz  B  (10.  II);  make  CD  zz  A,  and 
make  triangle  CKD  —  CGI  (22);  bifed  CK  in 
H?  draw  HL,  EL  |[  to  CD,  CH  ;  then  CL  is 
the  parallelogram  fought. 

For  CHLD  =  triangle  CKD  (7.  Ill)  =  CGI 
(Conftr.)  =  B. 

PROB.  XXX. 

26 3-  Upon  a  given  right  line  FG,  to  make  a  parallelo¬ 

gram  equal  to  a  given  polygon  BACD,  having  an  angle 
equal  to  a  given  one  E. 

Divide  the  polygon  into  triangles  CAB,  CBB, 
Make  the  angle  GFK  zz  E  ;  and  make  the  paral¬ 
lelogram  G1  -  triangle  CAB,  and  HK  zz  CBD 
(29).  Then  parallelogram  FL  —  CABD. 


» 


Cor. 
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Cor.  1.  Hence  a  fquare  may  be  made  equal  to  any  FIG. 
given  polygon  \  by  making  a  rectangle  equal  to  the  poly-  263. 
gon,  and  then  a  fquare  equal  to  the  rett angle  (27). 

Cor.  2.  Thus  a  parallelogram  may  be  made  equal  to 
the  fum  or  difference  of  two  given  polygons . 

P  R  O  B.  XXXI. 

T 0  make  a  fquare  equal  to  the  fum  of  two  fquares .  264. 

Make  FBD  a  right  angle ;  make  BA  fide  of 
one  given  fquare  ;  BC  fide  of  the  other  fquare, 
draw  AC  ;  then  the  fquare  made  on  AC,  is  equal 
to  the  fum  of  the  fquares  made  upon  AB,  and 

BC  (21.  II). 

Cor.  After  the  fame  manner  a  fquare  may  be  found 
equal  to  three  or  more  fquares.  For  draw  OC  -1-  to 
AC,  and  equal  to  the  fide  of  a  third  fquare,  and  draw 
AO.  Then  AO1  =  ACa  -f  CO  zr  AB2  +  BC4 
4-  CO  (21.  II) ;  and  fo  on. 

:  '  '  '  '  '  •  1  \  | 

P  R  O  B.  XXXII.  p  | 

To  make  a  fquare  equal  to  the  difference  of  two  264. 
fquares.  .  \ 

Make  the  right  angle  FBD ;  fet  the  fide  of  the 
leffer  fquare  from  B  to  A  ;  take  the  fide  of  the 
greater  in  your  compares,  and  feting  one  foot  in 
A,  with  the  other  crofs  the  line  BD,  in  C.  Then 
CB  is  the  fide  of  the  fquare  equal  to  the  difference 
of  the  fquares  (Cor.  21.  II). 

P  R  O  B.  XXXIII 

To  find  the  proportion  of  one  polygon  A  to  another  Be  264, 

Find  two  fquares  equal  to  the  two  polygons 
A,  B  (Cor.  1.  30) ;  let  CF  be  the  fide  cl  the 
2  firft. 


[jo  '  The  ELEMENT  S  '  2 

FIG.  firft,  and  draw  FE  -1-  to  it,  and  equal  to  the  fide 

265.  of  the  fecond.  Draw  the  hypothenufe  CE  ;  from 

F,  let  fall  the  perpendicular  FD  upon  it :  then 
CD  :  DE  :  :  polygon  A  :  polygon  B.  ' 

For  CD  :  DE  :  :  CF2  :  FE2  (Cor.  4.  20.  II)' 

:  :  A  :  B  (Confix.). 

PRO  B.’  XXXIV. 

2  66.  To  make  a  triangle  eqyal  and  fimilar  to  a  given 
triangle  ABC. 

Draw  any  line  DE,  and  make  DE  =  AB ;  then 
with  extent  AC,  and  one  foot  inD,  defcribe  an  occult 
arch  F.  And  with  extent  BC,  and  one  foot  in  E, 
crofs  the  arch  at  F ;  draw  DF,  EF ;  and  DEF  is 
the  triangle  required  (8.  II). 

Or  thm. 

Make  the  Z.EDF  =  BAC,  and  DE  =  AB,  and 
DF  ~  AC,  and  draw  EF.  And  DEF  is  the  tri¬ 
angle  fought  (6.  II). 

\  r  t  '  e  *«  \  ‘ 

PROB.  XXXV. 

\ 

267.  To  make  a  plane  figure  equal  and  fimilar  to  another 

ABCDEF.  : 

N  *.  .  '  * 

In  any  line  AF,  take  two  marks  or  points  M, 
N.  Alfo  in  the  line  af \  take  mn  —  MN.  With 
the  diftances  from  M  to  B,  C,  D,  £s?c,  and  -one  foot 
in  w,  defcribe  as  many  arches  *,  then  with  the 
diflances  from  N  to  B,  C,  D,  fsfr,  and  one  foot  in 
#,  crols  them  in  r,  d ,  <?,  &c.  make  rna  =  MA, 
nf  ~  NF  *,  and  draw  the  lines  al\  he ,  cd ,  de9  ef  in 
like  manner  as  the  correfpondent  lines  are  drawn 
in  the  other  figure  ;  and  it  is  done. 


t 


Or 
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Or  thus.  FIG. 

Let  the  given  figure  ABCDE  be  divided  into  268. 
the  triangles  BAC,  CAD,  DAE.  Then  make 
triangle  GFH  zz  B  \C,  HFI  =  CAD,  and  IFK 
=  DAE  (34).  And  the  polygon  GK  will  be  equal 
and  fimilar  to  BE.  , 

•>  1 

PROB.  XXXVI. 

j Vo  wake  a  polygon  fimilar  to  another  ABCDE,  209. 
and  in  the  given  ratio  of  AF  to  AB. 

1  > 

Find  AG  a  mean  proportional  between  AF  and 
AB.  Draw  the  diagonals  AC,  AD.  Then  from 
G,  draw  GH,  HI,  IK  parallel  to  BC,  CD,  DE. 

And  AGH1K  is  the  polygon. 

For  the  correfpondent  triangles  in  both  being 
fimilar,  the  polygons  are  fimilar  (Cor.  2.  19.  III). 
AlfoAF  :  AG  :  :  AG  :  AB  (Conftr.),  and  AF  : 

AB  :  :  AG1  :  AB2  (23.  Proportion)  :  :  polygon 
GI  :  polygon  BD  (20.  in). 

Otherwife  thus . 

j  \  ■  * 

Make  PQ  zz  AG;  alfo  make  the  angles  QPR,  269. 
RPS,  SPT,  refpeftively  equal  to  BAC,CaD,DAE.  270. 
And  make  the  angles  Q,  R,  S,  T  fucceilively  zz 
B,  C,  D,  E.  And  the  polygon  FQRST  is  that 
fought.  _  ,  ;  •  ;  , 

For  each  of  the  triangles  in  one  figure  is  fimilar 
to  each  in  the  other  (Def.  10.  II)  ;  and  therefore 
the  polygons  are  fimilar  (Cor.  1.  19.  ill). 

Cor.  And  thus  a  polygon  is  made  upon  a  given  line 
AG  cr  PQ,  fimilar  to  another  polygon  ABCDE. 


PROB. 
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fi  c.  PROB.  XXXVil. 

270.  T0  make  a  polygon  TQ  jqtial  to  a  given  one  F,  and 

271.  fimilar  to  another  ACDEB. 

272. 

Upon  BA  make  the  rectangle  BM  n  BACDE 
(30);  and  upon  BH  make  the  redtangle  BI  =  F 
(30).  Take  PQji  mean  proportional  between  BA 
and  BR  (16)  •,  and  upon  PQ^  make  the  polygon 
PQRST  fimilar  to  BACDE  (Cor.  36)  •,  and  TQjs 
the  polygon  fought  =  F. 

For  polygon  BD  :  polygon  PS  :  :  BA*  :  PQ^ 
(20.  Ill)  :  :  BA  :  BR  (23.  Proportion)  :  :  BM 
or  polygon  BD  :  BI  or  polygon  F  (8.  III). 
Therefore  polygon  PS  =  F  (Ax.  7.  Proportion). 

Cor.  If  the  polygon  TQ_to  to  he  to  F,  in  the 
given  ratio  of  R  to  S  •,  it  is  done  the  fame  way  \  only 

R 

the  parallelogram  BI  muft  he  made  =  F. 


PROB.  XXXVIII. 

To  find  the  center  of  a  circle  ADF. 


275.  Draw  any  line  AD,  and  bifedt  it  in  B  ;  through 
B  draw  GBF  -1-  to  AD.  Bifedt  GF  in  C,  for  the 
center  (Cor.  1.  2.  IV). 

Cor.  By  the  fame  rule ,  the  arch  AGD  is  life  lied 
(Cor.  1.  2.  IV)* 


PROB.  XXXIX. 

2  74.  Through  three  given  points  A,  B,  F,  to  defcrihe  a 

circle . 

Draw  AB,  BF,  and  bifedt  them  in  D,  E.  Thro’ 
D  and  E,  draw  the  perpendiculars  DC,  EC,  to 
meet  in  C.  C  is  the  center  (Cor.  1.-2.  TV). 

Cor. 


PLXill  .Pa.2']4. 
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Cor.  If  an  arch  of  a  circle  be  given  ;  the  center  FIG. 
may  be  found ,  by  taking  three  points  in  that  arch .  274. 
And  then  the  circle  may  be  complected. 


P  R  O  B.  XL. 

To  draw  a  tangent  to  a  circle  frdm  a  given  point  A,  275. 

From  the  point  A  to  the  center  C,  draw  the 
line  AC,  bifedfc  AC  in  D.  With  the  radius  DA 
or  DC,  defcribe  a  femicircle  to  cut  the  circle  in  B. 

Draw  AB,  which  will  touch  the  circle  in  B  (10  and 
14.  IV). 

P  R  O  B.  XLI. 

Upon  a  right  line  AB,  to  defcribe  the  fegment  of  a  276. 
circle ,  which  JJoall  contain  an  angle  AIB,  equal  to  a 
given  angle -C. 

Make  the  angle  BAD  —  C.  Through  A  draw 
A  E  to  A  D.  At  the  other  end  B,  make  the  l  ABF 
n  BAP,  to  cut  AE  in  F.  From  the  center  F, 
with  radius  FA  or  FB,  defcribe  the  fegment  of  a 
circle  AIEB.  Then  z_AIB  =  C. 

For  AF  =  FB  (Cor.  1.  3.  II);  and  Z.AIB  =2 
BAD  (16.  IV)  =  C. 

Or  thus. 

Cut  out  a  piece  of  wood,  &V.  with  two  ftraight 
fides,  making  an  angle  equal  to  C.  And  placing 
it  between  the  fixt  points  A,  B ;  move  the  angular 
point  about,  while  the  fides  move  clofe  by  the 
points  A,  B  ;  then  the  angular  point  will  defcribe 
the  arch  AIEB. 

Cor.  In  the  fame  manner  a  fegment  is  cut  off  from 
a  circle ,  to  contain  a  given  angle  *,  by  drawing  the 
tangent  AD  at  A,  and  making  the  angle  BAD  zr  C. 

Then  AIEB  is  the  fegment, 
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P  R  O  B.  XLII. 

In  a  circle  AEG,-  to  inscribe  a  triangle  fimitar  to 
a  triangle  given  ^  DFG. 

Draw  LK  to  touch  the  circle  at  A  ;  make 
Z.KAC  zz  F,  and  z.  LAB  =:  G.  Draw  BC,  and 
the  triangle  BAG  is  fimilar  to  FDG  (16.  IV). 

P  R  O  B.  XLT1L 

In  a  given  triangle  ABC,  to  inscribe  a  circle. 

Bifedt  two  angles  B,  C,  with  the  lines  BD,  CD, 
meeting  in  D.  Let  fall  DF  -1-  to  BC.  With 
radius  DF,  and  center  D,  defcribe  the  circle  FFG, 
which  will  touch  all  the  fides  of  the  triangle  ABC 
(Cor.  1.  35.  II). 

PROS.  XLIV. 

About  a  given  circle  ABC,  to  defcribe  a  triangle 
fimilar  to  a' triangle  given ,  DEF. 

Produce  the  fide  EF  both  ways,  to  G  and  H. 
At  the  center  I,  make  Z.AIB  zz  GED,  and  BIC 
zz  DFH.  Then  to  the  points  B,  A,  C,  draw- 
three  tangents  to  the  circle,  to  interfedt  in  the 
points  L,  M,  N.  Then  the  triangle  LMN,  is 
fimilar  to  EFD. 

For  fince  the  z.s  at  A,  B,  C  are  right  angles; 
Z_L  +  A1B  zz  2  right  angles  (Cor.  16.  Ill)  zz 
GED  +  DEF,  and  taking  away  the  equal  angles 
A1B,  and  GED;  then  Z.L  z  DEF.  For  the 
fame  reafon  M  =  DFE,  confequently  N  zz  D. 
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P  R  O  B.  XLV. 

About  a  triangle  ABC,  to  defcrihe  a  circle . 

Bifedt  any  two  Tides,  AB,  BC,  in  D  and  E. 

RaiTe  the  perpendiculars  DF,  EF,  to  interfedt  in 
F.  From  F  as  a  center  defcribe  a  circle  through 
B,  which  will  pafs  through  A,  C  (Cor.  32.  II). 

Cor.  In  an  acute-angled  triangle ,  the  center  is 
within  the  triangle  \  m  an  obtufe  one ,  without  (Cor.  1. 

14.  IV). 

P  R  O  B.  '  XLVI. 

In  a  given  circle  FCD,  to  infcribe  an  equilateral  281.* 
triangle . 

1  ¥ 

Draw  the  diameter  FB.  With  the  radius  BA 
and  center  B,  defcribe  two  arches  C,  D,  to  cut 
the  circle  in  C  and  D.  Draw  the  lines  CD,  DF, 

FC.  And  CFD  is  an  equilateral  triangle. 

For  arch  CB  or  BD  —  4  the  circumference  (45. 

IV) ;  therefore  CBD  =  i  z:  CF  -  FD. 

PROB,  XLVII. 

In  a  given  circle  ABCD,  to  infcribe  a  fquare ,  or  282. 
regular  oil  agon. 

Draw  the  diameters  A.C,  BD  at  right  angles  to 
one  another,  cuting  the  circle  in  B,  C,  D. 

Draw  the  lines  AB,  BC,  CD,  DA  *,  and  ABCD 
is  a  fquare  (Cor  2.  6.  iV). 

If  the  diameters  FG,  HI  be  drawn,  bifedting 
the  arches  AFB,  AHD,  DGC,  CIB.  Then  AF, 
or  FB,  &c.  will  be  the  fide  of  the  odtagon. 

Cor.  If  AF,  FB,  &c.  be  life  bled ,  a  polygon  of 
16  Jides3  will  be  infer ibed  and  fo  on . 

4.  PROB. 
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flG.  P  R  O  B.  XLVIII. 

283.  In  a  given  circle  ADBG,  to  infer ibe  a  regular  pen¬ 
tagon ,  or  decagon . 

Draw  the  diameter  AB  ;  from  the  center  C  draw 
CD  to  AB  *,  bifed  CB  in  E  •,  and  make  EF  zz  I  'D, 
and  draw  DF,  which  will  be  the  fide  of  the  pen¬ 
tagon  *,  therefore  if  DPI,  HG,  Cede.  be  made  zz  DF, 
DHGIK  will  be  the  pentagon  required.  Alfo  FC  is 
the  fide  of  the  decagon  ;  therefore  if  DL,  LK, 
be  made  =  CF  *  a  regular  decagon  will  be  in- 
feribed. 

ForDF*  zz  DE4  4-  EF2 — 2FE  x  EC  (23.  II) 
zz  2DE4  —  2DE  X  EC  zz  2DE4  —  DE  x  DC. 
But  DE4  zz  DC4  +  CE4  (21.  II)  zz  |DC%  and 
DE  zz  4LCV5.  Therefore  DF4  zz  4DC4  — 

=  DC4  X  - — — .  Therefore  DF  is  the 

fide  of  a  pentagon  (44.  IV).  And  FC  is  the  fide 
of  a  decagon  (48.  IV). 


P  R  O  B.  XLIX. 

284.  In  a  given  circle  ACE,  to  infer  ibe  a  regular 
hexagon . 


Make  AB,  BC,  CD,  DF,  EF  and  FA,  all  equal 
to  the  radius  AG  :  and  drawing  the  lines,  the  figure 
ABCDEF  is  a  hexagon  (45.  IV). 

Cor.  If  the  arch  AB  be  bifebled^  you.  will  have  the 
fide  of  a  regular  dodecagon . 
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P  R  O  B.  L.  V 

About  a  given  circle  ABC,  to  defcribe  a  regular  2  85. 
; 'polygon . 

Either  infcribe  a  polygon  of  the  fame  fort,  or 
divide  the  circle  into  lb  many  equal  parts  AB,  BC, 

&c.  as  the  polygon  has  fides.  To  the  points  of 
divifion,  draw  the  radii  GA,  GB,  GC,  &c.  To 
thefe  lines  at  A,  B,  C,  IBc.  draw  tangents  to  the 
circle,  KD,  DE,  EF,  IBc.  to  interfedl  in  D,  E,  F» 
jiBc.  then  DEFHIK  is  the  polygon  required. 

For  if  GD,  GK  be  fuopofed  to  be  drawn, 

AK /=  AD,  and  aK  = ‘z. D  (7.  II).  Aifo 
DA  =  DB  (Cor.  4.  21.  IV),  whence  KD  =DE  == 

EF,  &Cf 

1  '  \ 

PRO  B.  LI. 

To  infcribe  a  circle  in  any  regular  polygon ;  or  defcribe  285. 
a  circle  about  it. 

/ 

Bifedf  any  two  adjoining  angles  D,  K,  with  the 
lines  DG,  KG,  and  they  will  meet  in  the  center  G. 

Or  bifedf  any  two  adjoining  Tides,  DK,  DE,  with 
the  perpendiculars  AG,  BG,  which  will  meet  in  the 
center  G.  Take  GA  the  jieareft  dillance  to  any 
fide,  and  from  G  defcribe  the  circle  ABC,  which 
will  touch  all  the  fides  of  the  polygon  DH. 

Likewife  bifedl  any  two  angles'  A,  B,  with  the  284. 
lines  AG,  BG,  which  will  meet  in  the  center  G. 

Or  bifecl  any  two  fides  CD,  DE,  with  two  perpen¬ 
diculars  meeting  in  G,  the  center.  T  hen  from  A 
with  diftance  GA  defcribe  a- circle  ABCE,  which 
will  pals  through  all  the  angles  of  the  figure.  * 

Cor.  A  circle  may  be  infcribed ,  or  fircumfcnbcd ,  to 
any  regular  polygon , 
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286.  To  defcribe  a  polygon  in  one  circle  ABDE,  •which 

287.  Jhall  be  fimilar  to  a  polygon  FGI,  defcribcd  in  another , 
GiK;  regular  or  irregular. 

Draw  lines  from  the  center  P,  to  all  the  angles  of 
the  polygon,  as  PF,  FK,  PI,  c 3c.  Then  at  the 
center  O,  of  the  other  circle,  make  the  angles  AOE, 
EQD,  DOC,  COB,  BOA,  refpedively  equal  to 
FPK,  KPI,  I PH,  HPG,  GPF.  Draw  lines  between 
the  points  A,  E,  D,  £s?c.  Then  ABCDE  is  fimi¬ 
lar  to  FGHIK  (Cor.  1.  19.  HI). 

Cor.  After  the  fame  manner ,  a  polygon  may  he,  de¬ 
fcribe  d  about  one  circle ,  fimilar  to  a  polygon  deficribfil 
about  another  circle . 

P  R  O  B.  LIII. 

.  •»  .  , 

288.  From  a  given  point  A  on  high  ;  to  let  fall  a  perpen¬ 
dicular  to  a  plane  BC. 

In  the  plane  BC  draw  any  line  DE.  From  A 
draw  AF  -1-  toDE.  Through  F,  draw  FH  -1-  alio 
to  DE.  Then  let  fall  AI  perp.  to  FH.  Then  AI 
is  -L-  to  the  plane  BC. 

For  DE  is  to  the  plane  AFI  (4.  V).  And  if 
KL  be  |S  to  DE,  then  KL  is  to  the  plane  AFI 
(6.  V).  Therefore  AI  is  to  the  plane  HIL  or 
BC  (4.  V).  >  : 


Otherwife  thus . 

1  •  * 

Defcribe  a  circle  BFD,  from  the  point  A,  upon 
the  plane,  with  a  pair  of  compares  or  a  firing.  Then 
find  the  center  C  of  that  circle  (37,  38.  VIII) ; 
and  AC  is  -1-  to  the  plane.  In  pradice  you  need 
only  extend  from  As  to  three  points  of  the  plane, 
B,D,F,  ’ 
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PROB;  LIV.  F  I  G. 

From  a  given  'point  A,  in  a  plane  BC,  to  raife  a  per -  290. 
pendicular . 

From  fome  point  D,  above  the  plane,  draw 
DE  -L-  to  the  plane  (52).  Draw  AE,  and  draw 
AF  ||  to  ED.  Then  AF  is  perp.  to  the  plane 
BC  (6.  V).  y  .  T 

Both  this  and  the  laft  Prob.  may  eafily  be  done 
with  two  fquares  :  fetting  them  crofs  one  another, 
and  both  of  them  clofe  to  the  point  A. 

« 

*  ' 

PROB.  LV. 

To  draw  one  plane  parallel  to  another  DE,  at  a  given  291. 
difiance . 

Take  three  points  A,  B,  C  in  the  plane  DE,  but 
not  in  a  right  line.  At  thefe  points  eredt  three  per¬ 
pendiculars  Al,  BK,  CL,  to  the  plane  DE  (53)  ; 
and  of  equal  lengths,  the  fame  as  the  given  diftance. 
Through  I,  K,  L,  draw  the  plane  FG,  and  it  will 
be  parallel  to  DE. 

V  » 

*  ^  ,  *  f  ' 

PROB.  LVI. 

To  draw  a  plaHe  perpendicular  to  a  right  line  AB,  292. 
at  B. 

Draw  two  lines  CD,  EF  perp.  to  AB  at  B. 
Through  C,  E,  D,  draw  the  plane  CEDF,  which 
is  -J-  to  AB  (4.  V). 
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PROB,  LVII. 

Through  any  two  lines  AB,  CD,  inclined  to  one 
another ,  which  do  not  inter Jetl  ;  to  draw  two  planes 
perpendicular  to  one  another. 

Through  any  point  E  of  the  line  AB,  draw 
EF  ||  to  CD.  Through  the  lines  AEF,  let  the 
plane  AEBF  be  drawn.  From  any  point  C,  in  the 
line  CD,  let  fall  the  perp.  Cl,  upon  the  plane  AFB. 
Draw  JH  |]  to  FE,  to  interfedfc  AB  in  H.  At  H 
let  fall  HG  -1-  to  CD.  Then  the  plane  C1HG  will 
be  perp.  to  the  plane  AFH. 

For  CD  is  |)  to  IH  (8.  V).  And  fmce  Cl  is 
perp.  to'IH,  it  is  alfo  to  CG  (3.  I).  Therefore 
Cl,  HG  are  parallels  (Cor.  3.  4.  1) ;  and  HG  -t-  to 
the  plane  AFB  (6.  V).  Therefore  the  plane  DCIH 
is  perp.  to  the  plane  AFB  (7.  Def.  V). 

Cor.  1.  The  right  line  GH  is  perpendicular  to  both 
lines  AB,  CD. 

For  it  is  -1-  to  CD  (Conftr.),  and  it  is  -1-  to  the 
plane  AHI,  and  therefore  to  AHB. 

Cor.  2.  GH  is  the  neareft  diftance  between  the  two 
lines  AB  and  CD. 

For  the  point  H  is  nearer  G,  than  any  other  point 
in  the  line  AB  (Cor.  4.  21.  II).  And  G  is  nearer 
H  than  any  point  ki  CD. 

Cor.  3.  Hence  no  two  lines  can  pcjjibly  be  drawn ; 
but  another  line  may  be  drawn ,  which  is  perp.  to  them 
both. 

Cor.  4.  And  no  two  lines  can  be  drawn ,  but  two 
planes  may  be  drawn  through  themy  perpendicular  to 

one  another . 

♦ 

Cor- 
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Cor.  5.  The  given  line  CD,  is  parallel  to  the  plane  F 
AFB,  pajfmg  through  the  other  line  AB.  253* 

For  it  is  parallel  to  HI. 

P  R  O  B.  LVIII. 

through  any  two  inclined  lines ,  which  cut  not  one  293* 
another ,  AB,  CD  j  /<?  ifww  parallel  planes 

through  them . 

\  ,  v  v 

Draw  the  plane  HICD  and  BIFA  perp.  to  one 
another,  and  palling  through  the  two  given  lines 
AS,  CD  (56).  Then  through  CG  at  the  diftance 
GH,  draw  a  plane  to  GH  (54),  and  it  will  be 
parallel  to  the  plane  ABF  (Def.  10.  V). 

Cor.  1.  The  line  GH,  ( which  is  perpendicular  to 
loth  the  given  lines ,  AB,  CD )>  is  the  diftance  of  the 
two  parallel  planes . 

Cor,  2.  No  two  lines  can  he  drawn ,  hut  there  may  he 
two  planes  drawn  through  them ,  parallel  to  one  ano¬ 
ther.  .  , 

P  R  O  B.  LIX. 

To  make  a  folid  angle  BAD,  of  three  given  plane  294." 
angles ,  whofe  ftum  is  lefts  than  four  right  angles ,  and 
any  two  greater  than  the  third . 

There  is  no  more  to  do  than  to  join  all  their 
fides  AB,  AC,  AD,  together  ;  lb  that  the  vertices 
or  angular  points  may  all  meet  together  in  A  j  then 
A  is  the  folid  angle  required  (Cor.  19,  V). 
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FIG.  P  R  O  B.  LX. 

2  9  5.  To  make  a  folid  angle ,  equal  to  any  foM  angle 

given ,  A. 

Cut  off  the  given  folid  angle  A,  by  a  plane 
BCDE ;  and  from  the  given  planes,  make  the 
angles  QPR,  RPS,  SPP,  and  TPQ^refpe£tively 
equal  to  BAC,  CAD,  DAE,  and  EAB  ;  alfo 
make  PQ^  PR,  PS,  PT  refpe&ively  equal  to  AB, 
AC,  AD,  AE.  Then  the  plane  triangles  in  one, 
will  be  equal  to  the  triangles  in  the  other.  Then 
place  the  fides  PR,  PS,  together  as  in  the  other 
folid  angle  A,  fo  that  all  their  angular  points 
may  meet  in  P  ;  and  likewife  fo  that  the  angles 
Q,  R,  S,  T,  may  be  refpectively  equal  to  B,  C,  D,  E. 
And  then  the  folid  angle  P  will  be  equal  to  the  folid 
angle  A. 

For  all  the  3  angles  at  Ck,  being  equal  to  thofe 
at  B;  and  all  the  three  angles  at  R,  equal  to 
thofe  at  C,  &c .  The  folid  angles  at  B,  *C, 
D,  E,  will  be  equal  to  thofe  at  Q,  R,  S,  T 
(Cor.  19.  V).  And  confequently  zTP  mull  b 
equal  to  A. 

P  R  O  B.  LXL 

4 

*  V 

296,  Upon  a  given  line  AB,  to  defcribe  a  paraU 
lelopipedon ,  fimilar  to  a  given  parallelopipidon 

CD. 


Make  the  folid  angle  A  equal  to  the  folid  angle 
C  (59)  •,  alfo  make  as  CF :  CE  :  :  AB  :  AH  *,  and 
CF  :  CG  :  :  AB  :  AI.  Then  finifh  the  parallelopi- 

pedon  AK,  by  drawing  the  planes  KI,  KH,  and  KB, 

parallel 


i 


I 
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parallel  to  the  oppofite  ones  BH,  BI,  and  IH,  Then  PIG. 
IB  is  fimilar  to  GF.  297- 

For  their  folid  angles,  are  equal,  and  the 
fides  proportional,  and  therefore  they  are  fimilar 
(22,  VI). 
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any  extant.  8vo. 

IX.  Elements  of  Geometry  ;  with  their  Application  to 
the  Menfuration  of  Superficies  and  Solids,  to  the  Determination 
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